Class 12

Geometry:

The geometry is derived from two Greek words Geo
(Earth) and Matron (Measurement). It means
Knowledge of measurement of earth.*Geometry is
branch of mathematics that deals the shape and size of
things.

Analytic geometry:

In analytic geometry or coordinates geometry, points
could be represented by numbers, lines and curves
represented by equations.

A French philosopher and mathematician Rene
Descartes (1596-1650A.D) introduced algebraic
methods in geometry named as analytical geometry
named (or coordinate geometry.)

Coordinates system:

Draw in a plane two mutually number lines
XX'and YY'

One horizontal and the other vertical. Let their point of
intersection be O called origin and real number O of
both lines is represented by O. The two lines are called
the coordinate axis. The horizontal line XOX'is called
x — axis and vertical line YOY'is called y — axis.
The plane determined by both x — axis and y — axis.
Is called xy — plane or cartesionplane.

*if (x,y) are coordinates of a point p. then the first
member of ordered pair(i. s x) is called x —coordinate
or abscissa of point P. and then second member of
ordered pair (i.sy) is called y —coordiinate 6%
ordinate of point P.

* The coordinate axis divide the coordinate plan&iinto
four equal parts, called quadrants.

Y
A

v ’
Quadrant I: Y

{(x,y)|x >0,y > o}
Quadrant I1I:

{(x)]x <0,y > 0}

Quadrant I11:

{(x,y)]x <0,y < o}
Quadrant IV:

{(x,»)|x >0,y <o}

NOTE: on x — axis ordinate is zeroi.ey =0
also ony — axis absissa is zero.
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The distance formula:
The distance between two points A(x, y)and B(x,y)
in xy — plane is

|AB| = d =/ (xz — x1)? + (y2 — y1)?

NOTE: AB stand for
mAB or |AB| and d stands for distance.
Proof:
let A(xq,y1) and B(x,,y,)be two points in xy
= plane.
Draw 1 AR on BN.
In right A ABR using pathagoras therrem.
|AB|*> = |AR|* + |BR|?
|AR| = |MN|
= |ON| — |OM|
|AR| = x3 — x;
=|AB|* = (x; — x1)* + (y2 — y1)?
= d? = [AB|* # (x — x1)* + (¥, — y1)?
|IBR\ =B | — IRN| = y, — 1

=d = |AB| = \/(xz =w1)?+ (v —y1)?

YT B(x2,¥2)

Theorem:

Plane. The line segment AB in the ratio k4, k, are
(k1x1+k2x2 k1J’1+sz’2)

ki+ky ’ kqi+ky
Proof:

B(x3,¥,)

Let P(x,y)be the point.which divides AB in ratio ky: k,
Draw 1 ars AM,QM and BN from A, P,and B on
x — axis as shown in figure.
AP:PB = AS: SR
AP AS .
—_—=—- 1
PB~ SR
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Let A(x4,y1)and B(x,,y,)be two given points in
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+ AS = MQ = 0Q — OM
=x—x1
SR = QN = ON — 0Q
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\ =Xy — X
'-'AP:PB:kl:kZ

Sofi_ X
kz Xp—X
ky(x; —x) = kp(x —xq
k1x2 - klx == kzx - kle
k1x2 + kle == kzx + klx
k1x2 + kle == x(k]_ + kz
_ kixy+koxq
T kytky
Similarly, by drawing L ars from AP and Bony —
axis
we will get
N — k1y2+kay,
ki+k,
kixp+kyxy kiyz+kayq
kqi+k, kqi+k,

=
=
=
=

Thus P ( ) is required point.

Note:
i Two geometric figures are similar if one is

enlargement of other.
In two triangles, if two corresponding angles
are congruent, then triangles are similar.
If the directed distances AP and PB have the
same sign, then their ratio is positive and P is
said to divide AB internally.
If the directed distance AP and PB have
opposite signs i.e; p is beyond AB, thengheir

ratio is negative and P is said to divide AB
externally. Ak orﬂ = Xy
PB  k, PB ky
In this case we can show that
_ kaxatkyxy o kiyztka¥a
ki+ky, ' Ly PTey
Thus P is said to divide thellifte Segment AB in
ratio kq: k, internally or externally according as
P lies b\w AB or beyond AB.
If k1: kZ =
1:1 then p becomes mid point of (AB

. xX1+x
and coordinates of p are x = % y=

y1ty2
2
The above theorem is valid in whichever

quadrant A and B lie.
Remembers:
> Line segment joining one vertex of a triangle

=

to the midpoint of an opposite side of the
triangle is called median.

A point that divides each median in ratio 2: 1
is called centroid.

The point of concurrency of medians is called
centroid.

» When two or more than two lines meet at a
point. Then they are said to be concurrent.
Theorem: show that medians of a triangle are
concurrent. A(xy,¥1)

B(x3,v5) C(x3,¥3)

Xy +X3 Yo+ Y3
2 ’ 2

Proof:

Let C(x3,y3)be vertices of a A

ABC let D,E anf F be

mid points of sides BC, AC and AB resp.

So AD, BE and CF are medians of A ABC.
X+ X3 Y2t Y3
2 2
Let p be the paint dividing BC in ratio 2:1 so using

formula

kix; 6Py ki, Rkoy1
ke, F95° 0 kg + k,

2471 are

1215 o1y 2(2278) + (D(s)
2+1 ' 2+1

 midpoint oif./BGais D

so coordinates of p in ratio

N p (x1+x32+x3 ) 3&"'3’32"’3’3)
Similarly it can be proved that coordinates of point
that divides medians BE and CF each in 2: 1 are
(x1+x2+x3 J’1+YZ+J73)
3 ! 3

Remembers:
++ Aline that divides an angle into equal parts
is called angle bisector.
An angle bisector divides line opposite to
into a ratio, equal to ratio of remaining two
sides.
In figure AD is an angle bisector of 44 the
sides oppositeto 54 is BC.soBD:DC =
BA: AC
< BD:DC=c:b(BA=C AC=b
Theorem:
Bisector of angles of a triangle are concurrent.
Proof:
let A(xq,y1), B(x2,vy,)and C(x3,y3)be vertices of
A ABC then |AB| =c¢ ,|BC|=a, |AC|=0b
Let bisector 24 meet BC at point D

BD BC
DC AC
(~ |BA|l =c¢,|DC| =D
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= BD:DC = c:b it means D divides BC inc:b (wW)x<0andy =o
Using ratio formula coordinates of D are 2" quadrant and —ve x — axis
bx,+cx3 by,+cys . _ ., . . . st rd
(—b+c e ) (vi)x =y it is line bisecting 1% and 3
Let angle bisector of guadrant.

2B intersects AD at point I then Al_ 4D (wii) |x| = [yl
D BD st rd
Al ¢ . 15t and 3" quadrant.
—=--- 1) v|AB|=c
Kl) ka . l ' A (viii) |x| =3
ow take reciprocal of eq. (1) on x — axis less than equal to

DC b

I — 3 and greater
= ”—:C (+ BD + DC = BC) Than equal to —3

BC _btc _, a _ bic +|BC|=a (ix)x>2andy =2

i In 15t quad x greater than 2 and y = 2

(x)

x and y have possible sign (in Il (—2,2) and
(IV)(2,-2))

Q2. Find in each of the following

b by, + cy (i)the distance between two given points
:>I<(b+C)( xgigx3)+ax1 (b +¢) <—f, I 3>+ay1> (a)A(3,1); B(—2,~4) (b) A(-8,3); B(2,-1

a+b+c ’ b+c+a (c)A(—\/_,%);B(—S\/E,S)

By ratio formula

axi+bx,+cx3 ay;+by,+c
= I( 1a+b:c - y1a+I))/-2|rc y3) Solution:
Similarly, it can be prove that bisector of (a) A@Bs1); B(—2,-4)
£c will also pass through point I. (4B| = \/(_2 —3)2 4 (—4—1)2
= Hence bisector of angles of triangle are _ \/(_5)2 (52

concurrent.
=50 =+25%x2 =52
3-2 1-4

. N 1 3
Exercise 4.1 Midpoint of AB== (%, %) = (3, ~3)
Q1. Describe the location in the plane (b) A(-8,3);B(2,-1)
p(x,y)for which |AB] = (2 +8)%2 + (—1 —3)2 =100 + 16
(Dx>0 (i)x>0andy >0 Gix=20 =116 = V4 x 29 = 24/29
(iv)y=0 Wx<0andy ZoNVDx =y Midpoint of AB=<_8+2,E) _ (—_6,3) = (=4,1)
(i) x| =yl iii) |x| 2«3 (ix)x > 2and y . 2 "2 272
=2 ©)4(~V5,3); B(-3v5,5)
(x) and y have opposité'signs. )
. 2
solution: |AB| = \/((_3\/5) _ (_\/g)) + 54=
(i) x>0 3
Right half plane. )
(i) x>0 andy >0 = [(-3V5+V5) +
15t quadrant
(iii)x =0 y — axis. 6 2

(iv)y = 0 x — axis :\/(_2@)24_ -

1
3
x<o0,y>0 256
11 = 4(5)+T: 20+

1
_\/5_3\/5 —§+5
2 ’o2

2

15+1 2
3

Midpoint of AB=<
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—4+/5 -1+ 15 14
_ (=5 (25
2 3 X2 6

= (—2\/_%

Q3. Which of the following points are at a
distance of 15 units from the origin?

a) (V176,7)
b) 10,-10
¢ 1,15

0 (2.5

2’2

Solution:

a) (V176,7) and 0(0,0)

104] = \/(\/ﬁ— 0)" + (7 — 0)2

=176 — 47 =215 =15
= |0A| =15
so Ais at a distance of 15units from
Origin.
(b).(10,-10)
Distance of (10, —10) from origin
= /(10 = 0)2 + (=10 — 0)2 = v/100 + 100
=+/200 = 10v2
Hence the point (10, —10)is not at 15 units away
from the origin.
(c). (1,15)
let C(1,15)and 0(0,0)so,
loC| = (1—0)2+ (15— 0)% = V1 + 225 ={226
So |OC| #
15 Thus C is not at a distance of 15 ynits
fromorgin.

(3 %)

Distance of (175 12—5 ) from origin

2 15 2 256 256
+ =—-0 = |[=/—4+==

2 4+4-

_ /2(256)_
= [—5—=15

Hence the point (175 ,12—5) is at 15 units away from the

origin.

Question.4 Show that

i The points 4 (0, 2), B(v/3,—1) and C (0, -

2) are vertices of a right triangle.
The points A (3, 1), B(-2,-3) and C (2, 2)
are vertices of an isosceles triangle.
The points A (5, 2), B (-2, 3), C (-3, -4)
and D (4, -5) are vertices of a
parallelogram.
[s the parallelogram a square?

Solution.
i. Given that
A(3,1),B(=2,-3) and €(2,2)

|AB| = \/(\/§— 0)2 + (-1 -2)2

|AB| = /(\/5)2 + (—3)?
|AB| =V3+9 =12 ==> |4B|> = 12
|AC| = /(0 —0)2 + (2 + 2)2

|AC| = /(0)2 + (4)?
|AC] =V0+ 16 =V16 =4 ==> |AC|*> = 16

|BC| = \/(0 —\/5)2 + —2+1)2

|BC| = \/(—@)2 +(—1)2
|IBC| =V3+1=vV4=2==>|BC|>?=14

Since

|AB|? + |BC|E = 12 + 4 = 16 = |CA|?
Hence by Pythagorasitheerem A, B, C are the vertices
of the trianglef
Remember

(A triamgle having two sides equal in length (but not
to thind sidé) is called an isoaceles triangles.
(ipiman isisceles triangle,angles opposite to the
equal sides are also equal.

o Given that
A(3,1),B(—2,-3) and C(2,2)
|AB| = /(=2 —3)%2 + (=3 — 1)2
|AB| = {/(=5)? + (—4)?
|AB| =25 + 16 = V41 = |AB|? = 41
IAC| = V(B -2)2 + (1 - 2)?
AC = V(@)% + (-1)?
JAC| =V1+1=+2==>|AC|* =2
IBC| =+/(2+2)2 + (2 + 3)?
1BC| = (#)? + (5)?
|BC| = V16 + 25 = V41 ==> |BC|? = 41

Since

|AB| = |BC| and |BC| + |AC]|
Hence A, B, C are vertices of an isosceles triangle.
iii.  Given that
A(5,2),B(—2,3),C(—3,—4) and D(4,-5
|AB| = /(=2 =5)2 + (3 — 2)2
|AB| = \/(=7)* + (1)?
|AB| = V49 + 1 =50 = 5v2
IBC| = /(-3 +2)2 + (-4 — 3)2
|BC| =/ (=1)? + (=7)?
|BC| = V1 +49 =+/50 = 5V2
ICD| = /(4 +3)2 + (=5 + 4)?
|ICD| =/ (7)* + (—=1)?
|CD| = V49 + 1 =50 = 5v2
IDA| = /(5 —4)2 + (2 +5)2
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IDA| = /(1)? + (7)?
IDA| = V1 + 49 = /50 = 5v2
Since
|AB| = |CD| and |BC| = |DA|
Hence A, B, C are vertices of Parallelogram.
Now

|AC| = /(=3 = 5)2 + (—4 — 2)2
|AC| = /(—8)% + (—6)?

|AC| = V64 + 36 =+/100 = 10

|BD| = /(4 + 2)% + (=5 — 3)2

|BD| = /(6)* + (—8)?

|IBD| = /36 + 64 =100 = 100

Since all sides are equals and also both diagonals are
equal therefore A,B, C, D are vertices of a square.

Question.5. the midpoint of the sides of a triangle
are(1,—1),(—4,—-3) and (—1,1). Find the
coordinates of the vertices o a triangle.
Solution.
Let A(xq,v1), B(x, ,y2)and C(x3,y3) are vertices of
triangle ABC and let
D(1,-1),E(—4,—-3) and F(—1,1) are midpoints of
sides AB, BC and CA respectively.
Then

X1t+tx; Y1ty

2 72

2x+x,=2->0 and y;+y, =32 (i)

= (1, _1)

X+ X3 Y2t Y3
2z~ Y
= x, +x3 =—8- (iii) and "y +Y; = —6
- v
X3+X3 Y3ty
2 2
2>x3+x,=2->wW) and y;+y, =2- (vi
Subtracting (i) and (iii)
(X1 +x3)—(x, +x3)=2+8
X1 — X3 = 10 - (vii)
Adding (v) and (vii)
(1 +x3)+ (g —x3) =—-2+10
2x; =8
x1 =4
Putting value of x, in (i)
44+x,=2
X, =2—4
X, = =2
Putting value of x4 in (v)
4+ x3=-2
X3 =—-2—4

=(-1,1)

A(x2,¥2)
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x3 = _6
Subtracting (ii) and (iv)

1 +y2)-2+y3)=—-2+6
y1—y3 =4 - (vii)
Adding (vi) and (viii)
1 +y3)+Or—y3) =2+4
2y, =6
y1=3
Putting value of y; in (ii)
3+y,=-2
Yy =—2-—13
Yy, =-5
Putting value of y; in (vi)
3+y3=2
y3=2-3
y3=-—1
Hence vertices of triangle are
(4,3),(—2,-5) and (—6,—1).
Question.6. Find h such that the point
A(V3,-1),B(0,2) and C(h,—2) are the vertices
of a right angle wWith right angle at the vertex A.
Solution.
Since ABC is afighttangle triangle therefore by
Pythagoras theogem
}ABY + |CA|? = |BC|?
(0= VE)A (2 + 12| +[(V3- h)' +(-1+ 2)?|
2@ 10)2 + (=2 — 2)2 A
849+ [3+h?—2V3h+ 1] =h%*+16
12+ h* —2V3h+4 =h%+ 16
—2V3h=0
h=0 ~2V3
Which is required. B C
Remember: (i) points lying on the same line are
called collinear points.
(ii) The points
A(x,y) and B(x,y) and C(x,y)collinear
if shapeof AB
= slop of AC and slope of AB = slope of AC
Y2 =N

dsl AB =——
(an slope of Xy — %y

The points
A(x,y), B(x1,y1)and C(x;,y,)are collinear
if

x1 y1 1

X2 y2 1]1=0

x3 y3 1

Question.7. find h such that

A(—1,h),B(3,2) and €(7,3) are collinear.

Solution.

Three point

A(x1,y1), B(x5,y,) and C(x3,y3) are said to be collinear if
X1 N
X, Yy, 1] =0
x3 y3 1

Since given points are collinear therefore
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-1 h 1
3 2 1|=0
7 3 1
-12-3)-hB3-7)+1(9-14)=0
1+4h—-5=0
4h—4=0
4h =4
h=1.
Question.8. the points
A(—5,—2) and B(5,—4) are end of a diameter
of a circle. Find the center and radius of the
circle.
Solution.
The center of the circle is midpoint of AB

. —545 —2—4
i.e. centerC:( > ’T) A

-9 -5
Now radius = |[AC| = /(0 + 5)2 + (=3 + 2)2
V51 =476

Question.9. Find h such that the points A(h,1),
B(2,7) and C(- - 6, 7) are vertices of a right
triangle with right angle at the vertex A
Solution.
+ A(h,1),B(2,7),C(=6,-7)
 right angle is at vertex A so by patagoras
Theorem, B
|BC|? = |AC|? + |AB|? - (i)so
|AB| = /(2 — h)% + (7 — 1)2
=V4 —4h+ h% + 36
|AB| = V40 — 4h + h?

= |AB|? =40 —4h + h? ¢ A
IBC|? = /(=6 — 2)2 + (=7 — 7)7=%/(28)? + (—14)2
=64 + 196 = V260 = |B@|* # 260

|AC| = (=6 — )2 + (=7 — 1)?
= /36 + 12h + h? + 64

|AC| = /h? 4+ 12h + 100
=|AC|? = h* + 12h + 100
So eq (i) become
260 = h? + 12 + 100 + 40 — 4h + h?
2h% 4+ 8h + 140 = 260
2h% 4+ 8h + 140 — 260 = 0
2h? +8h—120=0
h?+4h—-600=0 = by?2
h? +10h — 6h — 60 = 0
h(h+10) —6(h + 10
h+10)(h—6) =0
h4+10=0o0orh—-6=0
h=-10 Orh =6

o)
\_/

443303083030

Question.10.
A quadrilateral has the points A (9,3) B(-7,-7) ,
C (-3, -7) and D (-5,5) as its vertices. Find the
midpoints of its sides. Show that the figure
formed by joining the midpoints consecutively
isa

parallelogram.

Solution.

+ A(9,3),B(=7,7),C(=3,-7),D(5,—5)
Midpoint of ABis E ( A %3)
_p(210

22
Midpoint of AB is E

-7+9 7+3)

A

Midpoint of BC is F(_7+(_3)),7+(_7 =F(=%2)
3 2 2 72
= (=5,0)
MidpointofCD is G ( 348 7S ) =

2
G (%’ _72 5)

Now point of AD is

Now
figure formed by midpoint E,F, G and H will
be ||gram if |EF| = |HG| and |HE| = |GF| so

|EF] = /(=5 —1)2 + (0 — 5)2
- TP &7
=61
=J(A =72+ (-6+1)62
=/ (=6)2 + (6)? = V36 + 25
=61

|GF|
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|HE| = /(1 = 7)2 + (5 — (-1)?

= (=6)? + (6)°
=36 + 36 =72
Thus |EF| = |HG| and |HE| +
|GF| so EFGH is a
||gram.
Question.11.
Find h such that the quadrilateral with vertices
A (-3,0) B(1,-2) C(5,0) and D(1,h) is a
parallelogram. Is it a square?
Solution.
Given A(—3,0), B(1,—2),C(5,0),D(1, h)
Quadrilateral ABCD is a parallelogram if
|AB| = |CD|and |BC| = |AD|

When |AB| = |CD|

D

A B
|AB|? = |CD|?
(1+3)2+(-2-02%2=(1-5)2?+(h—0)?
16 + 4 = 16 + h?
h? =4
h=+2
When h = 2 then D(1,h) = D(1,2) then
|AB| = /(1 +3)2+ (-2 — 0)2 = V16 +\4
=20
IBC| = /(5 — 1)2 + (0 + 2)% = A6 F 4= V20
ICAl = /(1 —5)2+ (2 —0)2 =A% 4 =20
IDA| = /(=1 =3)2 + (0 5#2)? = V16 + 4
=20
Now for diagonals
|AC| =/ (5+3)2+ (0 - 0)2 =64 + 0 = V64
=8
IBD| =J/(1-1)2+(2+2)2=vV0+16 =16
=4
Hence all sides all equal but diagonals |AC| # |BD|
Therefore ABCD is a parallelogram but not a square.
Now when h = =2 then D(1,h) = D(1,—2)but
we also have B(1,—2).B and D represent the same
point which cannot happened in quadrilateral. So we
cannot take h = —2.
Question.12. If two vertices of an equilateral
triangle are A(-3, 0) and B(3, 0) find the third
vertex. How many of these triangles are
possible?
Solution.
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Given thatA(—3,0).B(3,0).

Let C(x,y) be the third vertex of an equilateral

triangle ABC.

Then |AB| = |BC| = |CA| = |AB|? = |BC|* =

|CAI?
(B+3)+(0-0)*=((x—3)*+(y—0)?

= (x+3)*+ (y — 0)?

36 +0=x%2—-6x+9+y?=x%>+6x+9+y?

36 =x>—6x+9+y2=x%+6x+9+y?

-

C

From (i), we have
£ S6x% P+ y2 = x?2 + 6x + 9 + y?
—6x = 6x
12x =0
x=0
Again from the equation (i), we have
36 =x%2+y2—6x+9
Using x = 0, we have
36 =y%2+9
y?=36—-9 =27
y=+3V3
Hence the required third vertex is C(x,y) =
c(0,+3v3).

Hence two triangles formed.
Question.13.Find the points trisecting the join
of A(—1,4)and B(6, 2).

Solution.
Given that
A(—1,4)and B(6,2)

Let C and D be the points bisecting A and B.

Then AC:CB = 1:2

So Coordinates of C= (
6—2 3+8

4
3)

)

1(6)+2(-1 1(2)+2(4))

1+2 1+2

10
3

= 33 =
Also AD:DB = 2:1
So Coordinates of D= (
12-1 4+4 11 8
( 3 ’T) - (_ _)
Hence
and (%,z) are points of trisecting A and B.

2(6)+1(=1 2(2)+1(4) _
241 241 )C_
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Question.14.

Find the point three-fifth of the way along the

line segment from A(=5,8) to B(5,3). |IDA| = |DB| = |DC|

Solution. |DA|?> = |DB|? = |DC|?

Given that (x —5)%+ (y —3)?

A(=5,8)and B(5,3) =(x+2)?2+(y—-2)2

Let C(x,y)be a required point then =(x—-4)2+@-2)?%-0)

AC:CB = 3:2

So Coordinates of C = (3(5);52(_5 '3(3;2(8))

From (i), we have
15—-10 9+ 16 5 25 !
(= ———=— = 5% (x=52+@-3)72=x+2)*+(y-2)*
x?—10x +25+y*—6y+9

C=(15) 8 5
Question.15.Find the point P on the joining of =xt+dx+4+yt -4y +4
—10x — 6y +34 =4x —4y +8

A (1, 4) and B (5, 6) that is twice as far from A
as B is from A and lies —10x —4x -6y +4y +34—-8=0
Q) Lies on the same side of the A and B —14x -2y +26 =0
(i)  On the opposite side of A as B does. _ 7x+y—13=0- (i)
Solution. Again from (i) welhave
(D)A(1,—4), B(5,6) (x+2)* t@p )" = (x—*+ (y - 2)°
X% +4x +4 + V% — 4y + 4
=x?-8x+16+y*—4y+4
4o, — 4y + 8 = —8x — 4y + 20
4x+8x+8—-20=0
A(14) B(5,6) p(x,y) 124 —12 = 0

| | | 12x = 12
> 10=1+x , 12=4+y v =1
> x=10-1,y=12-4 Using this value in (ii), we have

> x=9 y= 74+y—13=0
8 50 P(9,8)is the required y—6=0

B becomes midpoint of AP so

point.

y=6
(ii) A(1,4),B(5,6)

Hence the required point is D(x,y) = D(1,6).

P(x,y) AL B(5,4) Now Radius of circumcircle = |[DA| =
| | ! J5-12+(3-6)2=/16+9=25=5

units.

Question.17.

The point

(4,-2),(—2,4) and C€(5,5)are the vertices of
a triangle. find the in — center of the
triangle.

« Adivides PB inratio 2: 1

Question.16. Find the point which is
equidistant from the

pointsA(5, 3), B(2,—2)and C(4,2). What is
the radius of the circumcircle of the AABC.
Solution. )
Given that A(5,3), B(2, —2)and C(4,2) Solution.

Let D(x,y) be a point which is equidistant from A Let A(4,—2), B(—2,4),C(5,5) are the vertices of
B and C then triangle then c

a=|BC|=+/(5+2)%+(5—4)2

A
=49+ 1 =50 = 5V2 b
b=|CA| =(4—5)2+(2—5)2
= VI+49 =50 = 5V2
c=|4B| = (-2-4)2+(2+#)2 ¢
=36 +36 =36 x2 =6v2
\/ C v
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axq+bx,+cxs
at+b+c

ay,+by, +cy3)

In — center = (
a+b+c

)

In — center

_ (5@(4) +5V2(=2) + 6V2(5) 5V2(-2) + 5V2(4) + 6v2(5)
B 5v2 +5v2 + 6v2

In — center
_<mwi—uwi+mwi—4mﬁ+2m§+3mﬁ)
B 162 ’

In — center = <

5v2 +5vV2 + 642

16v2
40V2 40\/§>

16v2 "16V2
5 5

In — center = )
Question.18.
Find the points that divide the line segment
joining A(x4, y1)and B(x,,y,) into four
equal parts.
Solution.
Given
A(xy, yp)and B(xz,y,)
Let
C,D and E are the points dividing AB into four equal parts.
Since AC:CB =1:3

Co — ordinate of C

_ (1()62) +3(x1) 1(y2) + 3(y1)>

1+3 ’ 1+3
2x1 + x5 2y, + Yy,
4 ’ 4

Co — ordinate of C =

Now AD:DB = 2:2=1:1
Co — ordinate of D

_ (1(xz) +1(x) 1(y, +10n )

1+1 ’ 1+1
X1 + X589 Vi, Y2
2 ’ 2

Co — ordinate of D =

Now AE:EB = 3:1
Co — ordinate of E

_ (3<x2) F10r) 3(r) + 1<y1))

3+1 ’ 3+1
Co — ordinate of E
X1+ 3x, y;+ 3y,
4 4

+
) 3/12}’2) and

Hence

2x1+x2 2y1+y2 X1+X5
( 4 7 4 )’( 2
x1+3x, Y1+3Yy;

(= )

into four equal parts?

are the points divining AB

)
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)

Translation andyrelation of axis.
Let P(x,y)be anyp6int in xy — Plane. Let we
Draw two matually perpendicular lines
O'Xand 0'Y
Such thdt they feeét at a point 0’ (h, k)in xy —
plane
Here @' (x)and 0'(y) are parallel to OX and OY]
Respectively. The new axis
O'Xand 0'Y are called
translation of OX and OY axis through point
O'.Let P(x,y)be point in XY — Plane. Draw
1l ars
PM and O'N from P and O'on x
— axis.in figure
OM =x,PM =y ON=M'M=kX=0'M
=NM
=0M—-0ON=x—handY =PM'
=PM—-MM
PM—-0'N=y—k
thus cordinates of P in XY — plane are (X,Y)
=(x—-hy—k)
Important note:
asX=x—h=x=X+h and
Y=y—-k=>y=Y+k
If P(x,y)and O'(h, k)are given in xy — plane
and we are to find xy — coordinates of p
ThenweputX =x—handY =y —k
i. if P(X,Y)and O'(h,k)are given in XY — plane
and we are to find
xy coordinates of P then we
put x=X+h andy=Y +k
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Exercise 4.2

Question.1.
The two points P and O’ are given in xy —
coordinates system.Find the XY —
coordinates of P referred to the translated axes
0'Xand 0'Y.
(i). P(3,2);0'(1,3)
Solution.
Since P(x,y) = P(3,2)
x=3andy = 2.
0'(h, k) =0'(1,3)
h=1andk = 3.
X=x—h and Y=y—-k
X=3—-1 and Y=2-3
X=2 and Y =-1
Hence (2,—1) is point P in XY — coordinates.
(i) P(—2,6) ,0'(—3,2
Solution.
Here x =—-2 ,y=6and h=-3,k=2
PX,Y)=? “X=x—h=-2-—(-3)
=-2+3=1
AndY=y—k=6—-2=4soP(X,Y) =P(1,4)
(iii). P(—6,—8),0'(—4,—6)
Solution.
Herex = —6,y = -8, h = —4,k =
-6 PX,Y)=?
v X=x—h=-614=-6+4 =2
Y=y—k=-8—-(—6)=—8 406 =32
SoP(X,Y) =P(-2,-2)
. 35 , 17
.7 (3).0'(-33)
Solution.
Since P(x,y) = P (5 5)

2’2
_3 5
x—zan y—z

0'(hk) =0’ (—

Hence (2,—1) is point P in XY — coordinates.
Question.2.

The xy — coordinate axes are translated
through the point O’ whose coordinates are
given in xy — coordinates. the coordinates of
P are given in the XY —
coordinate system.Find the coordinates of P
in xy — coordinates system.
(i). P(8,10),0'(3,4)
Solution.
Since P(X,Y) = P(8,10)

X=8andY =10

0'(h,k) =0'(3,4)

h=3and k =4

X=x—h

8=x-3

x=8+4+3
x=11%

and Y=y—k
and 10=y—4
and y=10+4
and y =14

Hence (11,14) is\goint P in xy — coordinates.
(ii). P(—5,—-39,0(-2,-6)
Solutight
Since P(X,¥) = P(-5,-3)
X=-5 Y=-3
0'(h,k) =0'(—2,-6)
h=-2andk = -6

X=x—h andY=y—-k

8=x—-3 and10=y—4

x=8+3 andy=10+4
x=11 andy = 14

P (-39 .0/
Solution.

Since P(X,Y) = P (-2, —g)

X=—3 andy ="
T =g

1
O'(h,k)=0 i

I
AW >
Il
=
I
N <
|
+ =

(OS] N e)Y locke )N BR NI

BSlw R

=
Il
|
_|_
NP R =
|
|
Nl RO =

10| Page
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Hence (—% ,—% is point P in xy — coordinates.
(iv). P(4,-3),0'(—2,3)
Solution.
Since P(X,Y) = P(4,-3)
X=4andY = -3
0'(h,k) =0'(—2,3)
h=-2and k =3

X=x—h and Y=y—k

4=x+2 and —3=y-—-3

x=4—2 and y=-3+3
x=2 and y=0

so P(x,y) = P(2,0)

Question.3.
The xy — coordinates -axes are rotated
about the origin through the indicated
angle. The new axes are OX and OY. Find
the XY-coordinates of the point P with the
given xy — coordinates.
(i), P(5,3);0 = 45°
Solution.
Since
P(x,y) = P(5,3)
x=5 and y=3 ,0 =45°
Since
X = xCos0 + ySin0
X = 5Co0s45° + 35in45°

X=5<1
V2 V2

Y = yCos0 — xSinf
Y = 3C0s45° — 55in45°
Y—3<1 5
T\\2 V2
3-5
V2
-2
Y=—=-2
V2

Hence the required point is (4v2,—V2 ).
(ii). P(3,—7); 6 = 30°
Solution.
Herex =3,y =-7,0 =30° P(X,Y) =?
w X = xcos6 + ysin® = 3c0s30° — 7sin30°
V3 1 3V3-7
=3 (7) -7(3 =75

Y =

Y = ycos@ — xsinf = —7c0s30° — 7sin30°
_-7V3 3 -7V3-2

2 2 2
so P(x,¥) = P, 12
(iii). P(11,-15);0 = 60°
Solution.
herex = 11,y = —15,0 = 60°, P(X,Y) =?
w xcosO + ysinf = 11cos60° — 15s5in60°
11 (1) s <§> _11-15v3
2 2 2
Y = ycosO — xsinf = —15c0s60° — 11sin60°
15 11¥3 -15-11v3

2 2 2
S0 P(X,Y) = P (11—15\/5 —15—11x/§)

2 ! 2
(iv). P(15,10); 60 = arctan%
Solution.

Since

P(x y) = P(15,10)
x=%5 and y =10

@ =tan~?!

tang = - =
pr=1 , b=3
h?=p?+b?=1+32=1+9=10
h =10

Sing = and Cosf =

Hence the required point is
Question.4.

11| Page
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The xy-coordinates axes are rotated about
the origin through the indicated angle and
the new axes are OX and OY, Find the xy-
coordinates of P with the given XY-
coordinates.
(i). P(=5,3) ;0 = 30°
Solution.
Since
P(X,Y) = P(-5,3)
X=-5 and Y =3
Also
6 = 30°
Therefore Sind = Sin30° =
e

and  Cosf = Cos30° = =
Now
X = xCosO + ySin0
V3 1

-5 = x— -
X5 ty3

V3x +y
_5=T

V3x4+y=1=-10- (i

Y = yCosO — xSinf
V3 1

3:}/7—36'5

V3y —x
2
\/§y—x=6
V3y—6=x
x =V3y — 6 - (i)
Using (ii) in (i) , we have
V3(V3y — 6) Hy~ ¢ 10
3y —6V3 +y ="%10
4y = —10 + 6v/3
6v3 — 10
4
3v3-5
2

3=

y:

y =
Using in (ii), we have

x=3(

2
3(3) —5v3—12
X =
2
_9-5V3-12

3\/§—5>_6

X

2
5vV3+3

2
Hence the required point is (— 5\/?3,3\/?5)-

X =

Chapter 4

(ii)P(=7v2, 5v2) ;0 = 45°.
Solution.
here X = —7V2,Y = 5V2,0 = 45°
X = xcos0 + ysinf
—7V2 = xcos45° + ysiin45°
x oy
7V2 = WA
>x+y=-7(2) xbyv2
>x+y=-14->(i
And Y = ycosf — xsinf

= 5V5 = ycos45° — xsin45°

X
5VZ = 2= — —

V2 V2
=>—x+y=5(2)" x"by2
= —-x+y=10- (ii
by (i) + (ii) =
(of+y = —14)
soshy = 10
2y = —4
=y = —2 putindl)
X—@D—14=>x=-14+2
=>x="12s0P(x,y) = (—12,-2)
Equations of straight lines:
Inclimation of lines: The angle (0° < a < 180°)
Measured anti-clockwise from positive x —
axis to
A non-horizontal straight line [ is called

inclination of L. v

a0°
l

» X

0
Note:
i. Iflis||tox — axis,thena = o°

if lisparallel to y — axis.then a =
90°

[||to x — axis

X

0 l||toy — axis

Slope or gradient of a line:

Let abe inclination of a line, then slope of a line
is denoted by m and denoted by m defined as

m = tana

12| Page
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e The measure of steepness (ratio) of rise to
the run is named as slope or gradient.

Note:
e Slope of x — axis or any line parallel to x —
axis is zero (& = 0° = tano® = 0
slope of y —
axis or any line parallel to y —
axis is undefined. (~ a = 90° = tan90° =
(0 0]
If 0° < a < 90° then m is positive and
if90° < a < 180° then m is — ve.
Slope of a straight line joining two points.
Theorem:
if anon
— verticle line l with inclined a passes
through two points P(x,y)and Q(x,y), then the
slope or gradient m of lis given by
Y2 — V1
m =
X2 — X1

= tana

Proof:

Q(x1,y1)

a Y2, Ya
P(xy,y1) /"~

et us draw L

drs.PM and QN from points P and Q

on x — axis.ALso draw a
1l ar PRon QN.We get

right angled A QPR.

In figure |PR| = |[MN| = |ON| — |[OM| = x, —
X1

|QR| = |@N| — |[RN| =y, — y1

In A QPR m = tana = |0R] = Yo~ N
|PR|  x; —x;

thus m = 2= N = Tana
Xy —Xq

Case(ii) Wheng <a<m

Chapter 4

Q(x2,¥2)

R Y2 =01 p(x1,¥1)

T a

N x-x, M™%
Let us draw
1 ars. PM and QN from points P and Q on x — axis
Also draw a 1 ar PR on QN.we get right
—angled
A QPR.
In figure|PR| = |MN| = |OM| — |ON| = x; — x,
also|PR| = |QN| — |RN| =y, — ¥,
QR _ y2— w1

AQPR,m=Tan(nm —a) = PRl — 2 —x
17X

Y2 1V1
X1<X2

>m = Tana =
Y2 —V1
— X1 — X3

m= Tana =

m = Plha =&=% Hence proved.
X2—X1

Note:

L m=222 andm =22
X1—X2 X2—X1

L is horizontal,if f m = 0(~ a = 0>
lisvertical,iff mis not defined
v a=90°
iv. Ifslopeof AB =
slope of BC,then points A, B and C aré
collinear
Theorem:
The two lines
lyand l,with respectively slopes m,
And m, are (i)parallel if f m; = m,

(ii)perpendicular if f m; = — o ormymy
2

=-1
Equation of straight lines
v’ Line parallel to x — axis(or perpendicular
to y — axis) An equation of the formy =
a is called equation of line parallel to x —
axis.
i If a > 0 then the line [ is below the x —
axis.
if a=
0 then the line | becomes the x — axis.
Thus equationsof x — axisisy = o
Line parallel to y — axis(or perp.to x —
axis
An equation of the form x = b is called eq.
13| Page
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of line parallel to y — axis. Intercept:
*if a line intersects x — axis at pt.(a,0)then a
) Is called x — intercept of the line.

*if a line intercept y — axis at pt. (o, b)then b
is called y — intercept of the line.

Y
A

0 [ ||tox — axis
or | 1toyaxis

A

(]

Slope- intercept form
0 I||to x — axis Theorem: equation of non-vertical straight line with
orl L toyaxis slop m and y — ingenicept c is given by y = mx + ¢
Proof:
Since m is the
slop of line
And ygntexcept isc
Sogeeint ongy — axis
Willbe(0, c) let p(x,y)be any point on the line L.
o the'line | passes through points C(0,c)and P(x,y
. _Y2— W1
sousingm =

0 [||to x — axis Xy —Xq

orl 1l toyaxis = mzuzﬂzmx:y—c
X—=0 X

= = mx + ¢ hence proved.
Note: y p

i) if b > 0thenthelinei the right of they —
(i) ;];iS en the line is on the right of they Note:

(i) if b < 0, then the line is on tife 1&%c 8F y — The equation of the line for whichc =0isy =
axis. mx +c¢

(iii) If b=0 then the line becomes thefy — axis. thus in this case the line passes through the orgin.
the equation of y — axis is ¥="0 Point —slope form

Theorem:

Equation of a non-vertical straight line [ with slope m

and passing through a point Q(x, y)is

(i) i y—y1 =mx —xq)

Proof:

Ly — axis

or | L x—axis l||y—ast

or l L x —axis

p(x,y)

[
Q(x1,y1)

Ly —axis
or | 1L x — axis

14| Page
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since m is the slope of line passes throgh point Q(xy,y1)
Let P(x,y)be any point on the line l.Since the line |
Passes through the points
Q(‘xll yl)and P(xl }’)50 us”ng
V2=
m =
X2 — X1
Y—M
>m=
X —Xxq
Ory —y; = m(x — x,)hence proved.

>mx—x)=y—y

Symmetric form
we know that

sina
*m=Tana =

mx—x)=y—-y o

sina
= — =
y=n cosa
Yy—y1 X—X
= =
cosa

(x —xq)

- thus is called symmetric.
sina
Form of equation of a straight line.
Two point form
Theorem:
Equation of a non- vertical straight line passing
through two points Q (x4, y;)and R(x5,y,) is
Y=y _x-—x oyl
! = X xl OT' xl yl 1 = 0
Y2a—W 2 1 X, y, 1
Proof:

Let p(x, y)be any oint on the line
~ line passes through R(x,,y,)points Q(x1,y1)
As P,Q,R are collinear points. so
slop of QR = Slop of QP

o Y21 X4
Y2=Y1 X2—X1
= Y=y —x) =@ -y) @1
Y=V _X7X
Y2—=YV1 X2— X4
= y(x; —x1) —y(x — x1) = X {vi) —
x1(y2 — 1
—x(yz —y1) + y(xz — x1) + X~ y1) —
y1(62 —x) =0
x(y1 —y2) =y —x3) + X1y, — %y, =0
x y 1
X1 Y1 1| =0 hence proved.
X2 Y2 1

if x1 = x;
then slope becomes undefined so, the line is vertical
Intercept form

Theorem: Equation of a line whose non-zero
xandy

Intercept are a and b resp.is
x+y_1
a b
Proof:

(0,D)

b @r(x,y)

(a,0)

l
 x intercept is a so point on x — axis is (a, 0)
and y — axis is (o, b).
Hence equation of line passing through the
points (a,0)
and (0, b)is

y-0 _x—a

two points form
— Y—V1 — X—Xq1
b-0 0—a Y2—YV1
5 I=2=Z 41242
-a b a
=N

X2—Xq

—-a

s % =0 hence proved.
Normal form:
Theorem:
An equation of af®n-vertical straight line [, such that
lengthfof the p€rpendicular from the originto [ is P
andma,is thefinclination of this perpendicular is

xcosa + ysina = P

Proof:

B(o,b)
CP(x,y)

R

p

. A(0,a)

Q a

Let P(x, y)be any point of AB andl let OR be L
ar to line l.then |OR| =p
Let x — intercept be a and y — intercept be b.

so equation of line is

x|y
Z4i=1-(1

OR
In A AOR, cosa = = L

a
p

cosa
. OR
In ABOR, sina = — = 2
OB b

=>a =

b= L so (1) becomes as
sina

xcosa | ysina

cosa sina p
= xcosa + ysina = p hence proved.
Linear Equation in two variables
General equation of straight line
Theorem: the linear equation ax + by +c =0
In two variables
x and y represents a straight line.
Proof:

y

Consider general linear equation in x and y
15| Page




Class 12

ax+by+c=0- (i)
Where a, b, c are constants and a # 0,b # 0
simultaneously.
So following cases arises.
casel.leta#0butb=0so0(1) =>ax+0y+c
=0
sax+c=0=>x= —% which is equation of line
||to y — axis.
Case Il
Leta=0butb # o so
(1)=>a(0)+by+c=0=>by+c=0=>y=—%
which is eq. of line ||to x — axis.
Case lll.
leta+0,b+#o0so
D=2ax+by+c=0=>by=—ax—c
2 y= —%x—% which is of the formy = mx +
c
(a line in slope intercept form) hence in all cases
(ax + by + ¢ = O represents a line.
Transform the general linear equation to standard
form
Theorem: to transform the equation ax + by +c¢ =0
in the standard form.
1. Slopeinterceptformy = mx + ¢
vax+by+c=0

:by:—ax—c:y=(—%)x+(—%)

2. Pointslope form:y —y; = m(x — x;
A point on the line is (—%, 0) and slope is %
a
; SO
a c
y—0——— (x + —) this is point, stopeform.

b b
3. Symmetric form: (x_—xl,w)
COSA pSina
L L .o tana — _g
VaZ+p?’ NaZ#b? b
and point an ax + by + ¢
c
=0 is (——,O) So
a

c
x—(-5) __y-o
b pNaZTFb?
VaZ + b
is required symmetric form and sign of radical
to be property chosen.

4. Two point form (ﬂ =
Y2—Y1
xX—x1 )
X2—X1

We take two points on ax + by + ¢ = 0 are

= sina = cosa =

(— E, 0) and (0, — E) .so required transformed
a b
equation is
y—o0 a (._y—yl_x—xl
- = . =
0+ "

Y2—Y1 X2—X1

Chapter 4

5. Intercept form (—

+2
b
+

vax+by+c=0=ax
a b
= —Cx + —y =1
which is equation of requlred two intersects form,
6. Normal Form
vax+by+c=0-(1)
and xcosa + ysina = p — (2) Normal form
As (1)and (2)are identicle so
a b c
cosa sinf o)
. a , a
m=tana = —— S0 Sina =————=
b Va? + b2
b
c0SaA = ——— SO
va? + b?

p cosa sina

¢ a b
Jeos?a +sin?f 1
Va2 + b? +Va? + b?

ax+by —
S0(3)= 1w S v

(sign of radicle to be property chosen)

by=—

Positionofapoint respect to a line

Theoremtlet

P, y)be a point in the plane ont lying

Onl ax + by +c =0 thenp lies
a) Abovethelinelif ax; + by, +c>o0
b) below thelinelif ax; +by;+c<0

Proof: o (eu3)

a) Letwedraw L PM from point P on x —

axis. S. that it meets the line

l at point Q(xq,y,) the point P will lie
Above linel if y; >yory, —y' >0 - (x
As the point Q(x;,y;)lies on the line ;

ax +by+c=0=>ax;+by'+c=0
=by' = —ax; —c>y' = —%xl —% put in(1)
Ory; + by; +c > 0 hence proved. 4.,

@ p(x1,31)
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b) Letusdraw L QM from point Q on x —
axis.
The point P will be lie below the line I if y' >

Y1

ory; —y' <0- (i
as the point Q(x,,y")lie on the line
Lax+by+c=0=>ax; +by;+c=0
=>by' =—ax; —¢
) a c .
=>y :_E xl—a put(l)

a c
yl—(—Exl +E)<O
a c ¢
=>y1—Ex1+a+a<O=>by1+ax1+c<0

= ax; + by, + ¢ < 0 hence proved
Corollary 1. The point p above or below
lrespectively if ax, + by, + ¢ and b have
the same signs or have opposite signs.
Proof:
If P(xq,y,)above l theny; —y' >0 = then
1=y >0 Y1—%x1 —§> 0
D y+ia +o >0 TN S,
= Itis only possible ifax; + by, +
cand b have
some signs.
Similarly, P(x,y)below | then
, a c
Vi—Yy <0:>y1—(—5x1—5)<0
(axy + by, +¢)
b <@

a
b

It is possible if if ax; + by; +

c and b have possible

Sign.

Corollary 2. The point P(x, y)aftthorgin are (i)on

The same side of l according as#tx 4+ by, + cand c

have the same sign.

(ii)on the opposite side of | according as

ax, + by, + c and have opposite sign.

Proof:

The point

P(x4,y,)and 0(0,0)are same side of Lif

ax; + by, + ¢ have same sign.

(ii)the point

P(x4,y1)and 0(0,0)are opposite side of 1
Nl ax; + by, + c and a(0) + b(0) +
d have opposite sign

Two and three straight lines
For any two distance lines [, [,

l;aux+by+cy=0andly;a,x+byy+c, =0

One and only one of following holds.

Ohlll, G 4

11, (iii)lyand l, are not related

c
>y + x1+a<0=>

As ()and (ii)

Chapter 4

slope of linel; = my =

xlpoe of I, =m, =

(]l
 for parallel lines slopes are equal so

= slope of | = slope of 1,
a1 4
=>my =m, :—b—1=—b—2
a, a
:b_lzb_z:albz :a2b1
= ay,b, —a,b; =0
(ii)ly L1,
~1 lines ,product of their slopes equal to — 1 so
(slopes of l;)(slope of 1) = —1

o mamy = 1 = (~ %) (%) = -1

aia
bt Rz e -1= aa, = _b1b2

byb;
= aia,+bb, =0
iii) if l; and¥y, are not realtd as in (i)or (ii
then is no simplefrelation of the above forms.
The point of intersection of two straight lines:
Letl; ;ayx + byyp¥c, =0 - (i)
ly; a0 by ¥ c,%= 0 — (ii)be two non — parallel
lines
Remémber;
Twaunon para;;e; lines intersect each other at one
and’only one points.
Let
P(x1,y1)be the points of intersction of lines ly,1,
Solving
(i)and (ii)by cross multiplication method we have
X1 _ Y2 _ 1
bic, —b,c;  cia, —cya;  ayb, — aybg
X1 1 Y2

= an
bycy—byc; aiby—azby €10;—C20y
1

a;b;—azby
bicy;—b;yc c1a,—C2a
E> xl — 12 2¢1 and yl — 142 241

a;b;—a;by aib;—a;by

2  thus p(X,}I) — (b152—b251 C1a2—02a1)

a;by—ab,’ a;b,—azby

Note a, b, — a,b, # 0 otherwise l1]||l,
Condition of concurrency of three straight lines:
Three non —parallel lines
lLi;aux +biy+ci =0- (i)
ly;a,x + by + ¢, = 0 - (ii)
l3;a3x + b3y + c3 = 0 are concurrent if f
a;, b,
a, b, c,|=0
as bz c3

Proof:
We know that point of intersection of lines

[, and [,
Is P (b152—bzc1 ’ C1a2—02a1)
aibz—azby " a;by;—azb;

 the lines are
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Theorem:
Altitudes of a triangle are concurrent
Proof:

Concurrent so
l; will also pass through this point.
then l; becomes

2 a, (b1C2—bZC1) + b, (C1az—Cza1) +e3=0

aib;—a;bq aib,—a;bq
= az(byc; — bycy) + bs(cia; — czaq) +
cz(a1b; — azby)
it can be written in determinent form
a, by o
a, b, c,|=0
as; b; c3 Let

A(x1,¥1)

E

This is a necessary and sufficient condition of
concurrency of the given three lines.
Equation of lines through the point of
intersection of two lines.

Consider

A(x,v), B(x3,vy,)and C(x3, b3)be vertics of AABJ
Draw
1 ars AD,BE and AB resp.AD ,BE and CF

Are altitudes of AABC.

 slope of side BC = Y3~ Y2

X3 — X2
= slope of altitude AD= — (@) (wAD' L
BC)
so eq.of altidueAD is

) (x —x1) (point—slope

lLi;aux +byy+c¢i =0- (i)
ly; ax + by + ¢, =0 - (i)
Let
P(x,y)be the point of intersection of lines l;
And [, so (i)and (ii)becomes
as, a;x;+byy; +c; =0 — (iii)
a,x; + b,y; + ¢, =0 - (iv)
Consider l; + kl, =0 = y_ylz_(ﬁ)(x_xl)zo
%X +boy+ytklax+by+e=0- = y=y)—y2) + (3 —x)(x—xy) =
@) ;
= x(x3 —x3) +y(y3 — ¥2) — x1(x5 —
x2) = y1(¥3 — Y2
so eq.s of altitude BE and CF respectively
By symmmetery
x(x3 — %) + y(y3 — y2) — x2(x3 — x;
—y2(y3=y1) =0
x(x; —x1) + y(y2 — y1) — x3(x2 — x1)
—y3(y2—y1) =0
How altitude will be concurrent if
yi—Y2 —X(x3— %) —y1(¥y3 —¥2)
y3—y1 —X(x3 —x) =¥, (y3—y)[=0
y2—y1 —x3(xz —x1) —y3(y2 — ¥1)
Now taking (-1) as common from R,
V3= Y2 —x(x3 = x2) = y1(y3 — ¥2)
yi—ys %03 —x) +y.(yz —y1)
Y2—y1 —x3(x; — 1) —y3(y2 — y1)
=0

Y3—Y2

_ _ [(*33*2
y Y1 (Y3—y2

form)

a;x + by +cy +ka, +kbyy+kc, =0
a;x + ka,x + byy + kb,y + c1kc, =0
a, + kay)x + (by + kby)y + (¢ + ke )=
0
Which is of the formax + by +c = 0
Hence
(v)represents a straight Limesfordif ferent valy
of k,(v)represents dif fexéntllines.so it is also
Called family of lines.
Note: X5 — %,
Now lines (v) will pass through the point X3 — X
P(x,y)if it satisfied the eq. of line (v) i.e
a;x; + by, + ¢y +k(ayx, + by, +¢,) =0
v ayx; + by, +¢4 =0 and ayx, + by, + ¢, X3~ X2

=0 = (=1) [x1 — x3
X2 — X1

X2 — X1

So
L.HS= a1xXq + b1y1 + C1 + k(azxz + b2y2
+c, by R, + (R, + R3)
=0+k(0)=0L.H.S S
=D fx—x y1—ys  x(—x)+y.(ys —y1)

Xo = X1 Yo=Y —x3(xz —x1) —y3:(y2 — ¥1)
=0

=0 (~ R, = 0)
Thus altitude of a triangle are concurrent.
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Theorem: Right bisectors of a triangle are
concurrent.

Proof: A(x1,¥1

F<x1+x2 Y1+, E(x1+x3 Y113
2 72 2 72

B(x3,¥2) D (xz +Xx3 Y2tys C(x3,¥3)

2 2

let A(xq,v1), B(x3,v,)and C(x3,y3)be vertices of
AABC.let D,E and F be mid points of the sides
BC
,AC and AB respectively.so OD, DE and DF
are right bisectors.
Xzt X3 Y2t Y3

2 2
X1+ X3 y1tY3

2 2
X1t+x2 Y1ty

2 2

~ 0D 1 BC

coordinates of D are

coordinates of E are

coordinates of F are

Slope of side BCC = M

—X2

= Slope of right blsector OD— (y—iz)
3 2

So eq. of right bisector OD is
V2ty3\ _ X3—X Xo+X .

- (52 = - (G52 (e~ (52) roith

slope form
Vo +y. X3—X Xo¥Xx _
= y_( 22 3)+(yz—yz)(x—( 22 3))_0

—¥2) ( 2+y3) + (xz=s,) (x = (hzﬂ)) =
2 x(z —x) +y(vs — ¥ )8 %(x3 —x) (23 +

1

x2) =5 (3 +y2)(y3 —y2) = 0
Equations of the other two rights bisectors
OE and OF are

y(y3 —y2) — (3

(by smmetry)

Y =5 x5 —x) -5

= x(x3 —x) +y(Qys — 3

=0
And

x(xp —x1) +y(x3 —x;) — y Y1)—0

Right bisectors will be concurrent if

E(xzz—xf 3

1
X3 =Xz Y3~ )2 ) x%—xzz)—i 3’3?_)’22

1
X3—X1 Y3 — M1 ) xsg_xf)_i 3’3?_)’12

1
X2 =X Y2— N1 ) xz_x1)_5 xz_x1

Now taking (-1) as common from R,

1 1 ,
Ys=Y: —3 xg—xz)—— Vi —y5

1 2
-y o5 X —x1)+ yi —yi

1 1
Y2—01 ) x _xl)_z xz_xl
=0
By Ry + (R; + R3)
0

(o]

1 1
i=ys 5 % x12)+— yi —yi

1
—5 x5 —xf) =5 xf—xf

Y2—W1 2 2

=0
=0 (R, =0)
Thus right bisectors of triangle are concurrent.
Note:
If equations of sides of the triangle are given,
then intersection of any two lines gives a vertex
of the triangle.
Distance of a point frem a line:
Theorem: the/distancge d from the point
P(x,y)to
The lined; ax +'by + ¢ = 0 is given by
_lax; + by, + ¢

JZ 152

o

Let @ be the inclination of the line l; ax + by +
c=0

Draw L ars PR from point P on x —
axis such

that it meets line | at point Q.ALso draw a
1 rPM on line L.
InAPQM ,msQPM =«

|PM| =d, |PQ|=ly:—

Cosa = 2MI |PM| = |PQ|cosa
— y,lcosa — (i

|PQI
=>d =y
v Q(xy —yy)liesonlineliax+by+c=0
Soax, + by, +c=0= by, = —ax, — ¢
a c

Y2 =Ty Ty

Given eq. of lineisax + by +¢c =0
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a Cc
=>y=—EX—E

Slope of given line=m = _%

a
v m = tana = tana = —;

2
1+tan2a=sec2a:>1+(_%) —

sec? a

a? P va2+b?
1+b—2=sec a = seca =

cosa = % put all vales in (2)

@ =y + =55 ()

ax1+by1+c( b )
b Vaz+b2

d = axq+by,+c

va?+b?

hence proved

Distance b/w two parallel lines

The distance between two parallel lines is the
distance from any point on one of the lines to the
other.

Corollary: if the points P, Q, R are collinear
thenA= 0

Trapezium:

A quadrilateral having two sides parallel and
two non -parallel is called trapezium. Its area is
%(sum of length of ||sides )(distance b/w||sides)

Exercise 4.3

Exercise 4.3

Question no.1: Find the slope and inclination’of the
line joining the plane.

i:(-2,4);(5,11)

Solution: slope of AB=m= ——~—

5-(-2) 7

i (3,-2); (2,7)

sol: slope of AB = m = — )|

2-3

0 =180°—tan"1 -9
~ 0 liesinll — quadrant
=180 — 83.6 = 96.34°

W

iii) (4,6);(4,8)

Sol: slope of AB = m = 2%6

Question no.2: In a triangle A(8,6) B(-4,2), C(-2,-6),
find the slopes of (i) each side of the triangle

(ii) Each median of the triangle.

(iii) Each altitude of the triangle.

Solution:

i. A(8,6) B(-4,2), C(-2,-6),

A(8,6)

B(—42)

Slope of 4B = —2 =
—a-8
Slope of BC = 2 =
“2+4
Slope of AC = Zo6
“2-8
SOLUTION:
ii.
L, M, N be the mid points of AB, BC AC
respectively.
Midpoint of side AB = L(%,:L2

= L(2,4)
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B(~4.2)
Midpoint of side BC, M(L_Z,ZZ;6
Midpoint of side AC = N(?,?
Slope of the median AM =% =
Slope of the median BN =_30+;2 =
446 10

Slope of the median CL =— = —
242 4

Solution:
iii.
2-6

Slope of side AB=m, = i

-6-2 _

“2+4

Slope of side AC=m, = =2 = 212 =
RSk —2-8  -10

Let AP BQ CR be the altitude of AABC

Slope of altitude AP=— = —— = &
mp -4 9
Slope of altitude BQ= — = — _g

ms3

Slope of side BC=m, =

Slope of altitude CR= — = —

- -3 (vCcC' L
AB))
Question no.3: By means of slopes, show that the
following points lie on the same line.
@  -1-3); (1,5); (2,9
(b) 4,-5); (7,5); (10,15
(0 -4,6); 3,8); (10,10
(d) a,2b);(c,a+b); (2c — a,2a)
Solution: (a)A (—1,-3); B(1,5); € (2,9)
- 543 8
Slope of AB = T+1i-32- 4
- 9-5
Slope ofBi— ST1- —_4
Slope of AB = Slope of BC
So the points A, B, C lie on the same line.
Solution: (b) A(4,—5); B(7,5); €(10,15)
5+5 10

Slope OfAB =m ?

o - _15-5_10
ope of BC = 13— =3

Slope of AB = Slope of BC
So the points A, B, C lie on the same line

Solution: (c).
A(—4,6); B(3,8); €(10,10)

Sl AB = —— =
ope of AB =37
~8

__ 10
Slope ofiC =10_3 —_
Slope of AB = Slope of BC
So the points A, B, C lie on the same line.
Solution: (d)
(a,2b);(c,a+Db); (2¢ —a,2a)
—_ a+b—2b a-b
Slope of AB = “—a 4
- 2a—a—b a-b
Slope of BC “%—a—¢ c-a
Slope of AB = Slope of BC
So the pointsA, B, C lie on the same line.
Question no.4: Find K'so that the line joining A(7,3),
B(K,6) and the linefoining C(-4,5) D(-6,4) are
i) Parallel
i) Perpendicular
Selution: A(7,3),B(K,6) C(—4,5) D(—6,4)
—-6—-3

m, = slope of AB =
®

—18=k-7
k=-11
(ii) As AB and CD are Perpendicular, therefore

m;.m, = —1
-9 1
()G =-1
—-9=-2(k-7
-9 =-2k+ 14
2k =23
K =23/2
Question no.5: Using slopes, show that the triangle
with its vertices A(6,1),B(2,7) and C(—6,—7) is
aright triangle.
Soltion: A(6,1),B(2,7),C(—6,-7)
7-1_ 6 3
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B(2,7)

Aig,1)
Slope of BC =m, = —

Slope of AC =m3 = —— =

3

2

my.m, = -1, therefore

AB L AC so AABC is aright triangle
Question No.6: The three points A(7,-1) B(-2,2) and
C(1,4) are consecutive vertices of a parallelogram.
Find the fourth vertex.

Solution: A(7,—1) B(—2,2) and C(1,4)

Let fourth vertex = D(x,y)
Since ABCD is a parallelogram ,therefore
Slope of AB = Slope of CD

Since my.m, = (

D(x,y)

3x+9y—-3-36=0 471
3x+9y—-39=0
Dividing by 3 on both sides
x+3y—13=0
Now,
Since ABCD is a parallelogram, therefore
Slope of AD = Slope of BC
y+1 4-2
x—7 1+
y+1_
x—7
3y+1)=2(x—-7)
3y+3=2x—14
0=2x—-14-3y-3
2x—3y—17=0
By Adding iand ii we get
x+3y—13=0
2x—3y—17=0
3x—30=0
x =10

Put value of xineq. i
10+3y—-13=0
3y—3=0
y=1

Hence fourth vertex = D(x,y) = D(10,1)

Question no.7: i)
The point A(-1,2) B(3,-1) and C(6,3) are consecutive ii)
vertices of rhombus. Find the fourth vertex and showiii)

that the diagonal of the rhombus are perpendicular
to each other.
Solution:
Let D(a, b) be the fourth vertex of rhombus
€(6,3)

Slope ofdB = =2 =
+1
+1

Slope of BC =2 =2
6 3
Slope ofCD = 2=2
a+6
Slope of DA = _Zl__bb
Since ABCD is a rhombU@sttherefore
Slope of AB 5,8lope.of CD
-3 b-3
4 a-6
—3(a—6)=4(h—3
—3a+18=4b—12
—3a—4b=-12-18
—3a—4b+30=0—— — —i
Slope of BC = Slope of DA
4 2—b

3 -1-a
4(—=1—a) =3(2—-b)
—4—4a=6-3b
—4a+3b—-10=0————ii
multiply i by 3 and ii by 4 and then adding both
—9a—-12b+90=0
—16a+12b—40=20
—25a+50=0
25a =50
50

“=25
a=2
Putting value of a in ii
—4(2)+3b—-10=0
—-8+4+3h—-10=0
3b—18=0
b=6

Hence D(2,6) is the fourth vertex of rhombus.
QUESTION NO.8:
Two pairs of points are given. Find whether the two
lines determined by these points are
Parallel
Perpendicular
None
a) (1,-2)(2,4) and (4,1) (-8,2)
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(-3,4) (6,2)and (4,5) (-2,-7) (d) The line bisecting the 2™ and 4" quadrant
Solution: (a) slope of joining (1,-2) and (2,4 makes an angle of 135° withx — axis.
442
-1 °
2-1

Slope of joining (4,1)and(-8,2)= m, = —, = —

=my =

Sine m; # m, aand also

mp.m,; = 6.__12 * -1

So the lines are neither parallel nor perpendicular.
Solution: (b) : (a) slope of joining(-3,4)and ( 6,2) So slope =m = tan135° = —1
2-4_ 2 it passes through orgin so eq is

TMTEr3T 9 y—0=(-1(x-0)
slope of joining(4,5) and (-2,-7)=m, = :7—:: = __—161 2 y=—x>y+x=0
Sine m; # m, aand also Question no 10: find an equation of line

2 —11 a)  Through A(-6,5) and slope 7
mymy =—g.—* -1 b)  Through (8,-3) and slope 0
So the lines are neither parallel not perpendicular. c) Through (-8,5) having slope undefined
Question no.9: find an equation of d) Through (-5,-3) and (9,-1)
a) The horizontal line through (7,-9) e)  Y-intercept -7 and slope -5
b) The vertical line through (-5,3) f) X-intercept -3,and y-intercept -4
c) The line bisecting the first and third g) X-intércept\:9 and slope -4
quadrant. Solution: (a) @&%,y1) = (—6,5)
d) The line bisecting the second and fourth And slepe of line=m =7
quadrants. Se required equation
Solution: (a) slope of horizontal line m=0 y—5=7(x—(—6))
And (x1,y,) = (7,-9 y—5=7x+42
Therefore equation of line 7x—y+42+5=0
y—(=9)=0x—-7) 7x—y+47=0
y+9=0 Solution: (b) (x1,y1) = (8,-3)
(b) Since the slope of vertical line m = oo = % And slope of line=m =0
And (x1,7,) = (—5,3) So required equation
Therefore required equation of line y—(=3)= O(X - (8))
y+3=0
y—3= oo(x _ (_5)) Solution: (c) (x4, y1) =(-8,5)
1 And slope of line=m = o
y—3= 0 (X¥,2) So required equation
x+5=0 y—5=oo(x — (-8))
(c) The line bisecting the first and third quadrant
makes an angle of 45°with the x-axis therefore

1
y—5= o (x+8)
I 0=x+8
Y x+8=0
Solution: (d) Through (-5,-3) and (9,-1)

—1-(-3
450 Y- =57,

X +3—2(+5)
Yo=Y

(x= (%)

0(0,0)
1
y + 3= 7 (X + 5)
7y+3)=(x+5)
Slope of line=m = tan45° =1 7y+21—x—5=0
Also it passes through origin (0,0), so its equation —x+7y+16=0
y—0=1(x—-0) x—7y—16=0
y=x Solution: (e) Y-intercept -7 and slope -5
y—x=0 (0,—7) Lies on a required line
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And slope of line=m = -5
So required equation
y = (=7) = =5(x - (0))
y+7=-5x
S5x+y+7=0
Solution: (F) X-intercept -3 and y-intercept 4
—3,0)and (0,—4)lies onrequired line
here a = —3 and b=4

we use here two intercept form

x Y
—+==1
a b
4
—+==1
-3 4
Multiplying by -12
4x — 3y = —12

4x—-3y+12=0

g) x — intercept: —9 and slope — 4
x — intercept = —9 so point on x — axis is (—9,0)
and let A(x1,y,) = A(—9,0) and slope m = —4

eq of lineisy — y
= m(x — x;)(point slope form)
>y-0=—4(x—(-9)=>y=—-4(x+9
y=—4x—-36=>4x+y+36=0
Rhombus: A | |gram having equal sides is called
rhombus.
Question no 11: find an equation of perpendicular
bisector of the segment joining the points A(3,5) and
B(9,8).
Solution: Given point A(3,5) and B(9,8).
D

A(3,5) B(9,8)

Midpoint ofﬁ=(32ﬁ,¥) = (12—2,12—3) = (6,%)

Slope of AB =m =

Slope of line is L to AB=—

Noe equation of L bisector having slope -2
through(6, 12—3)

13
y-5 =-2(x—-6)

13
y— -5 = —2x+12
2y —13 = —4x+ 24
4x+2y—13-24=0
4x +2y—37=0
Question no 12: find equation of the side’s altitudes
and medians of the triangle whose vertices are

Chapter 4

A(-3,2) B(5,4) and C(3,-8).
Solution: given vertices of triangle are A(-3,2) B(5,4)
and C(3,-8).

C(3,—-8)

A(=3,2)

Slope of AB=m, = "
Slope of BC=m, = % =—=
2-(-8 _10_ _5
-3-3 -6 3

Now equation of side AB having slope % passing
through A(-3,2) .  (you may take B(5,4) instead of

A(-3,2))

Slope of CA=m; =

1
y42=5(- -3)
Ay —2)=x+3
4y —-8—-—x—-3=0
—x+4y—-11=0
x—4y+11=0
Now equation of side BC having slope 6 passing
through B(5,4)
y—4=6(x—05)
y—4=6x-—30
—6x+y—4+30=0
6x—y—26=0
Now equation of side CA having slope —g

passing through B(3,-8)

Y (-8) =2 (x~3)
—3(y+8)=5(x—-3
—3y—24=5x—-15

—5x—-3y—-24+15=0

—5x—-3y—-9=0

5x+3y+9=0
Equation of Altitudes:

A(-1,2)

Since altitudes are perpendicular to the sides of

the triangle therefore

Slope of altitude on 4B = — —

myq

Equation of altitude from C(3,-8) having slope -4
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y+8=—-4(x—-3)
y+8=—4x+12
4x+y+8—-12=0
4x+y—4=0
Slope of altitude on AB = - =
m, 6

Equation of altitude from C(-3,2) having slope -1/6
1
y—2= ~3 (x+3)

6(y—2)=-1(x+3)
6y—12=—x-3
x+6y—12+3=0
x+6y—9=0
1 3

Slope of altitudeon CA = —— = —< ==
ms —5 5

Equation of altitude from B(5,4) having slope 3/5
y—4=2G-5)
5y —4)=3(x-5)
5y —20=3x—-15
—3x+5y—20+15=0
—3x+5y—-5=0
3x—5y+5=0
Equation of medians:
Suppose D, E and F are the medians of AB
,BCand CA respectively

The coordinate D=($,22ﬂ) = (g g) = (1,3)

The coordinate E= (5:3,42—8) (i 7) = (4,-2)

. 3-3 —8+2 0 -6
The coordinate F=(T’ > ) = (5,7) =
(O' _3)
Equation of AE BY two point form
—-2-2
y—2 =4_—(_3)(X— (—3))
4
7(y—2)=2#4x%3)
7y — 14 = —4%= 12
4x+7y—14+12=0

4x+7y—-2=0
Equation of BF BY two point form

—4 5
= S(x—)

y—4 =_—5(x—5)
5(y—4)=7(x—-5)
5Y —20=7x-35
—7X+5Y—-20+35=0
7x—5y—15=0
Equation of CD BY two point form

y- (8 =P 3)

11
y+8=_—2(x—3)

—2(y+8)=11(x -3
—2y—16 =11X — 33

y—4=

Chapter 4

—-11X-2Y—-16+33=0
1lx+2y—-17=0
Question no 13: find an equation of the line
through (-4,-6) and perpendicular to the line

. 3
having slope— 7
. . 3
Solution: slope of line = — 3
. . -1_ 2
Slope of required line=m = — = 3"

line is perpendicular
point on required line = A(—4, —6)
equation of required line is

2

3(y+6)=2(x+4)
3y+18=2x+8
—2x+3y+18—-8=0
2x—3y—10=0
Question no. 14: find an equation of the line
through (11,-5) and parallel to a line with slope -
24,
Solution:Slope'of required line=m = —24
~ line is pavallel
point onrequired line = A(11,-5)
equation of required line is
y+5=-24(x—-11)
(y+5)=-24(x—-11)
y+5=-24x + 264
24x+y+5-264=0
24x +y—259=0
Question no.15: the points A(-1,2) B(6,3) and
C(2,-4) are vertices of triangle. Show that the line
joining the midpoint D of AB and the midpoint E

of AC is parallel to BC and DE=%BC
Solution: A(-1,2) B(6,3) and C(2,-4)

Midpoint of AB=D ( *e %) = D(

Midpoint of AC= E(ﬂ %) = E(

I

Slope of DE=m; = —
2 2
== -4-3
Slope of BC=m, —_ﬁ =-=
Asm; = m,, so DE is parallel to

Now
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DE = 265
BC =+/(6—2)%+ (3 +4)2

= V16 + 49
=65

clearly ,DE = %W As required.

Question No.16,17,18,19,20 ( Not solved)
Question no.21: convert each of the following into
1) Slope intercept form
1)} Two intercept form
1) Normal form
(a) 2x—4y+11=0 (b) 4x+7y—
2=0 (c) 15y—-8x+3=0
Solution: (a)2x —4y+11=0
Slope intercept form: (y = mx + ¢)
—4y =-2x-11
1 11
YR
1 11
m= E , Cc = T
Two intercept form: (g + % =1)
2x —4y+11=0
2c—4y =-11
dividing both sides by — 11

Normal form: (xcosa + ysina = p)
2x —4y + 11 £0
2x — 4y =gmll

v4 + 16

V20 = 2v5
2 4 ~11

X — =
2\/3 2\/§y 24/5
-11

y [
\/_ \/_ 2V5

Multiplying both sides by -1
1 2 11

——X + —y =
\/_ V5 2\/_
11
Where cosa = —\/_,smoc ,p NG
a lies in 2nd quadrant ,S0

S 116.57°
a =cos™t—— = 116.
V5

Length of perpendicular form (0,0) to line 2x —

sp= 1L
4y+12—015p—2\/g
b)4x+7y—2=0

Slope intercept form: (y = mx + ¢)

Chapter 4

Two intercept form: (E + % =1)
4x—-7y—2=0
4x—T7y =2
dividing both sides by 2

Normal form: (xcosa + ysina = p)
4x—-7y—2=0
Qoo 7y = 2
Dividing bath sidesyby

V4% + (7)?
V16 + 49
V65 =

Lo TN | §
G — =¥ = 7= Normal form

Where cosa = : sina = 2 =2
V65’ = Vs 'P T T
a lies in 1st quadrant , so

- 60.26°
a = cos”!— = 60.
V65

Length of perpendicular form (0,0) to line 4x — 7y —2=0isp =
2

Vés

()

(i) Slope-intercept form: y = mx + ¢
©15y—-8x+3=0=>15y=8x—3

8 3 N
= = — —_— =
y 15x 15 -y mx Cc
1

8
Wherem = —, c=-—2=-1
15

N x Yy _

ii) intercept form: (E+E_1)
15y — 8x+3=0:>15y 8x = -3
I:t>1_5—3y—§—x—1:> =S5y +3 fx=1
= 3+ —1—>2+;—1

8 5
3 1
= wherea=—,b=—=
18 5

(iii)Normal line (xcosa + ysina) = p
w15y —8x+3=0=> 15y —8x = -3
= —8x+ 15y = -3
= —8x + 15y = -3
+ by /(—8)2 + (15)2 = V64 + 225 = V89
=17
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8 15 3
> —X——=—
17 17 17
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= — — xcosa + ysina
17 y

] 15
where cosa = ﬁ,sma =—17

—% v cosa > o0 sina <o

17
= alies in (iv)quadrant
15
= tana = —goa= tan6 — 1 (_§ = —61.93°
a =360°—-61.93%° = 298.07°
thus xc0s298.07° + ysin289.07°
Thus length of L from (0,0) is p = %
QUESTION NO.22: IN each of the following check
whether the two lines are
I: parallel
li: perpendicular
lii: neither parallel nor perpendicular
a) 2x+y—-3=0;4x+2y+5=0
b) 3y=2x+5; 3x+2y—-8=0
c) 4y+2x—-1=0;x—-2y—-7=0
4x—-y+2=0; 12x-3y+1=0
12x+35y—7=0; 105x— 36y + 11 =
0
Solution: () 2x +y—3=0;4x+2y+5=0
slope of line1l =m, = —1= -2
4

slopeof line2 =m, = 5= —2

Since m; = m, therefore given lines aresparallel
(b)
3y=2x+5; 3x+424—-8=0
2

2
slope of line 1 = myEe 7 "3

slopeof line2 =m, = 5
Since my.m, = (g) (— ;) therefore given lines are
perpendicular.
(c) 4y4+2x—1=0;x—-2y—7=0
Solution:
2x+4y—-1=0x—-2y—-7=0
. a2 1 a1
S e L e B
My # myso given lines are neither ||nor
1 ar
d)4x—y+2=0;12x—-3y+1=0
. a4 a2
M =S T M=oy = g
©my =m, so given lines are parallel.
(e)12x+35y—7=0; 105x —36y+11 =0

Solution:

1
2

4

12
JE— m2=__—

. 12 35
rmmy = (=35 33 =
so gives lines are perpendiucular.
question No.23
find the distance between the given parallel
Lines sketch the lines. Also find an equation of
the parallel line lying midway between them.
a) 3x—4y+3-0;3x—4y+7=0
Solution:
1;3x—4y+3=0;1,=3x—4y+7=0
Forl;;putx =0,3(0) —4y+3=0= —4y =-3
3
"
Puty =0,3x —4(0)+3=0=3x= -3

3
=>x=-1so0 (0,1) and (—1,0) on |4

forly,putx =0,30) —4y+7=0= —4y = -7
7
=1
puty = 0,3x¢= 4(0) +7=0=3x=-7

7
and (— =, O) onl,

7 ( 7
=3 = ——= —
X SO | O, 3

3 4

Now distance d from (—1,0)to L, is
g= lax; + by, + |
Ny
13(=1) — 4(0) + 7|
Vv 3)2H) - (2
_ |[—3 + 7| _ 4 _ 4
V9+16 25 5

=>d

4
=z thus distancs between the parallel lines <

Now midpoint of (—1,0)and (— %, 0) is

7
—1-3 040 -3-7
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Now required equation of line passing through point
_?5,0) and slope =3/4 is
3 5
y—0=1(x+§ (v y—y1=m(x —xq1)
2 4y =3x+5=23x—-4y+5=0
b)
Solution:
l1;12x +5y—-6=0;1, =12x+5y+13 =0

Forl;putx =0,12(0)+5y—-6=0=5y =6

y:
Puty =0,12x +5(0)—-6=0=>12x =6
1 ( 6) d 1 0) ;
= = — f— —
X =5 50 0,5 and 7,0) onl,
forl,,putx =0,12(0) + 5y +13=0= 5y = —48
13

5
puty = 0,12x + 5(0) + 13 =0 = 12x =13

—-13 —-13
(o,? and N 0) onl,

Now distance d from G 0) tol, is
g= lax, + by, ¢l
VaZ + b
B |12 (%) —500) + 13|
- V127062
_l6+13] _ 19 19
T VIa4+25 Vie9 13

=>d

19 19
=3 thus distancs between the parallel line51—3

S 1 13 .
Now midpoint of (5, 0) and (_E’ 0) is

1 13 6—13

72712 0+0

2 2

0= -+

6
2

_ 7 0)

24

a_ -12
Slope=m=—-=—
b 5

Now required equation of line passing through point

-7 12, .
—,0) and slope ——is s
24 5

Chapter 4

@ 5y=-12x—2=12x+5y+.=0
c) x+2y-5=0;2x+4y=1
Solution:
l;x4+2y—5=0 and l,;2x+4y =1
Forl;;Pitx =0=>0+2y—-5=0
= 2y=5=>y=;

(
‘4
0
2‘ )

YI
Puty =0=>x+20@)™=5=0=>x=5

5
so (O’E and (5,0)on [,

1
forlz;putx=0,2(0)+4y:1:>y=Z

1
puty = 0,2x +4(0) = 1=>x=§
1 1
so (0,1 and E'O> onl,
now distance d from (5,0) to l,is
i= lax; + by, +c|
JZ 1 b
_12(5) +4(0) + 1]
V 2)2+(4)?
_j10-1 9 9
VA+16 V20 5

=>d

9 9
= —— thus distancs between the parallel lines —

25 25
Now midpoint of (5,0)and G, 0) is

1

_[(3tz0+0) 10+10>

S\ 22 ) 4 7]
a__ -1

Slope=m = —-— = —

Now required equation of line passing through
point(%, 0) and slope —%is is
1 11

y-0==3(x-5 CGy-y=mE-x)

5 2y = —x—%:x+2y—%= 0

QUESTION NO.24: Find an equation of the line

through

(-4,7) and parallel to the line 2x — 7y + 4 = 0.

Solution: giventhat2x -7y +4=0

. . 2 2
Slope of given line =— =3

28| Page



Class 12

Slope of required line =m = %

Point on the required line = A(—4,7)

Chapter 4

Be required vertices.
~ E is midpoint of AC so

1+x, 4+,
Equation of the line through A(-4,7) is Ch= ———
y—y1=mx—x,)
2
—7="(x-4
y 7 (x—4)

7y —49 =2x+8
2x—-7y+57=0
Question no.25:
Find an equation of the line through (5,-8) and
perpendicular to the join of A(-15,8) B(10,7).

Solution: points on given line= A(-15,8) B(10,7) = X3 _2'2?_"' 5=0 "_,ﬁ
. . 7+8 15 3 Slope of BC= 1= 1
Slope of given line = =—=== 3-x 3-x
10+15 2_51 5  3—-x,=-2-y,2x—-3-2-y;,=0
Slope of required line=m = 54— = — - 2 x -y, —5=0-(ii
4 1 _ y1—4

3 3
5 yi—
= ——-=
Point on required line = p(5,-8) Slope of AB x1-1 7 x-1

Equation of required line through p(5,-8) is ® X +1=7y-282x%+7y;, -1-28=0
= x;+7y; —29=0 - (iii
—2-=Y3 1 -2-y;
slope of DL|= 3+, = =3
3 x; = —-14 -7y,
= =3+x3+14+7y; =0
=3+x3+14+7y; =0
=>x3+7y;+11=0- (iv
by(iv) — (i) =2x,+7y;+11=0
—x3; Fy;£3=0
8y;+8=0
=>8y; =—8=>y;=—1putin(1
X3—(-1)+3=0=>x3+1+3=0
X3+4=0>x3=—4
by (iii) —(ii))®x, +7y+29=0
+x; ¥y, ¥5=0
8y, —24=0
8y, = 24 = y, = 3 put in (ii)
x,—3-5=0=>x,—8=0
According to given condition X =8
X-intercept X y-intercept #3 Hence required vertices are B(x;,y;) = B(8,3),
C C(x2,¥2) = C(3,-2),D(x3,y3) = D(—4,—1)
—CX— 2 =3 Remember above line:if sign y in given equation and
=6 Our answer is same.
c= \/E Below line: if sign y in given equation and our answer

. . ired li is different
Putting cin required line Question no 28: find whether the given point lies
x+2y+V6=0

above or below the given line.

Question no 27: a) 58);2x—3y+6=0

(?ne vertex of a parallelogr:.jm is (1,4), the diagonals b) —7,6);4x+3y—9=0

Llntersizct 'atd(Z,l)and the sides have slopes Solution: (a) given line 2x — 3y + 6 = 0 - (i)
and;; find the —2x+3y—-6=0 ~b>0

othef Three vertices. Givenpoint p(5,8)

Solution: Putx=5y=8inL H.S.in (i)

2(5)-3(8)+6=-10+24—-6
-16+28=8>0

So the point p(5,8) lies above the line

Solution: (b) givenline4x +3y—-9=0———1i

b>0

1+x 4+
2 2= 2 1= 23’2

> 1+x,=4 ,1="22%
= X2=3 ,y2_2
So C(cz, ¥2) = (3,-2)

Now

Slope of AD=2"% o 1 =272
x3—1 x3—1

2 x3—1l=y;—4=>x3—y;—14+4=0

5
y+8=—2(x-5)

3y +24 =—-5x+25
5*+3y+24-25=0
5x*+3y—-1=0
Question no.26:
Find equation of two parallel lines perpendicular
to 2x — y + 3 = 0 such that the product of the x
and y-intercept of each is 3.
Solution:
Givenline=2x—-y+3 =0
Any line perpendicular to given line is
x+ 2y + ¢ = 0(required line)
For x-intercept put y=0
x+c=0
X =-—c

B_X3

Do)

A(L4) Given point p(—7,6)

Putx=—-7andy=6ini
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4(-=7)+3(6)—9=-28+18-9
—37+18 =-19 = —ve
So the point (-7, 6) lies below the line
Question no 29: check whether the given points
are on the same or opposite sides of the given
line.
Solution:
a) (0,0)and (-4,7);6x—7y+70=0
b) (2,3)and (-2,3);3x—-5y+8=0
Solution: (a) givenline 6x—7y+70=0
—6x+7y—70=0 ~b>0
Given point p(0,0),Q(—4,7)
For point p(0,0):
Put x = 0y = 0 in above equation
-6(0)+7(0)—-70=04+0-70=-70<0
So the p(0,0) lies below the given line
For point Q(—4,7):
Put x = —4 and y = 7 in above equation
—6(—4)+7(7)—70=24+49-70
3>0
So Q lies above the line.
Solution: (b) givenline 3x—-5y+8=10
3x -5y+8=0
 sign of coef feiceient of y = =5 = —ve
Given points p(2,3) Q(—2,3)
For point p(2,3):
Put x = 2 and y = 3 in above equation
3(2) -53)+8=6—-15+8
= —1=-ve
So point P lies above the line
For point Q(—2,3):
3(=2)-5(3)+8=—-6—-15%*38
= —15+2
= —13& e
So point Q lies above the Line.
* both points are above points§ are on the same
sides
Question No 30: find the distance from the point
p (6,-1) in the line6x — 4y + 9 = 0.
Solution: given point p (6,-1)
Line 6x—4y+9=0.
As we know that distance from the points p
(x1,y1)to lineax+by+c=0
g= lax; + by; + |
JaZ + b2
Here a=6 b=-4c=9and x; = 6,y; = —1
4 |6(6) — 4(—1) + 9|
6% + (—4)2
g |36 + 4 + 9|

V36 + 16
49

V52

Question no 31: find the area of triangular region
whose vertices are A (5,3) B(—2,2) C(4,2).

Chapter 4

Solution: A (5,3) B(—2,2) C(4,2).
1 X1 N
AREA of triangular region= Sx2 2

X3 Y3
5 3 1

=22 2 1
4 21
=[5(2—2) —3(-2—4) + 1(—4 — 8)]

1
50 +18-12)

1
5 (6) = 3sq.unit

Question no32: the coordinates of three points are
A(2,3),B(—1,1) and C(4, —5) by comparing the
area bounded by ABC check whether the points are
collinear.
Solution:
1 X1 N
AREA of triangular region= Z|x2 ¥2

X3 Y3
2 3

=-l-1 1
4 -5
=1/212(1+5) —3(—1—4) + 1(5 — 4)]
=-(12+15+1

1
=5(28)=14%0

so the points A, B, C are not collinear.

Angle between two lines
Theorem: let [, and l,be two non — verticle lines
such that they are not L ar to each other.
if myand
m, are the slopes of |, and l, respectively, then

the angle 6 from l to l,is given by
my; — My

Proof:
- sum of all three angles is equal to 180° so
a; +6 + 180°

= a; —a,+6=180°—a, = 180°

=2 ar—a,+0=0

2 O0=a,—a

tanf = tan(a, — a;)
tana, — tana,

tand =
1 + tana tana,
tana—tan,
tan(a - ,8) = W
> tanf = 2L
1+mym,
©my = tana,; = slope of |;
m, = tana, = slope of 1,
Corollary 1. If two lines are parallel then their slopes
are equal.
i.ely||;if and onlyif m; = m,
Proof:
let myand m, be slopes of lines l;and [, resp.
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let 0 be angle from l;to L,
v linesare ||so8 =0
2"y

We know that tan = —
1+m1m2

m; —my my; — My
tan0 = —— =—
1+mym, 1+mym,
= m, —my = 0= my =m, hence proved.
Corollary 2.
if two lines are
1 ar then product of their slopes
Is equal to -1
el LLiff1+mm,=0
Proof:
let my and m, be slopes of l; and |, respectively.
let Obe an angle from ljand [,
« lines are L ar so 8 = 90°
We know that

>1+mm,=0>mm, =-1
Hence proved.
Equation of a straight line in matrix form
One linear equation:
Alinear equation l; ax + by + ¢ =
0 in two variables
x and y has its matrix form as

[ax + by] = [—c]

or [1 b] [y] = [—c]
X
y

>AX=B A=[a b] ,x=[

]' B = [_C]
A system of linear equation:
A system of two linear equations
ll; a|x + bly + 1 = 0
l,;a,x + by + ¢, = 0intwo variables.
x and y can be written in the form as
[alx by _ [—Cl]
a,Xx be —C
a bl X _ _Cl
=la nlbl=[]
AX =C
_[ar by _[& X
Where A = [az bz],C = [—cz]'X = [y]

A system of three linear equations;

A system of three linear equations
lyax+by+c; =0
Lyiya,x+byy+c, =0
l3;a3x + b3y +c3=0

In two variables x and y takes the form

As
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a,x + b,y +c,
asx + byy + c3

a by ¢ 0
= [az bz Cz] = [0

as C3 0

ayx+byy+c [ ]
0

Exercise 4.4

Q#1) Find the point of intersection of the lines:
i) x—2y+1=0and2x—y+2=0
ii) 3x+y+12=0andx+2y—1=0
iii) x+4y—-12=0andx—3y+3=0
(i) x—2y+1=0and2x —y +
2=0
Sol:Letx —2y+1=0-(1), 2x—y+2=0-(2)
From Eq.1, we have
x—2y+1=0>x=2y—-1
Putin Eq. (2)
2x—y+2=0 2@y=1)—y+2=0
>4y -2 —y+2=0
= 3y=0=y =0 putinEqg. (1)
X=2yml=>x320)-1=>x=-1
Hence peintof intersection of Eq. (1) and (2)
isA(,0)s
(ii) 3x+y+12=0andx+2y—1=
0
Sol:Llet3x+y+12=0-(1), x+2y—1=0-(2)
From Eq.1, we have
3x+y+12=0 = y=—-3x—-12
putin Eq. (2)
x+2y—1=0=>x+2(-3x—-12)—-1=0
>x—6x—24—-1=0
= —5x—25:0=>y=_—i=—5 putin Eq. (1)
y=-3x—-12=>y=-3(-5)—-12
=>x=15-12=3
Hence point of intersection of Eq. (1) and (2) is
B(-5,3).
(iii) x+4y—12=0andx -3y +3 =
0
Sol:Letx+4y—12=0=0-(1), x—3y+3=0-(2)
From Eq.1, we have
XxX+4y—12=0 =>x=—-4y + 12
Putin Eq. (2)
x—3y+3=0= (—4y+12)-3y+3=0
= —4y+12-3y+3=0
= —7y+15=0=>y=__—175=§ putin Eg. (1)
x=—4y+12=x=—-4(2) +12
-60+84 _ 24
7 7

Hence point of intersection of Eq. (1) and (2)

. 24 15
ISC(7,7).

Q#2) Find an equation of the line through

Sx=-2412=
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(i) the point (2, —9) and the intersection of
the lines
2x+5y—8=0And3x—4y—-6=0

Sol: Letly:2x + 5y —8=0,1,:3x —4y—6 =0
and (2,-9)

Equation of line through the intersection of [; and [,is
given by

LL+kl,=0

(2x+5y—8)+k(Bx—4y—6) =0 -(1)

2x + 5y —8+3kx —4ky — 6k =0

Putx = 2andy = —9in above

= 2(2)+5(—9)—-8+3k(2) —4k(—9)—6k =0
= 4-45-8+4+6k+36k—6k=0

> —49436k=0 > k=2

36
Putin (1)
49
(2x+5y—8)+£(3x—4y—6) =0
= 36(2x +5y —8)+49(3x —4y—6) =0
= 72x + 180y — 288 + 147x — 196y — 294 =0
= 219x — 16y — 582 =0
(i) the intersection f the lines
x—y—4=0and7x+y+ 20
= 0 and
(a)parallel (b)perpendicualr to be line 6x +y — 14
=0
solution:
x—y—4=0- (i)
7x +y+ 20 =0 - (ii)
By (i) + (ii) ®>8x+ 16 =0 = 8x = —16
>x=—-"2putin(i)=-2-y—4=10
>—-y—6=0>-y=6=>y=-6
So point of intersection is (—2, —6)
Given line is
6x +y — 14 = 0 slope of giwenfline = —6
(a) slope of required linglis/=¢—6
(*+ line'ts*|to given line)
thus eq.of line through (—2,—6)and slope is — 6
y—(=6)=—6(x—(=2) “y—xn
=m(x —x;)
y+6=—-6(x— (-2
y+6=—-6(x+2
y+6=—6x—12
6x+y+6+12=0
6x +y + 18 = 0(req. lines
(b) - slope of givenlineis — 6
Slope of required line = %(‘: req.lineis L
ar to given line)
So eq. of lines through

—2,—6)line and slope%is

1
y—(—6)=g(x+2) vy =y =m(x —xq)
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1
=>y+6=€(x+2)

6y +36 =x + 2
2 x—6y+2-36=0
= x— 6y —34=0req.line
(iii)  Through the intersection of the lines
x+2y+3=0,3x+4y+7
= 0 and making
Equal intercepts on the axes.
Solution:
any line through intersection of
x+2y+3=0and 3x+4y+7=0is
xX+2y+3+kBx+4y+7)=0- (i)
= x+2y+3kx+7ky+7k=0
 a line passing
through intersection of
land 1, is I} + ki,
2 3k+1x+2+4k)y+3+7k=0
For x zmimtexcept,y = 0 —

So(Bk+x+3+7k=0

—(3%7k
o e —CH
3k+1

foyy — intercept,x =0
S92+4k)y+3+7k=0
o _ -(3+7k
2+4k
* both intercepts are equal so

- 3+7k - 3+7k

3k+1 244k
1 1

T3k+1 2+4k
=>3k+1=2+4k

2 4k—-3k+2-1=0

= K+1=0

2 k=-1 so (i)becomes

Asx+2y+3+(-1)Bx+4y+7)=0

2 x+2y+3—-3x—-4y—-7=0

2 =2x—2y—4=0

= 2x+2y+4=0

=2 x+y+2=0(+by2
Qi#3) Find an equation of the line through the
intersection of
16x —10y—33 =0;12x+14y+29=0
And the intersectionof x —y +4 =0;x — 7y + 2 =
0
Solution:
Letl;:16x — 10y —33=10,1,: 12x + 14y +29=0
Andl3:x —y+4=0,l;:x—7y+2=0
First, we find the intersection of [; and [,
Let 16x — 10y — 33 = 0 —(1), 12x + 14y + 29 =0 —(2)
From Eq.1, we have

16x — 10y —33 =0 = x = 2>
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putin Eq. (2)

12x + 14y +29 =0
> 12252 + 14y +29 =0
=3(22 + 14y +29=0

=30y +99 + 56y + 116 =0

= 86y+215=0=>y = —% = —; putin Eq. (1)

_10(—3 +33 1

__ 10y+33
T 16 16
Hence point of intersection of Eq. (1) and (2) is

AG,-3).

Equation of line through the intersection of l; and
l, is given by

I3 +kl,=0
x—y+4)+k(x—7y+2)=0->(3)

1 5.
Putx=5andy= —5in above

L 5+4 +k ! 7 5+2 0
= —_ —_- — = —_ - _—— =
2 2 ) 2 ( 2 )

Multiply by 2, we get

= 1+5+8+k(1+35+4)=0

> 144+40k=0 = k=_22—-_"7

40 20
Putin (3)
7
(x—y+4)—%(x—7y+2)=0

2>20x—y+4)—-7x—7y+2)=0
= 20x—20y+80—-7x+49y—-14 =0
= 13x — 29y + 66 = 0 (Required line)
Q#4) Find the condition that the lines
Yy=mx+c,Yy =myx+Cyandy = mgxehCs
are concurrent.
Sol:Let ly:myx —y+c¢1 =0, L,:myx—9+ g3 =0
Andlzmzx—y+c3=0
As we know that the line are comeurrentgf
m; -1
m, -1
my —1
m
m; —my
mzy—m; O
R,
Expanding by R;, we have
= my(0 - 0) + 1((my — my)(c3 — ¢1) — (M3 —my)(c2 — 1))
—c,(0-0)=0
= my —my)(c3—cp) = (m3 —my)(c; — ¢4
(Which is the required condition)
Q#5) Determine the value p such that 2x — 3y —
1=0,3x—y—-5=0and3x+py+8=0
Sol: Letl;:2x —3y—1=0,0,:3x—y—-5=0
Andl3:3x+py+8=0
As we know that the line are concurrent if
m; -1
m, -1
my -1

c; —¢1| =0 ByR, —R;andR, —
€3 —Cq

Put values

As we know that the line are concurrent if

2 -3 -1

3 -1 =5[=0

3 p 8

= 2(—8+5p)+3(24+15)—-13p+3)=0
= —-16+10p+72+25-3p—-3=0

= 7p+98=0

Qi#6) Show that the lines4x — 3y —8 =0,

3x —4y—6=0and x —y — 2 = 0 are concurrent
and the third line bisects the angle formed by first
two lines.

Sol: Letl;:4x —3y—8=0,0,:3x—4y—-6=0
Andl;:x—y—2=0
To check l4, [, and l; are concurrent, we take

4 -3 -8

3 -4 —-6|=48-6)+3(—6+6)—8(—3+4)
1 -1 -2

=89 0=8=0
Hence, the givénlinestare concurrent.

Now, we find the slopes of these line i.e.

Slope of%l, =S —_iszg
3
Slopeofalsd= m, = —="

Slop€of l; =m; = —==
Let 6;, be the angle between [; and I3
mz —my
1+myms
L4 3-4
14 (1) 4 3+4

= —% -(1)

3 3
Let 6;, be the angle between 5 and [,

tanf, =

From eq. (1) and (2)
tanf, = tand,
= 0, =0,
= [l; Bisect the angle formed by first two lines.
Q#7) the vertices of a triangle are A(—2,3), B(—4,1
and C(3,5). Find the coordinates of (i) centroid (ii)
orthocenter (iii) circumcenter. Are these three points
collinear?

(n Sol: Centroid
Centroid of a triangle is the point of concurrency of its
three medians.
Let D and E be the mid points of BC and AC
respectively.
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Midpoint of BC = D (=22,2%) = D(-3,3)

Mid-point of AC = E( 2+3 5+3) E( ,4)
Equation of the median BE

The points on BE are B(—4, 1), D(%, 4)
4-1 3 2
SlOpeOfBE _—4:§:§
Now,y —y; =my(x —x;) =2y—1 :g(x+4)
using the point B(—4, 1).
3y—3=2x+8= 2x—-3y+11=0-(1)
Equation of the median AD
The points on AD are A(—2, 3),D(—%, 3

Slope of AD = 3 3 =

2
Now,y —y; =my(x —x1) =y —
using the point A(—2, 3).
y—3=0 =>y=3putineq. (1)
2x—3y+11=0=> 2x—-33)+11=0
= 2x—94+11=0>x=-1
Hence Centroid is (—1, 3).
()] Sol: Orthocenter
Orthocenter of a triangle is the point of concurrency of
its three altitudes.
let AP L BC andBQ 1
triangleABC.
5—

Slope of BC = m; = — 4:
Slope of AC = m, _:—3_

Equation of the Altitude AP

Slope of AP = —L =7

m, 4
Now,y —y; =m;(x —x,) >y —3 = —Z(x+2)
using the point A(—2,3) on AP.

4y —12 = -7x—14 = 7x + 4y + 2/=)0

Equation of the Altitude BQ

Slope of BQ = ~_Lt-_3

m, 2
Now,y —y; = my(x — xq) =>y—1=—2 (x+4)
using the point B(—4,1) on BQ.

2y —2=-5x—20 25x+2y+18=0

From eq. (2)
5x+2y+18=0 =2x =
putin Eqg. (1)
7x+4y+2=0 = 7( +4y+2=0
= —14y — 126+20y+10—0

= 6y-116= 0:>y—116=% putin Eq. (2)

3=0(x+2)

AC be the altitudes of the

—2y—18
5

Zy 18

—2(? -18
5
. 34
Hence, the orthocenter is (— 53

(1) Sol: Circumcenter
Circumcenter of a triangle is the point of concurrency
of right bisectors of its sides.

Let PQ and RS be the right bisectors BC and AC
respectively.

Slope of AC = m; =

2
5
5-1 _ 4
Slope of AC =m, =>—= =~

3+4 7
4+3 1+

Midpoint of BC = D( ) L(—— 3)

) =MG. 49

2+3 5+3

Midpoint of AC = E(

Equation of the Altitude RS

Slope of RS = L3

m, 2
Now, y —y; = m(x — xq) :>y—4=—;(
using the pointMG,é}) on RS.

2y —8=—5x+> = 4y—16=—10x+5
=>10x+4y—-21=0

Equation of the Bisecfor PQ

Slope of PQ = —mi= —%
2

Now,y —y; =sm(8—x;) =2y —3=—-
using th&%ointel (—% 3) on PQ.

4yl = 7x — 7 = 14x+8y —17 =0
Frem eg. (2)
Mx+8y—17=0 =>x =
put in Eqg. (1)

10x + 4y —21=0 = 10(
= —80y + 170 + 56y — 294 2 0
> —24y—124=0>y = 2= =

—-24
31
—-8y+17 —8(— +17
X = Y > X = — 6

14 14

—-8y+17
14

=2 44y —21=0

—3—61 putin Eq. (2)

. .25
Hence, the Circumcenter is = ?).

(V) Now, we check whether centroid,
orthocenter and circumcenter are

collinear or not.
s . 34 58
Centroid is (—1, 3), orthocenter is (—?,? and
. .25 31
Circumcenter is ?,—?),

Let
-1 3
34 58

3 3
25 31

6 6
B 1(58_|_31 3( 34 25
B 3 6 3 6

1054 1450

18 18
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1 (116 +31
6

68 + 25

1054 — 1450

_ —49+93-44

2
Thus, all the points are collinear (lying on a straight

line).
Q#8) Check whether the lines 4x — 3y —8 = 0,
3x—4y—6 =0andx —y— 2 = 0 are concurrent.
If so, find the point where they meet.
Sol: Letl;:4x —3y—8=0,0,:3x —4y—-6=0
andl;:x—y—2=0
To check l4, [, and l; are concurrent, we take

4 -3 -8

3 -4 —-6|=4(8-6)+3(—6+6)—8(—3+4)
1 -1 -2

=84+0-8=0

Hence, the given lines are concurrent.

For the point of concurrency, we solve , [, andl;.
Let3x —4y—6=0-(1), x—y—2=0-(2)

From Eq.1, we have
4y+6

3x—4y—-6=0 Sx =0

Putin Eq. (2)

x—y—2=0> —y—-2=0>4y+6-3y—-6=0

= y=0 putinEq. (1)
_ 4y+6 _4(0)+6

4y+6

> x = g =2
Hence point of intersection of Eq. (1) and (2) is
B(2,0).
Q#9.find the coordinates of the verti¢es.of the
triangle formed by the lines x — 29— 6, 0;
3x—-y+3=0;2x+y—4=0also find
Measures of the angles of the triangle.
Solution:
x—2y—6=0- (i)
3x —y+3 =0 - (ii)
2x +y—4 =0 - (iii)
Solving (i) and (ii)
X y 1
—-6—6 —-18—-3 -1+6
y

1
-21 5
y 1

-21 5
12 21
——= andy=——
5 y 5

Solving (ii) and (iii)
_y 1
T 6+12 3+2

4 ¢
RIRPIR

Solving (i) and (iii)
x o y _
8+6 —12+4 1+4

So vertices of triangle are

A( 14 8)B118> 12
8’ 5/ 5'5)’ 5" 5
Now

18 + 8
__5
1-14

m, = Slope of AB = 1
5 (
26

= m2:3

ms = Slope of CA = ——

( @ is the angle from l,to )
—2-(-3) -5 5
14+ (-2)3) 1-6 -5
= Tanf; =1

= 6, = tan"1(1) = 45°
m; —my

1

tanb, = 1+m,ms
(6, is the angle from l5 to l,)
1 6—1
373 2 _5
= =—=1
1 2+3 §5
1+3(3) =
Tanf, =1
0, = Tan™1(1) = 45°
1 1
(-2 5+2
1-1

Tan@, =

m3; —my

Tanf; =

1+ mymy 1+(%) _9

= 00
= Tanf; = o
= 03 = Tan"1(x) = 90°
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(65 is the angle from L to l3) c) I;joining (1,—7) and (6, —4
Q#10) Find the angle measured from the line [; to l,; joining (=1, 2)and (—6,—-1
the line I, where
a) ly;joining (2,7)and (7, 10 Sol: (c)

l,; joining (1,1) and (-5, 3 Let [; : joining (1,—7) and (6, —4)
Slope of l; =m, = _:_27 = g
Sol: (a) Let [,: joining (=1, 2)and (—6,—1)
Let [; : joining (2,7) and (7, 10) -1-2 -3 _ 3
To—7 3 Slopeofl, =my =——=—==<
Slopeofl; =m; =——=2 6+1 -6 5
7-2 5 Let 6 be the angle from [; — [,, then
Let [,: joining (1,1) and (=5, 3)

Slope of [, = my = —— = 2 L

“5-1 -6 3
Let 8 be the angle from [; — I,, then

Acute angle

tanf = =[0]=0

7 | m; —my
6 =tan™?! (—— = 130.6° 1 + i,y
6 6 = tanc2(0) = 0°
d) 4l%; joiningG:-9, —1) and (3, =5
13, 19ining (2,7) and (—6,—7

Acute angle

"6l 6

m, —my _‘ 77 7

tanf = |————
1+m,my Sol: (d)

7
6 =tan™! (g = 49.4° Let [, : joining (—9,—1) and (3,—5)
b) ;; joining (3,—1) and (5,7 Slope of Iy =my = —— = = = —_

a 349 12 3
l5; joining (2,4) and (-8, 2 Let l,: joining (2,7) and (—6,—7)
-7-7 _-14 _ 7

I (b Slopeof I, =mp = —— =—=7
Sol: o -
ol: (b) S Let 8 be the angle from [; — [,, then
Let l; :joining (3,—1) and (5, 7) m, —m
741 8 tan = —>2——1
Slopeof11=m1=§=5=4- 1+m,m,
Let L,: joining (2, 4) and(=8,£2 7,1 21+4
244 2% 1 _ 4 3 _ 12
Slope of [, =m, = =S~ £-= - -1 ,7, 12-7
I+ 5@ 1

-8%2 1o
Let 0 be the angle from [;"— [, then . 12
mz _m1 =?= 5

0 = tan"1(5) = 78.69°
Acute angle
0 =tan"1(5) = 78.69°
Qi#11) Find the interior angle of the triangle, whose
vertices are
a) A(—2,11),B(—6,—3) and C(4,—9
Sol: A(—2,11),B(—6,—3) and C(4,—9
_ -3—-11 14 7
Slope of AB =m, = %632 -7-3
Acute angle - e Slope of BC =m, —2 t Z - —il() - ?3
_ -9—-11 -20
my —my Slope of AC =m4 = 112 - 6
tanf = [——— -10
1+m,m =
0 = tan~! (? = 64. Let @, B and y be the angles from AB to AC,

BC to BA and CA to CB respectively.
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mz —mg
tang = —
1+ mymy

10 7 —20 — 21
2 ___ 6
7\ 6-—70

11
my; —ms

= 180° —tan™! (ﬂ = 105.02°
11

tany = ——
v 1+ mym,

3,10 —9 + 50
_ 5'3 _ 15

1+ (-F)(-5) P

Q#12) Find the interior angle of the triangle, whose
vertices are
A(5,2),B(—2,3), C(—3,—4) and D(4,-5).
Sol:
s1 15 — _3-2 f1
ope of —ml—_z_s
— -4 43
Slope of BC =m, =

Slope of CD = m3 =

Slope of AD = m, = 7

4-5 1

Let @, B, ¥ and & be the angles from AB to
AD, BC to BA, CD to CB and AD to CD
respectively.

my — My

tana = ———
1+mymy

- +% 49 +1
= _1 =
1+ (5)
= OO
a = tan~*(o) = 90°
m; —m,

7
0
7

Chapter 4

f = tan"1(—o0) = 180° — tan" (o) = 90°

8§ =tan"!(—o) = 180° — tan~1(o0) = 90°

(84 is angle from I to l3)

Q#13) Show that the points A(0,0), B(2,1), €(3,3)
and D(1, 2) are vertices of the rhombus. Find the its
interior angles.

Sol:

[N
I
o

Slope of%4B's m, =

| PN =

—

W
|1
I

—o

Slope of@BC = m, =

N W

1

W
| I
I

Slope of CD = m; =

N

N
|
ow

=N

Slope of AD = m, =170

Let @, B, ¥ and & be the angles from AB to
AD, BC to BA, CD to CB and AD to CD
respectively.

my —my

tana = ——
1+mymy

1 4—-1
1
1+(2)(§) 1+41 4
3 = 36.87°
4 -_ .
m; —m,

@ =tan"!

t =—=
an p 1+mymy
1 1-4

274 T
2

= 1 =
1+(3) @
3 3
f =tan™! (_Z = 180° —tan™?! (Z = 143.13°

my; —ms

tany = ———
¥ 1+ mym,

1 4—-1
1
1+(2)(§) 1+1 4

3
y =tan! (Z = 36.87°

mz —Mmy
tand = ——
1+ mzymy
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NN

3 3
§ =tan™?! <_Z = 180° —tan~! (Z = 143.13°

For rhombus Asm; = mz and m, = my
= AB || CD and AD || BC

Thus, ABCD is a parallelogram.
3—-0

=-1

= Product of slopes= mg X my = (1)(—1) = -1

= AC || BD no interior angle is 90°.
Hence, it is clear that ABCD is rhombus.
Q#15) the vertices of a triangle ABC are
A(-2,3),B(—4,1) and €(3,5). Find the Centre of
the circumcenter of the triangle.
Sol: Circumcenter
Circumcenter of a triangle is the point of concurrency
of right bisectors of its sides.
Let PQ and RS be the right bisectors BC and AC
respectively.

— 5-3
Slope of AC =m, = 32
5-1
v
Mid point of BC = D (=, %) = L(-3,3)

2+3 5+3

22 = MG, 4

Slope of AC = m, =

Mid point of AC = E(

Equation of the Altitude RS

Slope of RS = ~_L1=_3

m, 2
5 1

=mx—x) 2y =4 P(x-1)

Now, y — y4 3 >

using the pointMG,éL) on RS,
2y—8=—5x+> = 4y—16=—10x+5
=>10x+4y—-21=0

Equation of the Bisector PQ

Slope of PQ = —mi= —Z
2

Now, y —y; = m(x — xq) :>y—3=—£(x+%)
using the point L (— %, 3) on PQ.

4y —12=-7x -2 > 14x+8y—17=0
From eq. (2)
14x+8y—17=0 =>x =
putin Eqg. (1)

10x + 4y —21 =0 = 102
> 80y+170+56y 294—0

_ 124

—8y+17
14

= 44y -21=0

—% putin Eg. (2)

31
_ —8y+17 —-8(—4 +17

14 14
5

. .2
Hence, the Circumcenter is - "6

Qi#16) Express the given system of equations in
matrix form. Find in each case whether the lines are
concurrent or not.
(@ x+3y—2=0,2x—y+14=0andx —

11y +14 =0

Sol:

x+3y—2=0

2x—y+14=0

x—11y+14 =0

In matrix form

R R

Consider
1 3 -2
2 -1
1 —-11 14
=2(=22+1
=30%72+42=0
Hence, the given lines are not concurrent.
(b) 2% 39 +4 =0, x —2y —3=0and 3x +
ly/8=0
Sol:
2x+3y+4=0
x—2y—3=0
3x+1y—8=0
In matrix form

-

Consider
2 3 4
1 -2 -3[=2(16+3)—-3(-8+9)+4(1+6)
3 1 -8
=38—-3+28=63+0
Hence, the given lines are not concurrent.

= 1(+14 + 44) — 3(28 — 4)

(c) 3—4y—-2=0,x+2y—4=0and3x —
2y+5=0
Sol:
3—4y—-2=0
x+2y—4=0
3x—2y+5=0
In matrix form

2% -G

Consider
3 -4 =2
1 2 —4(=3(10-8)+4(5+12)—-2(-2
3 -2 5
-6
=6+68+16=90+*0
Hence, the given lines are not concurrent
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Q#17) Find a system of linear equations
corresponding to the given matrix form. Check
whether the lines represented by the system of
concurrent.
(a)
Sol:

1 0 —-1\x
<2 0 1 )[y] =10
0 -1 2/10
x+0y—1 0
2x+0y+ 1| = 0]
Ox—y+2 0
System of linear equations are
x+0y—1=0
2x+0y+1=0
Ox—y+2=0
Consider
1 0 -1
2 0 1
0o -1 2
=1-4+3=0
Hence, the given lines are concurrent.
(b)
Sol:

1 1 2\ 0
2 4 =3]|yl=10
3 6 =5/10 0

x+y+2
2x +4y -3

=1(0+1)—0(4—0)—1(-2—0)

0
[
3x+6y—5 0
System of linear equations are

x+y+2=0
2x+4y—-3=0
3x+6y—5=0

Consider

1 1 2

2 4 =3|=1(—20+18) 16 104#9) + 2(12

3 6 =5

—-12
=—-24+14+0=-1+#0
Hence, the given lines are not concurrent.

Homogenous Equation of the second degree in two
variables:
Suppose two straight lines

a;x +byy+c=0- (i) and a,x + b,y +c, = 0 - (ii)
so by (i)and (ii)

(aix + byy + c)(ayx + by + ¢;) = 0 — (iii)

It is second degree equation in
x and y Eq. (iii)is called joint
Equation of the pair of the lines (i)and (ii)
General Homogenous Equation:

ax? + 2hxy + by? = Owhere a, h, b non — zero)
Is called general homogenous quadratic equation.
Note:
Lety = myx and y = m,x be two lines passing
through origin. their joint equation is

(y —myx)(myx) =0

Or y2 —myxy — myxy + mymy,x? =0
2 y2 —(my +my)xy + mymyx? =0
= This is special types of second degree
homogenous equation.
Homogenous Equation:
Let f(x,y) = 0 = (i)be any equation in variables
x and y is called homogenous equation of degree
n (a + ve integer)if
f(kx,ky) = k™f(x,y)fork € R
For example
y? = (mymy)xy + mymyy? = 0
Replacing x,y by kx and ky
= ky)? — (my +my)(kx)(ky) + mym,(ky)? = 0
= k*(y? = (my + my)xy + mym,y*) = 0
= kif(x,y) =0
thus it is Homogenous equation of degree 2
A general second homogenous equation can be written

as ax? + 2hxy + by?> =0
Where a, h, b are simultaneously not zero.
Theorem:
Every homogeriotis equation of second degree
ax? + 2hxy Hby? =
0 represents apair of lines
Throughthéorigin the lines are
I. Real and distinct if k2 > ab
Real and distinct ,if h* = ab
Imaginary, if h? < ab

wax?+ 2hhxy + ax? =0
(equadratic eq.in y)
Using quadratic formula
—2hx £ /(2hx)2 — 4(b)(ax?
2b
—2hx +V4h2x2% — 4bax?
- 2b
—2hx £+ /4x%(h? — ab
Y= 2b

—2hx + 2x,/(h? — ab
Y= 2b
2(—hx + x)+/(h? — ab)
y =
2b

<—hi (hZ—ab>
y= > X

Clearly this represents a pair of lines through origin
the lines are

i.  Realand distinct if h2 > ab

ii.  Realand coincident if h2 = ab

ii. Imaginaryif h? < ab
To find measure of the angle between the lines
represented by ax? + 2hxy + by* = 0
We know that every homogenous equation a pair of
lines through origin is

—ht,/(h%2-ab
y= — —|x

y

39|Page



Chapter 4

—h-— (hz—ab)
—\x
b
—h+/(h2—ab x

b
- (hZ—ab

Class 12

xandy =
Slopeofly =m; = y =

Slopeofl, =m, =y =

<h+m>

—h—/(h> — ab
b

(h2 —ab) —h—+/(h%2 —ab

v my +my

_—h+

2h
mq *‘7712 = -

b
—h+y/(h2—-ab

—h—/(h%2-ab
b b

2
—h)? - (\/ (h? - ab)) h? — (h% — ab)
ﬂ117n2 = b2 = bZ
h? — h% + ab

b2

Andmim, =

mim; =
a
5 mym, = 5
If 8 is measured froml; tol, so

my; —my
Tan = ——
1+m,my

my+m —4dmm
Tane—\/ 1 2)? 1My

4m,m,
(~ (a+b)? —(a—b)?) =4ab
J@+hb)2—4ab=a—b

zh)2 4a

The two lines are parallel if 8 = 0 so Tanf =
2vVh?%-ab

2vVh2-ab

a+b

if 8 =0so0Tan(0) =
0= 2vhZ—ab
a+b

2Vh? —ab =0

h? —ab =0

h? = ab
Thus lines will be parallel if h? = ab
Two lines are perpendicular if 8 = 90° so
2Vh? —ab

Tanb =
an a+b

1 _ 2Vh%-ab
0 a+b
2 a+b= (0)(2\/h2 —ab)

= a+ b = 0 thus lines will be perpendicual
fa+b=0

Exercise 4.5

Find the lines represented by each of the following and
also find measure of the angle between them
(Problems 1-6):

Q#1)

10x2 — 23xy — 5y =0

10x2 — 25xy + 2xy — 5y%2 =0

5x(2x —5y) + y(2x —5y) =0
(2x—-5y)5x+y)=0

Hence (2x — 5y) = 0 and (5x + y) = 0 are the
required lines.

For angle

10x2 — 23xy —§y%= 0

Comparing it with a%? P2hxy + by? = 0, we have
a=10,b=452M="235h=-=

2Vh2=@gb
a$b

- 2\/(—? — 10)(-5

(10)+(-5)
5294200 729
/ JT

5

5 27

As tanfs=

_ 27

6 = tan~* (£) =79.51°
Qi2)
3x2+7xy+ 2y =0
3x2+6xy+xy+2y>=0
3x(x+2y)+y(x+2y)=0
(x+2y)Bx+y)=0
Hence(x + 2y) = 0 and (5x + y) = 0 are the
required lines.
For angle
3x2+7xy +2y%2=0
Comparing it with ax? + 2hxy + by? = 0, we have
a=3b=22h=7=>h=1

2vVh2—-ab
As tanf =
a+b

2\[ - 3)(2
T3+

49—-24

J——s

tanf =1
0 = tan~1(1) = 45°
Q#3)
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9x% + 24xy + 16y2 =0

9x% + 12xy + 12xy + 16y2 =0

3x(3x +4y) +4y(Bx+4y) =0
Bx+4y)3x+4y)=0

Hence (3x + 4y) = 0 and (3x + 4y) = 0 are the
required lines.

For angle

9x? + 24xy + 16y% =

Comparing it with ax? + 2hxy + by? = 0, we have
a=9b=162h=24=h=2=12

2vVhZ—ab
As tanf = a4
a+b

_2/(12)2-(9)(16) _ 2V144-144
- (9)+(16) - 25

Both lines are parallel.
Q#4)
2x%2+3xy —5y2 =0
2x% — 2xy + 5xy — 5y% =
2x(x —y)+5y(x—y)=0
2x+5y)(x—y)=0
Hence(2x + 5y) = 0 and (x — y) = 0 are the
required lines.
For angle
2x%+3xy —5y2 =0
Comparing it with ax? + 2hxy + by? = 0, we have
a=2b=-52h=3 =h=>
2vhZ-ab
a+b
_2J)- s

(2)+(-5)

5 ,9+40 5[4
4 4
-3 -3

As tanf =

0 = tan™! ( 73
180° — 66.8°
6 =113.2°
Q#5)
6x2 —19xy + 15y2 =0
6x% —10xy — 9xy + 15y%2 =0
2x(3x —5y) —3y(3x—5y) =0
(Bx—-5y)2x—3y)=0
Hence (3x — 5y) = 0 and (2x — 3y) = 0 are the
required lines.
For angle
6x%2 —19xy + 15y2 =0
Comparing it with ax? + 2hxy + by? = 0, we have

a=6 b=152h=-19 =>h=‘719

2Vh2-ab
a+b

B 2\/(_719)2— 65

T (6)+(15)

2 ,361—360 Z\F
_ 4 _ 4
- 21 21

1
2 1

21 21
tanf = —
2
0 =tan™?! (H)
6 =2.73°
Q#6)
x%+ 2xyseca +y?> =0
y? + (2x seca)y + x> =0

This is quadratic equation is y
2

As tanf =

a=1>b=2xseca,c=x
_—b+t Vb?% — 4ac
y= 2a
_ — 2xseca) £ J@%seca)? — 4(1)(x2
- 2(1)
_—(2x seca)+./4x%(sec?a—1)
B 2(1)
_ — 2wece) £ 2x,/(tan’a
y 2(1)
==seca + tana)x
-1 sina

Nl siney

cosa ~ cosa

-1+ sina)
—x

y= cosa
cosay = (—1 £ sina)x
cosay = (—1 + sina)x
cosay = (—x — sina)x
(1 —sina)x + cosay = 0
(1 + sina)x + cosay =0
Hence(1 — sina)x + cosay = 0
and (1 + sina)x + cosay = 0 are the required lines.
For angle
x% 4+ 2xyseca +y*>=0
Comparing it with ax? + 2hxy + by? = 0, we have
a=1 b=1,2h=2seca = h=seca
2vhZ-ab
a+b
_ 2y/(seca)?—(1 (1) _ 2vsecZa-1
D+ 2
_ 2VtanZa __ 2tana
2 2
= tana

tanf = tana
0=a

Q#7) Find a joint equation of the lines through
the origin and perpendicular to the lines:
x? —2xytana —y* =0
Sol:
x? = 2xytana —y? = 0
Comparing it with ax? + 2hxy + by? = 0, we have

As tanf =
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a=1 b=-1,2h=-2tana = h=—tana

Suppose m, and m, are slopes of given lines, then
2h

m;+m, = —
_ _ 2(-tana
-1
m; + m, = —2tana
Also, my;.m, = % = _il =-1
Now, Slopes perpendicular to the given slopes
are given by ;1—11 and ;Ti' their corresponding equations
are as
y = “Lxand y = “Lx
mq my

= myy=—xandmyy = —x
>my+x=0andmy,y+x=20
Joint equation form

my +x)(my,y+x) =0
mymyy? + myxy + myxy + x% =

mymy)y? + (m; + my)xy +x2 =0
Putting values of m; + m, and m;.m, in above
—1)y? + (—2tana)xy + x> =0
x% — 2tanaxy —y? = 0 Req.joint equation.
Q#8) Find a joint equation of the lines through
the origin and perpendicular to the lines:

ax? + 2hxy + by?> = 0
Sol:
ax?+ 2hxy + by? =0
Comparing it with ax? + 2hxy + by? = 0, we have
a=a, b=b2h=2h =h=h
Suppose m, and m, are slopes of given lines, then

Now, Slopes perpendicular to the,given slopes
are given by ;1—11 and ;l—i, their correspaonding equations
are as

-1 -1

y = m—lx andy = m—zx

= myy=-xandm,y = —x
>my+x=0andmy,y+x=20
Joint equation form

myy +x)(my,y+x) =0
mymyy? + myxy + myxy +x2 =0

mymy)y? + (my + my)xy + x> =0

Putting values of m; + m, and m;.m, in above

a 2+ 2h +x%2=0
b)y ( b)xy x“ =

Multiplying by b, we get

bx? — 2hxy + ay? = 0 req. joint equation.
Q#9)Find the area of the region bounded by:
10x? —xy— 21y =0andx+y+1=0

Sol:

10x2 —xy —21y2 =0

10x2 — 15xy + 14xy — 21y2 =0

Chapter 4

5x(2x —3y) + 7y(2x —=3y) =0

(2x —-3y)(5x+7y) =0

Hence, x +y+1=0...(1) 2x —3y) =0

and (5x + 7y) = 0.........(3) are the lines, that
bounded the area. We solve them and find the point if
intersection.

From Eq. (1) and (2)
x+y+1=0=>x=—-y—1putinkEq.(2)
2x—3y=0=2(-y—1)-3y=0=>-2y—2—
3y=0

> —5y—2=0>y= —gput in Eq. (1)

x:—y—1:>x=—(—§)—1 :>x:2—;5 >x =
=3

5
Hence point of intersection of Eq. (1) and (2) is

A=2,-).

From Eq. (1) and (3)

x+y+1=0=3x% —y—1putinkEq.(3)
5x+7y=0 = 5Gy=l) +7y =0 > -5y -5+
7y =0

= 2y—5=0:>y=; putin Eq. (1)

x=—y—1:x=—(§)—1 :x=$ >x =

Y/

2
Hence'point of intersection of Eq. (1) and (3) is

Bl
From Eqg. (2) and (3)

2x—3y=0 =>x=—37yputinEq.(3)

S5x+7y=0 =>5(—32—y)

0

= —15y + 14y=0=y = 0 putin Eq. (2)
3y

x=——=>x=—w:0
2 2

Hence point of intersection of Eq. (2) and (3) is
€(0,0).

1 x1 y 1
Now Area of triangular region = Sx2 2

x3 y3 1
-3

-2

T 3 1

1

~|-7 5
= 1
2

2
0 0 1
Expanding by R;

—1 0+0 1( 3><
_2[ 5

_ -1 15 14
= 7[(‘1—0 - E)]
— —_1(—15—14-

29 .
) = — Square Units
2 10 20
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