Class 12 Chapter 2

Average rate of change

Let

f be a real valued function the (dif ference quotient
fl)—f(x)
Xq1—X

Derivative:
let f(x)be a function, then its derivative is denoted

by f’(x)or% and defined as;

f (x +6x) — f(x)
f160 = =
e The process of flndlng f'is called
differentiation.
Notation for Derivative:
For the functiony = f(x)
= y+6y=f(x+x)=>38y=f(x+dx)—
f(x)
Where 8y is the increment of y(change in the valve d
y corresponding to 6x (increment of x)dividing (i)b
6x on both sides, we get
Sy _ [x+6x)—f(x)
6x 6x
Taking limit on both sides as 6x — 0 we get

8x—0 5x 6x—>o ox

is called average rate of cahnge.

I Sy denoted b dy (iD)is writt dy
11‘1‘16 is denote yd ,S0 (LL)LS wrl enasdx

5x—=00X
=f'(x)
Note: the symbol % is used for the derivative of y

with replace to x and here it is not a quotient of dy
and dx is also denoted by y’

*Different mathematician used symbols given balow?
Leibniz % or% Newton f(x)
Lagrange f'(x) Cauchy D(f%)
Finding f'(x) from definition of degivative!

Given a function

f, f(x)if it exist can be founddyghe following four
Steps.

Stepl. Find f(x + 6x)

Step2.Simplify f(x + 6x — f(x)

Step3. Divide f(x + 6x) — f(x)by &x to get
fx+8x)—f(x)

6x
And simplify it.

Step4. Find 11

Sx—o0
derivatives by this process is called differentiation by

definition or by from first principle.

Derivation of X whenn € Z
a) Lety =x"™whennis + ve integer.
2 y=x"->({),y+ 8y =(x+ 6x)" - (ii)
by (i) —())=>y+dy—y=(x+x)" —x"
2 dy=(x+dx)" —x"

Using binomial theorem, we have

(n—1)

2!

Wthe method of finding

= 6x |nx""1 4+ x"72(6x) 4 -+ ()" — x"

Dividing both side by dx

nn—-1)n-2)

X +nx™ 1 8x + 5

=8y = x"2 (8x)% +

+ (Sx)"‘l]

= x"+nx"léx + Wx"‘z. (6x)% +

6y ox n-1)
(m-1) > ~7
5x  Ox [nx + 2!

e (Sx)m L

x"72(8x) + -

+ (6x)"‘1]

applying both sides by dx — 0

n-1)
- m-1) , >~ 7
™ T

n-2 n-1
dim = x"%(6x) + -+ + (6x)
1
x"71(0) + -+ ()"

lm—y—

dy n-—
nx™ 4 ——
dx 2!
= ﬂ — nx(n_l)
dx
b)
Let y = x™ where n is — ve integer.
let n = —m(m S\ ve integer).then

1
y=x“m=>y=x——>(i)

2 y+iys - (ii)

(x+5 m
2 . 1 1
by(ti) - (i) =>Y+5}’—y=m—x—m
m_(x+6x)™
x™M(x + 6x)™
= (™ +mx™ 1. 6x + me‘z. (6x)2 + - + (6x)?
x™M(x + 6x)™
m_ x™ —mx™ L 6x — meT_l x™2,(6x)% —
x™(x + 6x)™
8§y = ﬁ(mx"‘*1 + %x”ﬂ. (6x) + -+ (5x)'"*1>
Dividing both sides by §x

S0V~ using binomial theorem

o — (8x)2

sy —6x ( 1 ) ey mm—1)
Sx  x™(x + 8x)m \Sx e 2!

Applying limit as 6x = 0

a2 (6x) + -+ (8x)""1>

.oy -1
lim —= lim [——— mx™"
8x—0 8x  6x—0 |x™(x + Sx)™
m(m 1)
> "2 (6x) + e+ (Sx)m_l>]

dy 1 . m(m —1)

Ez_xm.xm<"”‘ o 2!
dy —mx™1
dx  x2m

dy
=>—=—-mx™! or—
dx dx

d
So for we have proved that é =nx

am2.00) + -+ (0)’"‘1>

— _mxm—l—Zm — _mx—m—l

=nx"1!

n-1

,NEZ

Note that % (x™) = nx" i s called power rule and
holdsifne Q-2
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Exercise 2.1
Question # 1.
Find the definition, the derivatives w.r.t
' x of the following functions defined
as:
(i). 2x%* + 1
Solution.
Let y =2x%2+1- (i)
y+ 8y =2(x + 6x)% + 1 - (ii)
by (ii) — (i)
Sy =2(x+6x)>+1—y
5y =2(x+6x)*+1—2x%—1
8y = 2(x? + 6x? + 2x6x) — 2x?
8y = 2x% + 26x% + 4x6x — 2x?
8y = 26x% + 4x6x
0y = 6x(26x + 4x)
Dividing both sides by 6x
5y
ol (26x + 4x)
Taking limit when §x — 0

0
51}905_3; = llm (25)6 + 4x)

d
d—y= 2(0) + 4x

=4
dx x

Which is the required.

(ii). 2 — Vx

Solution.

Lety = 2 —/x = (i)

y+ 8y =2 —vx+ 8&x — (ii)
eq(ii) — eq()
Sy=2—-Vx+8x—y

8y =2 —Vx+68x—2++x
Oy = \/_—\/x+8x

8y—x2—(x+8x)2
11 &x
8y=x2—x2(1+?>
1/1
1 1( 1 8x 5(7—1)
dy=x2—x2|1+-.—+———=|—
2 X !
1 1 11
=x2—-x2—x2| =
0y =x2 —x2 —Xx >
1/1
: 1 7(7
= —Xx2 R = =
Oy x8x<2x+ .

Dividing both sides bydx , we have

1
2

Taking limit when 6x — 0
I 8y I 1
S0 8x | oxo0 o\ 2x

11 %(%‘1)@+

lim —x2| —+
5x—0 2X 2!

dy %(1)
dx X

dy

dx

dy

dx

dy

Y. 1
dx 2x2Z
ey 1

(iii). NE
Solution.

1

Lety=\/%=x_5—>(i)

1
Yoy~ (x + 6x) 2 - (ii)
eg(if) —eq(D)

1
oy =(x+0x) 2—y

1 1
dy=(x+06x)2—x"2

1 1
dy=(x+06x)2—x"2
1

-1 ox\ 2 _
oy =x 2(1+7) —X

1
SV =x 26x| ——
V=X x( o +

Dividing both sides by x , we have

1

Taking limit when 6x — 0

im 2 = fim x73 +
= 2| ——
8}}30 ox S}crllo x 2x

Which is the required.
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Sy=(x+6x—a)3—y

Sy=(x—a+6x) 11— (x—a)?

by = (x— @) 11+ -2 = - @)
X —a

by = (x— @)+ - 1)

5;_61—1—1—1 5x \?

—a+ (2! )( >+

dy=(x-a)7(1-~
-1)

sy = (x—a) (—

X—a

5x —1(-1-1); 6x \?
+ ( ) 4o
xX—a 2! xX—a

Which is the required. 5 g 1 —1(-1-1) 6x
y= (x—a)y"ox Tx—a 2! (x—a)2+m

. 1
(V) = R
4 Dividing both sides by x , we have
Solution. 8y ( )_1< L (G Sk VR S )
e (x—ua _

Lety = %:x‘3 - (i) ox x—a 2l (x—a)?

x -3 .. Taking limit when 6x — 0
y+ 0y = (x+6x)73 > (id) ey
eq(ii) — eq(i) X0 8x 5}}20(3(_ a) <_
Sy = (x+6x) 23—y +)
Sy= (x+6x)3 —x73 Yo (_ N -1-1-1) () )

1 —1(-1-1) &«
x—a 2! (x — a)?

Sy = x~3(1+ %)—3 —x3 o )
Sx dx ~ L@ a)*!

Sy=x3((1+—)3-1) dy™ 1
X 2 dxf J(x — a)?
Sy = x~3(1 — 36x + —-3(-3-1) (5_36) Which is the required.
Y x 2! (vi). x(x - 3)

+.-—1) Solution.

36x  —3(=3 — 1) /6x\2 lety = x(x —3) = x% — 3x
x73 (— + ' (—) +> y + 8y = (x + 6x)% — 3(x + 6x)
x 2! 8y =(x+6x)?—3x—36x—y
Sy = x"36x(—§+ —3(=3 - 1)§+...) 8y = x? + 6x? + 2x6x — 3x — 36x — x% + 3x

2! X2 8y = 8x? + 2x6x — 36x
Dividing both sides by xgwe have 8y Z 5xg5xh+ 396 —b3) i
Dividing both sides by x , we have

%: -3 <_§+ 3R 8x )

X+ a 2! x—-a?

X

. oy
X 21 x2 a=(6x+2x—3)
Taking limit when §x — 0 Taking limit when §x — 0
lim 6—y= im x3 —E+ﬂ§+
5x-0 Ox X 21 x2 g
Yy
_§+_3(_3_1)(0)+... —-=(0+2x-3)
21 X2 iy
—=2x-3
dx
Which is the required.
iy 2
(vu);

Solution:

. Oy .
3y = dmOr + 22 =3)

Which is the required. lety = = =2x~* > (i)

x4
(v). lea y+ 68y = 2(x + 6x)™* > (ii)
Solution. e(ii) —e(i)
R SRR Sy =2(x+6x)*—y
ey = s ma T 2 ) 8y = 2(x +6x)~* —2x7*

y+68y = (x+6x—a)t- (i)
eq(ii) — eq(i)
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ox
Sy = x"*(1+ 7)_4 —2x*

Sx
Sy = 2x7*((1+ 7)_4 -1

Sy = 2ptgy FOX, TACA-D) (8x>2 1
y= 227 x 2! x )
46x  —4(—4—1) /6x\>
N (Y s
x 2! x
4 —4(—4—1)6x

oy = 2x46x(——+———— 4+ ...

y x x< X + 2! x? + > 3
Dividing both sides by x , we have (ix).x2
Y 4 —4(—4-1)6 Solution.
_y= Zx_4 ——+—( )_x-l-... 3 .
bx X 2! x? Lety = x2 - (i)
Taking limit when §x — 0

Sy =2x"* <—

Which is the required.

3
y+ 6y = (x + 8x)2 — (ii)

4 AC4-Dox ) eq(ii) — eq(i)

lim 6_y= lim 2x~4(——+ .
5x-0 Ox 5x—0 X 2! x2

3
CA(—d dy=(x+6x)2—y
_i+_ﬂ;i_9ﬁﬁ+m>

3 3
X 2! x2 6y = (x + 6x)2 — x%

dx | xlt4
dy _
dx
Which is the required.
1
(viii). (x + 4)3
Solution.
1
Lety = (x +4)3 - (i)

y+5y=(x+6x+4)%—>(ii)
eq(ii) —eq(i)

1
by = (x+bx+ 4)? -y ) Dividing both sides by x , we have
8y = (x + 4+ 6x)3 — (x + 4)3 3(3_
y = G+ 4+ 603 - (x4 43 5y _+2(2 1)%

s w1422V e
= 3 —_— —_ 3
y (x+)(++4) @t 4

Sy = 4% " 1 6x %(%_1) 4% 1
y=(td) 3rat T 2 (x+4> A
1,1
1 1 8x 33— 1)/ 6x \?
5y=(x+4)§<1+—. a +3(3 )< a ) +---—1>

. y . 2
lim — = lim x2
5x—-0 Ox 5x—0

3x+4 2! x+4

d 3(

y 3[3 5

1/1 —
(z-1 — = —+F==—L—
6y=(x+4)%5x<1 ! +3(3 ) Sx +> dx

3'x+4 21 (x+4)2

Dividing both sides by x , we have d_y

e dx
dx
Taking limit when 6x — 0 dy

dx
Which is the required.
5

dy 1 ()().xE

111
a = (x+4)3 5 + + - Solution.

Sy +4% 1
6x_(x ) 3'x+4

lim 2 = i w3 L
Jim == lim (e +4)3{ 5.0

5
Lety = x2 - (i)
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5
y+ 6y = (x+ 6x)2 = (ii)
5
by=(x+6x)2—y
5
0y = (x +0x)2 — x2

5 6x\2 5
6y=x2(1+7) — X2

5( 5 ox %(

oy=x2|1+-.—+
y==x 2 x

5
X H\5 5x\?
= B0 ).

2!

X
5/(5
s (5 3G-1)sx
0y = x26x ﬂ+ — ..

2! x2

Dividing both sides by x , we have

5y (5 +%(%—1)8x+,,,>

=x2 —
2x 2! x?

ox

Taking limit when §x — 0

lim i
5x=00x

Which is the required.

(xi).x™ ,meN

Solution.

Lety =x™ — (i)

y+ 6y = (x+6x)™ - (ii)
eq(ii) — eq()

y= (x+6x)" -y

6y = (x+6x)™ —x™

ox
oy = x™(1 + 7)"‘ —x™

ox
oy = x™((1 + 7)’” -1

ox N m(m—1) (6_x>2

5y = xm(1+m
Y= X
_|_..._1)

2! X

Chapter 2

N m(m—1) <§)2

Dividing both sides by x , we have
Sy o (m m(m—1)6x
ox " <;+Tx—z+"'
Taking limit when éx — 0

Sy m  m(m-—1)d6x
gy = dmg (P g )
ﬂ:xm<m+m(m—1)(0>+...)

b 2! x2

dy m—1

— =mx
dx

Which is the tequired.

1
(xu).x—m ,m€EN

Solutions
Letyi= xd — (i)
YHOYI= (x + 0x)™™ - (ii)
eq i) —eq(i)
oy = (x+6x)™" —y
y=(x+x)™™m—x"™
Ox
oy =x""1+ ?)‘m —x ™
Sx\™ ™
= x-m((1 + 7) —1

—méx N —m(-m—1) (6x)2 N

—m ox
xTM(1 4+ T

x
- 1)
m (—m6x —m(—m — 1) /6x\°
X + <_) + oo
X 2! x
P, —m N —m(—m—1) 8x
y==2 X X 2! x?2
Dividing both sides by x , we have
8y _m[—m  —m(-m—1)6x
o " (T+—2! T
Taking limit when 6x — 0
-m —m(—m—1)6x

lim 8_y= lim x ™| —+
5x—-0 Ox 5x—0 X 2! x2

dy __(—m —m(—m—1)(0)
ax " ’”(T*Tx—ﬁ“')
dy m

dx =~ xltm

dy m

dx  xmt1

Which is the required.

(xiii).x*0
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Solution. 8y _ —100 —-100(—100—1)6x
40 . lim — = lim x~10° + —
Let y=x N (l) §x-0 0X 6x-0 X 2! X

y+8y = (x+6x)* > (ii) +)
eq(ii) —eq(i)

6_’}1 = (x + Sx)40 -y 6y = x~ 100§, <_
8y = (x + 6x)*0 — x40

100 —100(—100 — 1) &x
+ —+
x 2! x?2
40 85X 40 Dividing both sides bydx , we have
oy = xT(A+-)" —x 8 100 (—100 —100(—100 — 1) &x )
x ..

Sx x 2! x2

Ox
40 40 _
x*((1+ X ) D Taking limit when §x — 0

408x  40(40 — 1) /6x\° lim %~ fim g-to0 (2100, —100(=100 — 1) 5x
x + 21 (7) + - 1) 5x-00X 5x—-0

2
1o (408x _ 40(40 — 1) (a_x) . +>
x 2! X d 100 100(—=100—-1) (0
sos (40 40(40—1)6x 4y _ o100 (2100 7100(-100 = 1) ()
8y = x*¥6x _——+ dx x 2! x2
x 2! xz dy 100
Dividing both sides by x , we have dx | xl+100
Sy 40 40(40—1)6x dy 100
S5x x x 2! x2 o dx  x101
Taking limit when 6x — 0 L dy N o .
; y ’ <40 40(40 — 1) 6x Q2. Find - froomfirst principal if
im — = lim

4001 +

X x 2! x2

Which is the required:

6x-0 Ox 6x—>0 X + 21 X2 +oe (|) VX942
d 40 40(40-1)(0 Solution.
od = x40 <_+¥g+ 1
dx x 2n X Lt Y=+ 2)z > (i)
dy 40-1 1
a:40x y P8y = (x + 6x + 2)2 - (ii)

dy 1

— = 40x3° oy =(x+déx+2)2—y

dx 1 1
Which is the required. Sy=x+2+6x)2—(x+2)2
(xiv).x~100 1

. 1 Ox \2 1

Solution. 8y = (x +2)2 (1 + ?> — (x +2)2
Lety = x7 190 - (i) x
y+ 8y = (x+6x)719 > (i) _ 1
By = (60100 — y 8y = (x -+ 202
8y = (x + 6x)7100 — ~100

1
Sy = x~100(1 + S_X)—wo _ - 1oo y =(x+ 2) 1+

8 -100
Sy = x—1oo((1 + x) -1

~1008x  ~100(~100 - 1) (6x>2 oy = e+ 22 5"(2( +2)
21 7 + )
+=1) , Dividing both sides by x , we have
. (—=1006x —100(=100—1) /6x 1,1
5y=x100< x 21 (_) __( F 23 2G-1) &
2 (x +2) 21 (x+2)2
+ ) Taking limit when éx — 0

Sy = x7100(1 +

~100 —100( 100 — 1) 6x o ék%%z Jim, (x+2)7C
X 2! x2

Dividing both sides by x , we have

8y _ 100 <—100 —100(—100 — 1) 6x o = (ct ) (2( n 2)

8x x 2! x2 + )

Taking limit when 6x — 0 d 11 1

YTy

8y = x‘1°°5x< 2 +2)
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dy 1

=—
AX  H(x+2)72
dy 1

- 1
ax  H(x+2)z
Which is the required.

(ii). —

xX+a
Solution.

1
lety = (x+a) z—- (i)
1
y+6y=(x+x+a) 2 - (i)
1
dy=((x+6x+2)2—y

1 1
dy=(x+a+dx)2—(x+a)?2
1

s 1 1 ox \ 2 _1
= 2 —_ — 2
v=(x+a) ( +x+a) (x+a)

1 8x
dy=(x+a) 2(<1+x

by =Gt a) 21—
y=&+a)y( 2(x+a)

-1

1
E(x+a)+

1
8§y = (x + a) 26x(—

(Sy_( N )_% 1 1
Sx xra 2(x+a)
+ )

Taking limit when §x = 0

1

Gy 1
i 5y = A a2

1
2(x +a)**2
dy 1
I 3
dx 2(x+a)z
Which is the required.

Differentiation of expression of the types.

1
n —
(ax + b)" and ol 1,2,3

Exercise 2.2

Question #1
Find from first principles, the derivatives of the
following expansions w.r.t. their respective
independent variables:
(i) (ax + b)3
Solution.
Lety = (ax + b)3 - (i)
y + 8y = (a(x + 8x) + b)3 - (ii)
eq(it) — eq(i)
8y = (ax + adx + b)3 —y
8y = ((ax + b) + adx)® — (ax + b)3
asx \°

(ax + b)) ~ (@x+b)’
3

adx ) 1
(ax + b) )

8 adx 33—1)/ adx
(a% + b) + 2! (ax+b>
s s 3a 3(3-1)

y=ox x((ax +b) 2!
Dividing both sides by 6x

3a N 3(3—-1)
(ax + b) 2!

+ )

Taking limit when 6x — 0

3a 33—1) a?6x
((ax+b)+ 2! (ax+b)2+m)

3a 33—-1) a?%(0)
(ax + b) 2! (ax + b)?
+ )

dy 5, 3a
dx (ax +b) ((ax + b)

Y _ 34 (ax + b)371
dx

dy )
i 3a (ax + b)

Which is the required.
(ii) (2x + 3)°
Solution.
Lety = (2x + 3)> = (i)
y + 8y = (2(x + 6x) + 3)° - (ii)
eq(ii) —eq()
Sy =(2x+28x+3)°—y
8y = ((2x + 3) + 26x)° — (2x + 3)°
5

ﬁ) - (ZX + 3)5

8y = (ax + b)3 (1 +

8y = (ax + b)3(<1 +

2
4= 1)

a’bx N
(ax + b)?

8y = (axgahb)3(1 +

Sy 2 a?8x
E‘(a’”’b) ( (ax + b)?

.6y 3
Dy 5x = D@+ D)

d
d_ic/ = (ax + b)3(

)

8y = (2x + 3)° (1 +
26x \°
6_’)/ = (2x + 3)5((1 + m) - 1)

5(2)6x 5(5—1)7 26x \*
2x+3) 2! (Zx + 3)

sy =Qx+3)5(1+ 4= 1)
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5(5—1) 2%6x
(2x + 3)?

5(2)
2x+3) 2
Dividing both sides by dx

502) N 55-1)
(2x + 3) 2!

+ )
Taking limit when §x — 0

52) 5(5-1) 226x
@itz axrae

5(2) 5(5—1) 22%(0)
(2x + 3) 2! (2x + 3)?
)
dy 5. 5(2)
ax - sy

dy
— =10(2x + 3)>1
I (2x + 3)

8y = (2x + 3)°8x(

226x
(2x + 3)2

oy 5
a—(2x+3) (

.6y s
éi‘ﬁ‘o@ - gk@o(zx +3)

dy
— =2x+23)°
I (2x + 3)°(

+

dy 4
o = 102x +3)

Which is the required.

(i) (Bt+2)7?
Solution.
lety = (3t +2)72 - (i)
y+ 8y = B(t + 6t) + 2)72 — (ii)
eq(ii) —eq()
Sy=0Bt+36t+2)2—y
8y = ((Bt+2)+36t)72 — (3t +2)72
36t \ °

(3t + 2)) — G+

. 36t \ 2
Sy = (3t +2) ((1+ (3t+2)) —1

~ —2(3)6t —2(—=2—1)/ 36ta\’
by = Gt+ 270+ 7375 21 (3t+2)

-1)
8y = (3t + 2)726t(—

8y = (3t +2)7? (1 +

23)  —2(-2— 19wy, 36t
(Bt+2) 2!
Dividing both sides by &t
8y 2(3)

Rt 1) 35t

ot Gt Gyt T

5t
+ )
Taking limit when 6t — 0
2(3) —2(-2-1) 38t
(Bt +2) 2! Bt+2)2
23) -2(-2-1) 3(0)

(3t + 2)?

by -
g = AmGt RO

dy_

(Bt +2)72(—

dt (Bt+2) 2! (3t + 2)2

+ )
dy _ 5
E = (3t + 2) (—
dy 6
dt ~  (Bt+2)i+2
dy 6
dt (3t+2)3
Which is the required.

(iv) (ax + b)~>
Solution.
Lety = (ax + b)™> - (i)
y + 8y = (a(x + 6x) + b)~° - (ii)

2(3)

(3t + 2))

+ )

Chapter 2

+ )

G 2)? ")

eq(ii) —eq(i)

8y =(ax+adx+b) S5 —y

8y = ((ax + b) + adx)™> — (ax + b)~°
-5

@)

—(ax +b)~>

-5

8y = (ax + b)™° (1 +

5 _( _I_b)—S (1+ﬂ) -1
y = (ax oy )
~ 5adx  —=5(=5-1)/ adx \*
8y = (ax + b) 5(1_(ax+b) 21 (ax+b) *

a®6x

5a —5(-5-1)
(ax + b)? to

+
x + b) 2!
Dividing both sides by 6x
5y _ S5a —5(-5-1)
5_(”“) 5(_(ax+b)+ 2!
+ )
Taking limit when 6x — 0

. Sy lim (ax + b)-5 5a +—5(—5—1) a?éx +
S0 8x  Sumo ( (ax + b) 2! (ax + b)? )

dy s 5a —-5(=5—-1) a?(0)
dx (ax +b)(= (ax+b)+ 2! (ax + b)?
+ )
dy , 5a
%—(ax+b) ( (ax + b)
dy 5a
ag . (ax + b)1*5
dyl 5a
dx, (ax+b)®
Which is the required.
_1
(v) (az—-b)7
Solution.
Lety = (az — b)~7 - (i)
y + 68y = (a(z + 8z) — b)™7 - (ii)
eq(ii) —eq(i)
8y =(az+aéz—b)7"—y
8y = ((az—b) + adz)™7 — (az — b)~’
-7
_ adz ) _y
= — 1 - — _
6y = (az — b) ( + (@x —b) (az — b)
Sy = (az — b)-7((1 49 ) —1)
Y= (az — b)
_ 7 abz —7(=7=1) 7 abz \*
8y = (az—b) 7(1_(az—b)+ 2! (az—b) +
-1)

8y = (ax + b)756x(— @ )

a’éx
(ax + b)?

)

-7

7a -7(-7-1)
(az —b) 2!
Dividing both sides by 6z

éy _ 7a -7(-7-1)

g=(az—b) 7(_(az—b)-l_ 2!

+ )
Taking limit when §z — 0

a’6z
+ )

8y = (az — b)776z(— R

a’éz
(az — b)?

a®6z
(az — b)?

7a  —7(=7-1)
(S (az—b)+ 2!

Oy -
sy = Hm (P

+)

dy _
3, = @z =) (=

7a -7(=7-1) a?(0)
@-b" " 2 (az-b2
+0)
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dy ( by~ 7a
dz az ( (az — b))
dy 7a
dz  (az — b)1t7
dy 7a
dz  (az—b)8
Which is the required.
Theorems on Differentiation:

We have, so far proved the following two formulas;
d
LE(C) =0

i.e derivative of constant function is zero.

2. i(xn) =nx"1

dx

power rule when constant function is zero.
3. Derivative of y = ¢f(x) i. eg—z = cf'(x)
Proof:
y=cf(x) =@ y+8y=cflx+x) - (i)
by (ii) —(0) = y+8y—y=cf(x+6bx) —cf(x)
=0y =c(f(x + 6x) — f)x)

Dividing by dx and take limit 6x — 0

ey 1 s
g (g) = Jim S5 U (x +62) = f()]
dy ,
= —=—=cf' (%)
Reciprocal Rule:
If f(x) is differentiable at x and g(x) # 0 then

1
g(x)

o . d /1 g'(x)
is dif ferentiable at x and —( ) = -

dx \g(x)

[g(x)]?
Exercise 2.3

n_.n

Differentiate w.r.t "x
Question # 1. x* + 2x3 + x?
Solution.

Lety = x* + 2x3 + x2
Differentiate w.r.t x

d
= E(x‘L + 2x3 + x?)

d d
2 — 3 A2
dxx +dxx

<= 441 4 2.3x371 425271

d
=Y 4x3 4 6x% + 2x
dx

Which is required.

3
Question#2.x 3 +2x7 2+ 3
Solution.

Lety=x_3+2x_§+3
Differentiate w.r.t x

dy d
dx  dx
d_y_i -3 zi ‘% i 3
dx_dxx + dxx +dx()

3
(x‘3 +2x 2+ 3)

Chapter 2

Which is required.

3
Question#3. x 3 +2x 2+ 3

Solution.

a+x
Lety = P
Differentiate w.r.t x
dy d (a + x)

dx  dx\a—x

dy (a—x)dd—x(a+x)—(a+x)%(a—x)
dx (a—x)?

dy (a—x)(1)—(@+x)(=1)

dx (a BI04
dy a—x+@=x
dx  (a—%)2
dy _2a

dx  (a==)?
Which,is gequired.

. 2x-3
Queéstion#4. )

Solution.

2x-3

2x+1
Differentiate w.r.t x

dy d (2x—3
dx  dx (Zx + 1)

dy (2x + 1);—x(2x -3)—(2x - 3);—x(2x +1)
dx (2x + 1)2

dy (2x+1)(2) —(2x —3)(2)

dx (2x + 1)2

dy 2(2x+1-2x+3)

dx (2x + 1)2

dy ~ 2(4)

dx ~ (2x + 1)?

dy 8

dx  (2x + 1)?

Which is required.

Question#5. (x — 5)(3 — x)

Solution.

Lety =(x—5)(3—x)

Differentiate w.r.t x

dy_d( 513 )

Ix — dx (x =5)(3—x)

D _ 4 3y x2—15+51)
gx_afix X—x x

y 2

= (= -1

I dx( x“ 4+ 8x 5)
YL rygl 4 s
dx x dxx dx( )

Lety =
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2481 L5
X X dx

dx

Which is required.

1

Question#5. (\/E - ﬁ)z

Solution.

112
Lety = (\/E - «/_E)
Differentiate w.r.t x
dy d
dx  dx

Which is required.

Question#7. N

Solution.
(1+\/§)<x—x%)
Nz
(1+ V) (1 -2

Lety =

Chapter 2

1
- Z(ﬁ)(—x)

3
(1+Vx) (x—x2)

g Vx
x(1- (Va)°)
R
y= Vx(1—-x)
y=Vx—xJx
3

1 3
y = X2 —x2
Differentiate w.r.t x
dy d 1 3

dx  dx

Which is required.

2 2
Question#8. (x 2+1)
x“—-1
Solution.

(x2+1)?

x%-1
Differentiate w.r.t x
dy d (x*+1)°
dx dx ~ x2-1 )
dy
dx

d d
=D (P +DH -2+ D2 (- 1)
=172

dy (*=1Dx*+ 1)1)dd—x(x2 + 1) — (x? + 1)2(2x)
dx (x% — 1)?
dy (x*=1Dx*+ 1)H(2x) — (x* + 1)*(2x)
dx (x2 —1)?
dy 2x(x*+1)Qx*-1)—x*-1)
dx (x%—1)2
dy 2x(x* +1))Rx2—2—-x*—1)
dx &% 1)?
dy 2x(x*%1)&*-3)
dx (x2 51)2
Whichiis sequired.
x24+1
x%-3

Lety =

Question#9.
Solution.
x%+1
x2-3
Differentiate w.r.t x

dy d x*+1

dx dx “x2-3

dy (x2 — 3)C§i—)c(x2 +1)— (x%+ 1)C;i—x(x2 -3)
dx (x%2 —3)2

dy (x*—3)(2x) — (x* + 1)(2x)

dx (x2 —3)2

dy 2x((x*=3)—(x*+1))

dx (x2 —3)2

dy 2x(x*—-3-—x*-1)

dx (x%2 —3)2

dy  2x(—4)

dx  (x2 —3)2

dy  —8x

dx (x2 —3)2

Which is required.

Vi+x
Vi-x

Lety =

Question#10.

Solution.

ety = YT _ 1+_x_(1+_x)§
ety = \/1—x_ 1-x  \1-x

Differentiate w.r.t x

1
dy d (1+x)§

dx  dx
1
dy_1(1+x)_§d 1+x

dx 2\1—x dx 1 —x

1—x

)
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1-0 L1420 - A+ 41 -%)
(1 —x)?

l —
22
dx 2 (ilﬁ)z ((1 —Zx)2>
dy _ 1
dx a _x)z

dy 1
dx

-1 1
2(1+x)2

3 1
(1-x)2(1+x)2
Which is required.

Question # 11. 2x 1

VaZ41
Solution.

2x—-1
Vx2+1
Differentiate w.r.t x
dy d 2x—1
dx  dx ° x2 1)
dy <(\/x2 ¥ 1);—x(2x —1) - (2x— 1);—x(\/x2 ¥ 1))

dx (xTF1)

Lety =

1
dx x?+1
dy _ (x2+1)(2) — 2x — 1) (x)
dx 2 2 3
(x?2+1D)(x%2+1)2
dy 2x*+2-2x*+x
A -
@ et
dy x+2
dx

3
(x2 +1)2
Which is required.
va—x

Question # 12. Tars

Solution.

lety = 22 = |22

a+x at+x
Differentiate w.r.t x
dy d
dx  dx
d_yzl(a—x)—%i a—x
dx 2 dx "a+x
dy
dx

a—x
a+x

)

a+x

(a+x);l—x(a—x) —

(a—x)(;l—x(a+x)
(a + x)?

(a+x)(—1) — (a—x)(1)
(a + x)?

—a—x—a+x)
(a+x)?

3 1
(a+x)2(a—x)2
Which is required.
vaZ+1

uestion # 13.
Q VxZ-1

Solution.
VxZ+1

x2+1
2_1
Differentiate w.r.t x

x2 1l
2" =1

1
dy LL*+1\2 d (x*+1
dx  2\e@%-1) dx\x2-1
dy
%

1 [x%—1\2 [ (? —1)d (2 +1) - (2 +1)d (* -1
=E<x2+1> (2 —1)?

x?2 —1)(2x) — (x% + 1)(2x)

( ] (b

2x(x?—1—-x%2-1)
)( )

2 2x( 2)
2+1 (x2 - 1)2
x(—=2)
51 1
(x2—1)2(x2+1)2
dy —2x
haCA -
dx (x2 —1)2yx%2 +1
Which is required.

Vi+x—vV1—-x
Vi+x+vV1l—x

Lety =

dy d
dx  dx

a:

Question # 14.

Solution.
lety = Vitx—1-x
Vitx+/1—x
Vi+x—vV1—x V1+x—+V1—x

Vitx+Vli—x Vi+x—-V1i—x

3 (\/1+x—\/1—x)2
(VIR - (VI—%)

C(VTF02+ (T—%) -2 TF0(VI-2)
) (VT2 - (VI—2)’

y:

11| Page
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_1+x+1—x—2\/1—x2
N 1+x—-14+x
1—x2

Differentiate w.r.t x

dy d 1-v1-x?

dx dxd X ) 4
d_y_xa(l—\/l—xz)—(l—\/l—xz)ax
dx x2

o )T

dx x?

dy x*—V1—x2+1—-x?
dx N

dy 1-Vi—x2

dx  x2Vi-22

Which is required.

xva+x

va—x

Question # 15.

Solution.

at+x

xvat+x _
va—x -
Differentiate w.r.t x
dy d
dx  dx x

Lety =

a—x

a+x

a— x)
dy

dx

dy _

dx

dy

dx

%((a —x)(1) - (a+ x)(—l))

(a—x)?

+ 1(a—x)%(a—x+a+x>
*2 a+x (a —x)?

1
1,a—x\2 2a
+xz(a+x) ((a—x)2>
dy ax
e +

(a— x)%((a + x)%
dy (a+x)(a—x)+ax
=

3 1
(a—x)2(a+x)2
dy a’>-x*+ax

dx

(a— x)%(a + x)%

Which is required.

Question #16. If y = /x — \/i_ Show that Zx% +

X )

y = 2/x.
Solution.

i = x — =
Since y = v/x =

1 _1

y = X2 —Xx 2
Differentiating w.r.t “x”

Multiplying by 2x both sides
dy _1 _3
L= 2x(=x 24+=-x"2

2x Ix 2x(2 x 2+ > X 2)
d 1 1

y = _=
2x —=x2 + 2
xdx X X

Adding u on both sides, we have

dy 1 1
2x—+y=x2+x 2+
xoty=xttx y

1 1 1 1

2 dy+ =x2 P2+ x2 2
xdx Y =x2 Rg X2 —x

dy _ e
Zxdx+y—2x2

dy
2x—Fy = 24/
xdx y = 2VX

Hence Proved.

Question # 17. If y = x* + 2x? +

2 then prove that % =4x,/y—1.
Solution.

Sincey = x* + 2x% + 2

Dif ferentiate w.r.t.”x”

dy

— =4x3+4
dx X X

d_ic/ =4x(x*+1)

d
Y - 4x+/ (x? + 1)?
Y - 4x/x* +2x2 +1

dx
d
dx
d
dx
d

Y —axfxtr2xr 21

d_z=4x\/ﬁ cy=x*+2x%2+1
Hence Proved. Which is require
The Chain Rule:

if y = (fog)(x)ory = f(g(x))let u = g(x)then

y=f(x)andu

= nd % ana ™ ¢h
= g(x) sowe fin Tu an P en
dy dy du

T du dx is called chain rule.

Derivative of a function given in the form of
parametric equation.
Differentiation of implicit Relations:

12
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Exercise 2.4

Question # 1.

Chapter 2

Find % by making the suitable substitution in the

following functions defined as:
Differentiate the following w.r.t “x”.

. 1-
M y= [
Solution.

1-x

1+x

Given y =
1-x

Putu =—
14x

Soy =+vu

y=u
Differentiate “u” w.r.t. x
du d

()
dx  dx\1+x

du A+0 51 -0-(1-x) 51+

dx (1+ x)2
du (1+x)(-1)—(1-x) (1)
dx (1+x)2

dx

du —-1-x—-1+x

dx (1+x)2

du -2

dx (14 x)2

Now differentiate y w.r.t. u
dy d
du du
dy 1

2
T2 1—x> (1 +x)?
-1

- 1 51
1—-x)2(14+x)"2
dy -1
dx 3
V1—x(1+x)2

Which is required.

(i) y=Vx+Vx

Solution.

Given y =+/x ++x

Putu=x+\/§
Soy =+vu

Dif ferentiate “u” w.r.t. x
du d

dxza(x-i_\/;)

_l_ —_—
2Vx
du 2x+1
dx  24x
Now differentiate y w.r.t. u
dy d 1
du duu
dy 1 _%
du Zu

dy 1 _%
qu =2 )
dy 1

@_2\/x+\/§

Now by chain rule
Ay, dy du
d% du dx
dy 1 2vx +1

dx—Z x+\/§. 2Vx
dy 2Vx +1

dx  afxJx +Vx
Whiel'is required.

(iii)

Solution.

a—x

y:

Putu = 2=
a—x

Soy = xVu
1

Yy =x.u2

Dif ferentiate “u” w.r.t." x"
du d (a + x) du

dx  dx\a-x/dx

_ (a—x);—x(a+x)—(a+x);—x(a—

X)

(a—x)?
du (a—x)(1)—(a+x)(-1)
dx (a—x)?

dx
du a—x+a+x

dx  (a—x)2

du _ 2a

dx  (a—x)?

Now differentiate y w.r.t. x

@z
dy_
du

13
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. a?+x?
Given y =

aZ_xZ
i 2 2
Now Using Above values ) Putu = Zztiz
d_y:x-l(a+x) 2. 2a +(a+x) Soy = Vu
dx 2\a—x (a—x)2 a—x
1 1 y=u
d_y _ (a —x)2 + (a +x)2 Dif ferentiate “u” w.r.t. x
1 1
P @tpra-x?  (a-x)2 du_ d (a®+27
dx dx\a?—x?
1 du
dy ax (a+x)2 —
= + dx
dx 1 o1 1 d d
(a+x)2(a—x)"2 (a—x)2 (a? — xz)a(az +x2) — (a® + xz)a(az — x2)
) - (a? — x2)2
dy _ ax N (a+x)2 du _ (a? = x?)(2x) — (a? + x?)(—2x)
dx dx (a? — x2)2
1 du 2x(a® —x* +a® +x?)
d_y B ax 4 (a+x)2 dx (a% — x2)2
dx 1 1 1 du 2a%x
(a+x)2(a—x)(a—x)2 (a—x)2 ST 4
dy ax + (a+x)(a —x) dx (a?—x?)?
dx Now differentiate Yawat. u

1
2

(a + x)%(a - x)% (a - x)%

1 1
(a+x)2(a—x)(a—x)2

dy  ax+a®—x?

dx

(a+ x)%(a — x)%
Which is required.

(iv)  y=(3x2-2x+7)°
Solution.
Given y = (3x% — 2x + 7)°
Putu =3x2—-2x+7
Soy =u°

- _ Now by chain rule
Differentiate “u” w.r.t. x dy dy du
du d -

_— = 2 _ dx  du dx
I dx (Bx*—2x+7) dx duldx

32— 2(1) +0 dy 1(a”—x\? 2a%
dx dx  2\a?+x2) "(a? —x2)?
= ex 2 dy a’x

dx dx 1 1
Now differentiate y w.r.t. u (a? + x?)2(a? — x?)72
dy a’x

= 1 3
dx (a? + x?)2(a? — x?)2

Which is required.
d . Cady
v _ 6(3%% — 2x + 7)° Question # 2 Find _~ if

' du (i) 3x+4y+7=0
Now by chain rule Solution:

Given3x+4y+7=0
Differentiate w.r.t. “x”’

dy dy du
dx du dx
y
— =6(3x%2—-2x+7)%.(6x—2) d d
d —(3 4 7)=—1(0
x —(Br+ay+7)=—(0)

=123x — 1)(3x%2 —2x+ 7)° d
& - PGx DB -2x+7) 3442 -

o . dx
Which is required. dy 3

_ [a%+x? ax @
(v) Y=z Which is required.

Solution. (ii) xy+y?=2
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Solution:
Given xy + y? =
Differentiate w.r.t.

Ly tyy =L
dx(xy y)—dx()
d . 4oy
E(XJ’) a(}’)—
dy

W+xZ 22 o
y. X.dx ydx—

o II

22 =
X ydx_y

dy y
dx ~ (x+ 2y)
Which is required.
(i) x*—4xy—-5y=0
Solution:
Given x? —4xy —5y =0
Differentiate w r.t. “x”’

d
— (y2 _— — —
I (x 4xy — 5Y) I 0)

d d d
2y _ g4 -5 =
=) 4dx(xy>d 5 Eiy) 0
y y
2x 4<y. (D +x. dx) de =
dy _dy
2x—4y 4Xa—5dx

—(4x + S)a =—(2x—4y)

dy 2x—4y
dx  4x+5
Which is required.
(iv) 4x% + 2hxy + by? + 2gx P2fy + ¢ =
0.
Solution:
Given 4x%+ 2hxy + by? +2gx+2fy+c=0
D|fferent|ate w.r.t. “x”’

d
2 2 -
—dx(4x + 2hxy +by® + 2gx + 2fy + ¢) = ——(0)

d(42)+2hd( )+bd(2)+2 d()
dx X dx Xy dxy gdxx

d d
+2fa(}’)+a(c) =0

4(2x) + 2h (y. 1) + x.d—y) 120y 4 2501)
dx dx
+2fd—y+0=0
dx
dy dy dy
8x+2hy+2hxd—+2byd +2g+2fa=0
2(hx+by+f)a=—2(4x+hy+g)
dy  4x+hy+tg
dx ~ (hx+by+f)
Which is required.

Chapter 2

(v) xJ1+y+yV1+x=0
Solution:
Given x\/1+y+yvI+x=0
leferent|ate w.r.t. “x"”

d
i(x,/1+ )+i(yv1+x)=0
\/r—(x)+x—(\/r)+y \/1—+x)
+\/m—(y)=0

NiES AR x(l +y)‘z—y +y3 L+ 07

+\/1+x—=
dx
1 x dy y dy

1+y 2 aﬁ‘ m+ 1+xa:0

T y —
<2 1+y+ +x> dx (2\/1+x+ 1+y>
<x+2,/1+y\/1+x>d_y

Ity dx
_ y+ 2\/m.\/1+—x
- _< NI+« )
dy  (J1+y(y+2/T+y~1+x)
dx _<m(x+zmm)>
Which is required.

(vi) y(x*-1)=x/x2+4=0

Solution:
Given y(x? —1) = xVx2 + 4

leferent|atewrt “x’
d
- 2 1) = — (vifr2
dxy(x 1) dx(x x?+4)
(=12 () +y e (x? — 1)
X dx Y ycclix x 4
— 2 4 2 4 —
) xdx(\/x + )+\/x + dx(x)
y
2 _ -
(e =D~ +y(2x)

= x% (x? + 4)_%(2x) +Vx2 +4(1)
2

(xz—l)d—y+2x ==+ x?+4
dx Y Vx2 4+ 4

dy x?
= +x2+4—2xy
Vx? + 4
xz+x2 + 4 — 2xyVx? + 4
x?+4
_2x% + 4 - 2xyVx? + 4
x? —1)Vx?2 + 4

Which is required.

15| Page



Class 12 Chapter 2

Question # 3 Find % of the following parametric ﬂ — i (_th )
dt  dt\1+¢t?
gy A+ FO-OF0+D)
dt (1 +t2)?
dy _ (1+t2)(1) - ()(20)
dt (1 +t2)?
x=0+6"1 dy (1+¢%—-2t%)
Differen;iate “x"w.r.t.0,We have @ EYDL
£:1+(—1.9—2) d_y: (1-1t?)
dx 1 dt (1+t2)?
w- e |
dx 62%2—1 Now by chain rule
a0 dy_dy de
do 62 dx dt dx
dx 07 —1 dy  (A-t%) —(A+e2)°
dx (1+t2)2° A4at
Now y =6 +1 d_}’__b(l—tz)
Dif ferentiate “y”" w.r.t.0,We have dx 2at
dy Which is required:
d_9d= 140 Question # 4, Provethaty%+x =0ifx=
Yy
0= 1

functions:
(i) x=0+% andy=0+1
Solution.

Since x=9+%

Solution.

Now by chain rule Siffecy &= (1-t2)
dy dy dé ! 1+t?
Ix a0 dx Dififerentiate “x” w.r.t.t,We have

dy 62 dx d <(1 — tz))

A Ler—1 dt ~ dt\ 1+ ¢

d K N o oy 4 v d 2
Y _ dx_(1+t)dt(1 t?) — (1 —t) (1 +t%)

dx  62-1 — = —
Which is required. dt 5 (1+1¢%) 5
1+e2 A dt (1 +t2)?
Solution. dx 14+t241—¢t2

_ — = =2t
Since x =24 ) dt (1 + t?)?

1+t2
. e d —4t
Dif ferentiate “x” w. 7. tyWe have T
dt  (1+t?)?

dx d [a(1—1t?)
E:E< 1+t2> ﬁz_(l—w
dx 4t

d d
d_x=a(l+t2)%(1—tz)—(l—tz)a(1+t2) Nowyzli';
dt (1+1t2)? Dif ferentiate “y” w.r.t .t,We have

(ii) X =

de  (1+t2)(=2t) — (1 -t*)(2t)
e~ ¢ (1 +t2)2
dx 1+t2+1—1t2

— = —2at
dt 4 (1+t?)?

dx _ —4at
dt (1 +t2)2
dt  —(1+t?)?
dx 4at
2bt

1+t2
Dif ferentiate “y”" w.r.t.t,We have

Now y =

dy d/ 2t
dt E(W)
dy _,( +t2)%(t) - (t)%(l +1t%)
dt (1+t?)?
dy _(1+t*)(1) - ()(2t)
dt (1 + t2)2
dy _(1+t*—2t?)
dc (1 +t2)?
dy _(1-t%)
dt “(1+t2)?

Now by chain rule
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dy (1-t%) —(1+t%)?
dx "+t 4t
dy ~ (1-1t?)
dx 2t
dy
LH.S=y——+x

2t (- t?)

L.HS=

Chapter 2

(1-t?)

1+t2° 2t

1+t2
(1-1t%)

(1-1t%)
L.H.S=—
S 1+¢2
LHS=0

L.HS=RHS

1+¢2

Hence Proved.

Question # 5. Differentiate
: 2_1 4
(i) X' == w.r.t. x
Solution.

Suppose y = x?% — xl—z and u = x*

n_n

Dif ferentiate “y" w.r.t. "x

Now by chain rule

du
Which is required.

(ii) (1+ xz)n w.r.t. x2

Solution.
Suppose y = (1 + x2)" and u = x?

Dif ferentiate “y” w.r.t. "x
d 2
(T +x5)™)
dx

~= n(1+ x?)""1(2x)

Z)TL

dy

d
_ 2nx(1 + x?)" 1
dx

Differentiate u w.r.t. x

=2
dx x

Now by chain rule
dy 1
—==2nx(1 +x*)"" 1. —
Iu nx(1l+ x4) %

d
& n(1+ x?)"1
du

Which is required.
x2+1 x—1
(iii) W t.—
Solution.

x%+1 x—1

s— andu = —

x4-1 x+1
n n

Dif ferentiate “y" w.r.t. "x
dy d [x*>+1
dx E(:ﬂ — 1)

2 4 .4 2 d . 2

dy (x* — l)a(x +1)— (x° + 1)a(x -1)
dx (x2—1)2
dy (x? — W(2x) (x? + 1)(2x)
dx @2 — 1)2
dy 2Zx(xA—% —%x?—-1)
dxp (x? —1)?
dy 4 2x(-2)
dx ™ (x2 — 1)2

Suppose y =

dy — —4x
dx (x%2-1)2

Dif ferentiateuw.r.t.x
du d (x— 1)
dx dx\x+1
d d
d_u: (x+1)a(x—1)— (x—l)a(X‘Fl)
dx (x +1)?
du (x+1)— (x—1)
dx (x + 1)?
du x+1-x+1
dx  (x+1)2
du B 2
dx (x4 1)2
Now by chain rule
dy dy dx
du dx du
dy dy 1
du dx du
dx

—4x 1

(x2—-1)2" 2
(x+1)?

dy —2x(x+1)?

du  (x2-1)2
dy = —2x(x+1)?
du  (x —1)2(x + 1)2

dy — —2x
du (x —1)2

dy

pvie
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Which is required.

. ax+b ax?+b
(iv) w.r.t
cx+d

"Tax?+d
Solution.

ax+b ax?+b

Suppose y = and u =

cx+d ax?+d
Dif ferentiate "y w.r.t. x
dy d (ax + b)
dx  dx\cx+d
dy (cx +d)§—x(ax +b) — (ax +b)dd—x(cx +d)
dx (cx + d)?
dy (cx+d)(a)— (ax +b)(c)
dx (cx + d)?
dy acx+ad—acx—bc
dx (cx + d)?
dy ad—bc
dx  (cx + d)?
Differentiate u w.r.t. x
du d < ax? + b)

dx dx\ax?+d

du

dx

B (ax? + d);—x(ax2 +b) — (ax?®+ b);—x(ax2 +d)
(ax? + d)?

du (ax?+d)(2ax) — (ax® + b)(2ax)

dx (ax? + d)?

dx
du 2ax(ax?+d— ax?—b)
dx (ax? + d)?

du 2ax(d—b)

dx (ax?+ d)?

Now by chain rule

dy dy dx
du dx du
dy dy 1
du dx’ g%
dax
dy ad—bc 1
du (cx +d)? 2ax(d —b)
(ax? + d)?
dy (ad —bc)(ax?® +d)?
du  2ax(d — b)(cx + d)?
Which is required.

X2+1 3
(v) S Wt

Solution.
x2+1
x2-1

Dif ferentiate “y”" w.r.t. x
dy d [(x*+1
dx_dx<x2—1>
2 d . > 2 d 2
d_y_(x —1)ﬁ(x +1)— (x +1)a(x -1)
dx (x2 —1)2

dy (x*=1)(2x) — (x* + 1)(2x)
dx (x2 — 1)2

3

Suppose y = andu = x

Differentiate u w.r.t. x
du B d (x?
&)
du _ 3,2
dx x
Now by chain rule
dy dy dx
du dx du
dy dy 1
du dx du
dx
dy — —4x 1
du  (x2 —1)2 3x2
dy —4
du. 3%(x? —1)2
Which is requilied.
Derivative of Trigefiometric function:
1. (ksin) 2
-(F(8inx) = cosx
Proofylety = sinx — (i)
= Jy + 8y = sin(x + 6x) — (ii)
by (ii) — (i) = y + 8y — y = sin(x + 6x) — sinx

) ) A+B A-B
(*+ sinA — sinB = 2cos > sin

. (x+6x—x)

= 4§y = 2cos (x+62x+x) sin

= J§y =2cos (Zx;rax) sin (i—x)
dividing by 6x and take limit 6x — 0
( 5x) (sin (%))

+_
X 2 ox

.oy
lim — = lim |2 cos
8x-00x  6x—0

ay _ 5. 23 (sin(ﬁ))
= == Z(Sl)lcr_r)l0 [cos (x +5 ) 2><572"
sinf

> =

1

dx
d

o 2 cosXx
dx

S
Thus isinx = cosx
dx p
2. a(cosx) = —sinx
Proof: let y = cosx — (i)
= y+ 8y = cos(x + 6x) — (ii)
by (ii) — (i) = y + 8y — y = cos(x + 6x) — cosx

= 6y = cos(x + 6x) — cosx

A+B
(** cosA — cosB = —2sin > sin

= §y = —2sin (x+62x+x) sin (x+62x_x)
= 4§y = —2sin (Zx;rsx) sin (%)
dividing by 8x and take limit 6x = 0

A-B
2
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) 6x
—2sin (x + —

Sy
lim — = lim
8x=08x  6x-0

ay _ o [
s 2oy -2

dy .
— = —Sinx
dx

d ,
Thus — cosx = —sinx
dx

2

d
3. E(Tanx) = sec“x

Proof: let y = Tanx — (i)
= y+ 8y = Tan(x + 5x) — (ii)

by (ii) — (i) ® y + 8y — y = Tan(x + 6x) — Tanx
o 6)/ _ sin(x+6x) _ sinx

cos(x+8x) cosx
sin(x+6x—x)cosx—cos(x+8x).sinx

=N

cos(x+8x).cosx
( sinacosf — cosasinf = sin(a — )
= 5)/ __ sin(x+8s—-x) sindx

cos(x+8x).cosx - cos(x+8x).cosx
dividing by 6x and take limit 6x = 0
Sy I _ (sin6x>
im — = lim . lim
sx-08x  6x-0 cos(x + 8x). cosx sx-0 \ Ox

@ _ (1) = =sec?x

dx  cosx.cosx cos2

dy 2
— =Sec™Xx
dx
2

d
Thus —Tanx = sec” x
dx

d
= (secx) = secxtanx

let y = secx - (i)
y + 8x = sec(x + 6x) — (ii)
by (ii) — (i) =y + 8y —y = secx(x #8x) — secx
1 1 cosx,—€0s(x+ 5x)
= dy = - =
cos(x +6x) cosx  cOS@HOx).cosx

. (A4 B\ 4 (A—B
( cosA—cosB=—251n( > )sm( > ))
. (X + x4+ 06x\ X —x — Ox
2an (3 08) =2 =0
cos(x + 8x).d6x

S s R
~ cos(x + 8x) . cosx smix 2 sl 2

= cosiraneas [sin (x + %) sin ()]

+ sin(—60) — sinf
Dividing by dx and take limit 6x — 0

. 6 . . .
lim <2 = lim ————— | lim sin (x +
5x—0 6x 5x—0 cos(x+8x).cosx | §x—0

) i sin (5")]

5x-0 2><7

=— (sinx.1) =

COSX.CoOSX

sinx
cos x ' cosx

d
4 hence E (secx) =

— = secxtanx
dx
secxtanx

d
- (cosecx) — cosecxcotx

Chapter 2

let y = cosecx — (i)
y + 6x = cosec(x + 6x) — (ii)
by (ii) — (i) =y + 6y —y = cosecx(x + 8x) — cosecx
1 1 sinx —sin(x + 6x)
sin(x + 6x) sinx

= 0y =
y sin(x + 6x).sinx

A+ B A—B
( sinA—sinB=ZCos< > )sin( > ))

2 cos (x + x2+ 6x) sin (x - xz— 8x)
sin(x + 6x) .sinx

= s e (43 sn (-5
~ sin(x + 8x). sinx cos{rr)sm 2
_ 1 sx\ . [ 8x
- cos(x+6x).cosx [COS (x + 2 )Sln( 2 )]
v sin(—6) — sinb
Dividing by dx and take limit 6x — 0

lim & _ lim ——=
6x—00x  §x—0 sin(x+6x).sinx

&x
[(sljicr_r}OZ COSX (x + 62 ) lim sin ( )]

5x—0 2X Y

d -1 cosx

2> = Geosx.1) = —.=
dx Sinx.Sinx Sinx Sinx

d

o 2 —fcosécxcotx

dx

=

d
hence 3 (cosecx) = —cosecxcotx

Zx

d
6. (eotx) = cosec
Proof: let y = cotx — (i)
2y + 8y = cot(x + 6x) — (ii)
by (ii) — (i) = y + 8y — y = cot(x + &x) — cotx
cos(x+8x) cosx
= 5}7 = sin(x+6x) - sinx
o cos(x+6x—x)sinx—sin(x+68x).cosx

sin(x+6x).sinx
(* sinacosf — cosasinf = sin(a — )
__ sin(x=6s-x) _ sin(-6x)
T sin(x+6x).sinx  sin(x+6x%).sinx

dividing by dx and take limit 6x = 0

=

y oy I -1 ) (sm5x)
5200 8% 6350 sin(x + 6x) Sinx | 8%50 Ox

> 2= 1=

= —cosec®x
dx sinx.sinx sm2

d
= X = —cosec?x
dx

d
= Thus——cotx = cosec?x
Derivative of inverse trigonometric function:

1. Lsin~x] = xe(-1,1) or—-1<x<1

1
dx J1-x2
Proof: let y = sin™1x
. d , . d
= siny =x = — (siny) = — )
dy 1

d
= cosy.—y= 1=>—==
dx ds cosy

= Z—z = \/%nzy v c0s*0 =1 —sin?6

= cosf = V1 —sin20
v siny = x

1
Vi—x?

d _ 1
2. E(cox 1x)=—m

= dy 1
dx  v1-=x2

A rein—1y —
Hencedx(sm ) =

x€(-1,1)
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1

Proof: let y = cos™*x

d d
= cosy =x = — (cosy) = — ()

. d d -1
= —smy.—y=1=>—y= _
dx ds siny

d -1
o -

dx J1—cos?y

 sin%0 = 1 — cos?0

= sinf = V1 — cos?0
" COSy = X
-1

1-x2
1

1+x2

= dy -1
dx  v1-x2

a -1y _
Hence dx(cos )=

d _
3. E(tan 1x) = JXER

Proof:lety = Tan™1x

d d
Tany =x = P (tany) = Tx (x)

, dy dy 1
= sec y.—=1:¢—:—2
dx dx sec?y
dy 1
dx  1+tan2y
dy _ 1
dx ~ 1+x2

d

Hence — (tan™1x) =
dx( ) 1+x2

-1

L xel-11],

1+ tan?0 = sec?6

wtany = x
1

d
= (cotlx) =

(1, +0)
Proof:lety = cot™'x

d d
coty =x = Ix (coty) = Ix (x)
= —cosec? b _ 1=>d—y—#
Y x dx cosec?y
dy -1
ax 1+cot2y
dy -1
dx  1+x2

d -1, —
Hencedx(cot x) =

 cosec?0 =1 + cot?

wcoty = x
-1
1+x2

% (sec™lx) = X2, 1]

1
xVxz-1

Proof:let y = sec™1x = secyf= x

5L seey) =L o) o seaftany. 2 = 1
- (secy) = ——(x) = s&Jtany. —— =
:dy 1 1

== = v 1+ tan?6 =
dx  secytany  secyvVsec2Y-1
sec?0

= tan?0 = sec? — 1
= tanf = +/sec? — 1
dy 1
— = wsecy = x
dx  xVx2 -1 Y

d
hence — (sec™'x) = —
dx

xVx2-1

-1

xVx2-1

Proof:let y = cosec™'x = cosecy = x

d _
6. — (cosec™x) = XER

4 )= Lo .Y g
- (cosecy) = ——(x) = cosecycoty.— =
-1 1

cosecycoty - cosecyvVcosec?Y -1
1+ cot?0 = cosec?0

= cot?0 = cosec? — 1

= coth = +/cosec?6 — 1

dy -1
= v cosecy = x

a_x x2 -1

hence — (cosec™'x) =
dx X

Exercise 2.5
QUESTION NO.1:
Differentiate the following trigonometric functions
from the first principals.
i) sin2x
i) Tan3x
iiii) sin2x + cos2x
iv) cosx?
V) tan’x
vi) Vtanx
vii)  cosVx
Solution:
(i)
Let y =sin2x ->'@)
y Py~ sin2(x + 8x) - (2)
Eq 2 —eq1
¥ —0y —y = sin2(x + 6x) — sin2x
Sy = sin(2x + 26x) — sin2x

g . . P+Q\ . (P-Q
usmgsmP—st=ZCos< > )sm( > )

2x 4+ 26x + Zx) . (Zx + 26x — Zx)
sin

Sy =2 (
y = 2cos >

=3 (4x + 25x) . (26x)
= 2c0s 3 sin|—
&y = 2cos(2x + &x)sindx
Dividing both side by dx
8y  2cos(2x + 6x)sindx
Sx ox
by : :
lim — = 2 lim cos(2x + &x). lim
§x-0 Ox 5x—0 85x—0

2

sindx
ox

dy
— = 2cos(2x + 0).1
dx

Y
—— = 2co0s2
I cos2x

(ii) let y=tan3x—- (1)
y + 6y = tan3(x + 6x) - (2)
Eq2-eql
y + 6y —y = tan(3x + 36x) — tan3x
5 sin(3x + 36x) sin3x
y= cos(3x + 36x) " cos3x
sin(3x + 36x).cos3x — cos(3x + 38x).sin3x
B cos(3x + 36x).cos3x
using sinacof — cOsasinfl = sin(a — f3)
sin(3x + 36x — 3x)
"~ cos(3x + 36x). cos3x
dividing both sides by dx
Sy 1 sin36x
8x  cos(3x + 36x).cos3x Ox
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y y y 3 ~ sin36x
5350 Sx 8230 cos(3x + 36x).cos3x’ 8230 ox

dy 3 1
dx  cos(3x + 0)cos3x”
_ 3
"~ cos3x.cos3x
3

cos?3x

dy
— = 3sec?3
In sec“3x
Let y = sin2x + cos2x — (1)

(iif)
- (2)

y + 60y = sin2(x + 6x) + cos2(x + &x)
Eq2 — eql
v+ 8y —y =sin(2x + 26x) + cos(2x + 26x)
— Sin2x — cos2x
[sin(2x + 26x) — sin2x]
+ [cos(2x + 26x) — cos2x]
2x + 26x +2x\ | [2x+ 26x — 2x
cos (—2 ) sin (—2 )
. <2x + 26x + Zx) . (Zx + 26x — 2x>
sin sin
2 2
<4x + 26x)

éy =

.sindéx
o (Ax 4+ 26x\
— 2sin (T) .Sindéx

[2cos(2x + 26x) — 2sin(2x + 28x)]. sindx
dividing both sides by 6x

= 2cos

oy =

y ) sindc
S [2cos(2x + 26x) — 2sin(2x + 26x)].
11m g—y = lim[2cos(2x + 25x) — 2sin(2x + 26x)] llm

5x—0

= {2co0s2x — 2sin2x}. 1

sm6x
OX

dy .
— = 2c0S2x — 2sin2
dx

(iv)
Solution:
let y = cgs
Let y = cosxé4 (1)
y + 8y = cos(x + 639 - (2)
Eq(2) —eq(1)
y + 8y —y = cos(x + 8x)? — cosx?

)

x2 + 6x?% + 2x6x + x2> ] <x2 + 6x% + 2x6x — x
sin

oy = —Zsin< > a
—2sin(2x? + 2x6x + 8§x?).sin (M)

ox

= —2sin(2x? + 2x6x

sin(6x(6x + Zx)) ox + 2x

ox+2x 2
ox.—
sin(8x(8x + 2x)) 8x + 2x

5y 5
I;rjloa = Sljl(m — 2sin(2x? + 2x6x + 6x2). o it 2
2

dy 2 2x2 . 2x
5, = ~2sin| — .15
dy

—— = —2xsinx?
dx

+ 6x2).

y = tan?x - (1)
y + 8y = tan?®(x + 6x) -
eq2 —eql
y + 8y —y = tan?(x + 6x) — tan®x
8y = {tan(x + 6x) — tanx}. {tan(x + 6x) + tanx}
sin(x + 6x) sinx
cos(x + 6x) B ]

let

(2)

CcoSX

6y = {tan(x + éx) — tanx}.[

Sy
= [tan(x + &x)
sin(x + 6x).cosx — cos(x + 6x).sinx
cos(x + 6x).cosx ]
sin(x + 6x — x)
&y = [tan(x + 6x) — tanx]. [cos T on). cosx]
[tan(x + 6x) — tanx]
cos(x + 8x).cosx
dividing both sides by 6x
8y [tan(x + 6x) — tanx] sinéx
5x cos(x + 8x).cosx 6x
5y [tan(x + 6x) — tanx] sinéx
lim — m
5x0 6x dos(x + 6x).cosx Sx_)SOx
tanx + tanx

COSX.COSX
2tanx

— tanx

.sinéx

im
5x—0
ay \
dx,
dy _

dx

¥ _ 2tanxsec?
dx

cos?x

(D)

let

y+38y=
eq2 — eq1

= /tan(x + 8§x) —tanx
= /tan(x + 8§x) —tanx
w/1:an(x + 6x) + Vtanx

w/1:an(x + 6x) + Vtanx
(\/tan(x + 8x) ) - (\/tanx)
Jtan(x + 6x) + Vtanx

tan(x + 6x) — tanx

w/1:an(x + 6x) + Vtanx

sin(x + 6x)

8y = [
Jtan(x + 6x) + Vtanx cos(x + 5x)

8y

1
B Jtan(x + 8x) + \/tanx[

5 sin(x + 6x — x)

y= -
Jtan(x + 6x) + vVtanx. cos(x + 6x)cosx

8y

6y =

oy =

sinx

cosx

sin(x + 6x)cosx — cos(x + 6x).sins
cos(x + 6x)cosx

1

B Jtan(x + 6x) + Vtanx.cos(x + 8x)cosx

dividing both sides by 6x and take limit on both sides

lim &
5150 5x

.sindéx

1
. lim sindx

5x"°,/tan(x ¥ 6x) + VEanx. cos(x + 8x)cosx x>0
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1
— = 1
Jtan(x) ++tanx. cos(x)cosx
dy 1
dx  2+/tanxcos?x

dy sec’x

dx 2Vtanx
cosvx

Solution:
Lety = coxvx — (i)
=y + 6y = cosVx + 6x — (ii)
by (ii) — (i) = y + 8y — y = cosVx + 6x — cosVx
= Jdy = cosVx + 6x — cos\x

A+ B A—B
'.'cosA—cosB=—Zsin< 2 )sin( > )

) (\/x+8x+\/§> ) <\/x+6x—\/§>
= —2sin| ——— | sin| ————
2 2
dividing by 6x

5y —2sin¥X + 6x + \/}sin

6

\/x+5x—\/§

x
(\/x+5x+\/_)(\/x+6x—\/_)— Sx
_zsin\/x+5x+\/_ \/x+5x—\/_
2

(Vx + 8x + Vx) \/x+8x—\/_

Take limit 6x - 0
\/x + 6x Vx +6x +Vx

Alm, (M+\/—) axino

Cx+Vx
dy —sin—s,

CwT i Y

(2Vx
) —sin <_2£>
-t
dy —sinyx

= = =
dx 2vx

\/x+6x—\/f
\/x+6x Vi + 8 2/x

li 6y
= 531310 Sx

Question # 2.

Differentiate the following w.r.t the variable
involved.

(i) x*secdx

Solution.

Let y = x?secdx

Differentiate w.r.t x

dy )
== 4
dx dx (x"sectx)

dy = (x?) 4 (sec4x) + (sec4dx) 4 (x?)
dx dx

== (x?)(sec4x tandx (4x)) + (secdx)(2x)

dy 5
Fie 4x° (sec4xTan4x) + 2xsec4dx

Which is required.

(ii) y = tan3 0.sec? @
Solution.

Lety = tan3 6 .sec? 8
Differentiate w.r.t 6
dy

— = 4 (tan3 6.sec? 0)
do do '

dy 2 n & 3 3y 4 2
i (sec G)E(tan 0) + (tan B)E(sec 0)

d
% = (sec? ) (3tan?8(sec? 9))

+ (tan30)(2sec O (sech tanh))
d
% = (3sec* ftan?6) + (2tan*6 sec? 9)
d
% = sec? 6 tan?0(3 sec? O tan?6 + 2tan?6 sec? 6)

(ii) y = (sin260 — cos30)?
Solution.

Let y = (sin26 — cos36)?
Differentiate w.r.t 8

dy

_ 5 (sin29 39)2
40 = Sin CoS

d
d39] = 2(sm29 % c0s36) ( ) (sin20 — cos30)

dy . ,
0= 2(sin26 — cos36) [cos@ E(ZG) — (—sin36 20 (39)]

% =2(sin20 — cos36)(2cos20 + 3sin30)

\Whieh'is required.
(iVY'y = cosvx + Vsinx

Solution.

Lety = cosvx + Vsinx

Differentiate w.r.t x

d
d—y = — (cosvx + Vsinx)
dy _ —sm\/_

dx  2Vx

(cosx)

1
+
2v/sinx
dy 1 (—sin\/E cosx >

dx 2 Vx  sinx

Which is required.
Question # 3. Find dy if
dx
(i) Y = X coSy
Solution.
Since y = x cosy
Differentiate w.r.t x

dy d
dx = (x cosy)

d— = (COSy) FrGa (x) 2, (oY)
dy .

g—x =cosy(1) + x(—zlny)a

& cosy — x siny cd

filx p dx

d + x siny A cosy

dx dx

Z—z (1 + x siny) = cosy
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d_y _ cosy Solution.
dx 1+ xsiny
Which is required.
(ii) x =ysiny Differentiate w.r.t x
Zolutmn. . dy d it
ince x =y siny —=—/ sin
Differentiate w.r.t x dx L+x

dx d
(y smy) dy 1+2x \d 1+ 2x
dx — = cos

d dx 1+x E 1+x
1= (siny) - (y) + (y) — (siny)

1= (smy)( ) + (y)(cosy)( ) dy o 142x \1 (1 + 2x>_l d (1 + 2x>

dx
1=a(siny+ycosy) 1+x J2\1+x dx\1+x

dy 1
dx  siny +y cosy
Question # 4. Find derivative w.r.t x

e (1+x)d (1 + 2x) — (1+zx)j—x(1+x)
1+2x (1 = x)2

2 1 1+x (1+x)(2)—(1+2x)(1)
> e x 1+2x (1+x)2 )

1
1+ 2x 1(1+2x)i
1+x |2 \1+x

(i)y = cos

Solution.

1+x

Lety = cos Trox

Differentiate w.r.t x

1+x
cos’

1
1 1+ 2x 1 E 1

1/14+x\ 2 df/1l+x —: cos 1

22 ) o ) 5 (o

1+ 2x 1 +2x

(CO
1
i 1+x 1+ 2x 1 1+x 7(2+2x—1—2x)
dx \ {1+2x 1+x |2 1+2x (1 + 2x)2

1+x
1+ 2x dx
1+x \1 1+2x% (1+2x):—x(1+x)—(1+x);—x(l+2x) dy co 1+x
dx 1+2x 5(1+x @ + 2x)?

dx \2(1 + x)ZM/

1 Which is required.
N (1 + 2") ((1 +201) -1+ x)(2)> Question # 5 Differentiate
1+2x 12 \1+x (1 + 2x)2 (i) Sinx w. T t.cotx

Solution.
Let y = sinxand u = cotx

1 ., dy
1+2x)2(1+2x—2—2x) weflnda

1+x (1+ 2x)?

Now y = sinx

1 Differentiate w.r.t x
1 ( 1 )f -1 dy

2 \1+x dx

1 = — (sinx)
2-3 dx dx
(1+2x)2 dy
_ o = cosx
sin
1+2x Now u = cotx

dx \2(1 + Zx)%\/l + x/ Differentiate w.r.t x
Which is required.

(I) y = sin ’1+2x
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Question.7.

Ify= \/tanx +Ytanx + Vtanx + - oo

,Prove that (2y — 1) % = Sec’x

% = (Cosx)(=Sin?x) = —Sin%x Cosx.

(ii). Sin*x w.r.t Cos*x Solution.

Solution. Since

— Cjn2 — 4

Lety—dSmxandu—Cosx y=\/tanx+\/tanx+\/m———(i)
we find ﬁ

Now y = SinZx Squarring on both sides, we have
Differentiate w.r.t x y2 = tanx + Jtanx +Vianx ¥ o

d Sin?
dx(mx)

y? = tanx+\/tanx+\/tanx+\/tanx+---oo

Y= tanx +y
Differentiate wsF g X, we have

dy .
— = 28inx cosx
dx

Now u = Cos*x
Differentiate w.r.t x

du ) .

= 4Cos3x(—Sinx) = —4SinxCos3x
dx 1
du  4SinxCos3x

Now using chain rule

dy dy dx
& du dx du 1 Question.8
™ = (2Sinx cosx) (- m) If x = aCos®0 , y=D>b Sin30 , Show that a% +

d_y - __ - btanx =0
du Solution

Hence Proved.

x = aCos30 ,y = b Sin30
Diff. "x"" wr.t." 8", we have

d d
Question.6. Z_L (aCos36)

dy de deé
If tany (1 + tanx) = 1 — tanx{, show thata = dx 3Cos? d Cosd
1 E—a. 0S E( 0s0)

. dx
Solution. — = a.3Co0s%(—Sinh)

Since dz
tany (1 + tanx) = 1 — tanx & —3aSinfCos?

_ do
1 tanx a0 ) _1
7-; tanx dx  3aSinfCos>
tanz — tanx Diff. "y"” wr.t.’8", we have

tany =

tany =

t tan (7 — %) o d
any = tan(—— x y . |
4 -7 - 2
y m 70 b.3Sin 10 (Sing)
T4 d
4 @y _ 2
Differentiate w.r.t “x”’, we have 0 b.3Sin“Cos6

4 3bSin?Cos6
01 T
dy Now by chain rule

—~ =1
dx

. — dy _ d
tang + tanx Yy _ E(b Sin30)

Hence proved.
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Y 3psinCosh—
dx m osb "3aSinfCos?

d
= —b tanf
X

dy
a—+btand =0
dx

Hence proved.
Question.10. Differentiate 'x'', we have

. 1%
(i) Cos -
Solution.
lety = Cos‘lz
Diff.w.r.t"x"',we have
dy _ d

dx  dx
dy_
dx

dx
dy _
dx
Which is required.
" -1
(ii) Cot a
Solution.
lety = Cot‘lg
Diff.w.r.t "x"',we have
dy _

d
dx

Which is required.

l . 14
(iii) aSlTl .

Solution.
_1lg.. 14
Lety = aSLn .

Diff.w.r.t "x"',we have

Va2 —azl<F
-1

dx  xJx? —a?

Wihi€h,is sequired.

(iv) Sin~ W1 —x2

Solution.

lety = Sin~1V1 — x2

Diff.w.r.t "x"’, we have

dy d

dx  dx

dy_

a_Jl—(m)ZI

dy 1

1

dy 1

dx  [T—(1-x2) '(2\/1—x2 dx

d

Which is required.
(v) Sec‘l(

Solution.

lety = Sec™?! (ﬁ)

x2-1
Diff.w.r.t "x"", we hav
dy d

dx dx

x%2-1
x2+1

e

o

x%+1
x2—1

)

(1-x%)
1
PPN '(zm (-20)
—X

)
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1 d (x*+1
5 dx\x%2 -1
x2+1) (x2+1) _1
x2—1 x2—1
1

x2+ 1\ (2 + D2 — (x2 — 1)2
(xz—l) (x*2—1)

(2~ D) (2 4+ 1) — (2 + D) (x? = 1)
(x* —1)?

dy 1 ((x2 —1)(2x) — (x2 + 1)(2x) )
- R (Z—1)2
(x2 + 1)% *

dy 1
= (2x(x?—-1-x2-1
dx (x*?+1).2x (2x(x x )

dy 1

dx  (x2+1)
dy -2
dx  x2+1

(=2)

Which is required.

(vi) cm—l( 2x )

1—x2
Solution.
— -1(_2x )
Lety = Cot (1_x2
Diff.w.r.t "x"',we have

dy d 1 2x
a—a<“t (1—x2)>

dy 1 d 2x
I TR 3, )
1-i_(l—xz)

4x?
ra=ey

1 < (1-—x2).1- x(—2x)>

, ¢! —xz)%(x) —xj—x(l —x?)
|~ (1 —x2)2

T (A —xD)? +4x%° (1 —x2)?
(1—x2)2

dy_
dx 14 x*—2x2 + 4x2
dy 1

dx 1+ x*+ 2x2

dy
- AT +362)2.(2(1 +x2))
dy -2

dx 1+ x2

.(2(1 — x2 + 2x2))

.(2(1 +x?)

Which is required.
.. -1 1-x2
(vii) Cos (1+x2)
Solution.
Lety = Cos™? (

1-x2

Chapter 2

Diff.w.r.t"x"’, we have

dy d 1—x?
= 2| Cos™t| —
dx dx 1+ x2

dy x?-1 d (1—x2)

B 1+ x2

i — @
. (1-x
-1 (1+x2>

(1+x2);—x(1—x2)—(1—x2);—x(1+x2))

dy x2 -1 (
dx — (x* +1)2
¥l 1_8+i232
dy x2—-1 (x?+1)(=2x) — (1 —x?)(2x)
dx < (x2 + 1)2 >

dx (1+x2)2 = (1 — x2)2
Tarey
x% -1 2x(x?—=1—-x%2-1)
(xz—1)\/x4+2x2+1—(x4+1—2x). (x? —1)?
x2—1
B (x2 —1)2 2x(=2)
(x2 + DV2x2 + 2x2 (x% —1)2
—4x _ —4x 2
(2 F OWax? (2—-1.2x  (x2+1)
dy 2
S
dx x?2+1)
Which is required.

Question.11.

& Ty Y _
Showthatdx—x lfx

x2 -1

Solution.
Since

a=x2+y2

dy xy

E:xuyz -

dy x? dy
a+x2+yza=x2+y2

x? d x?
14 Y X,
x?+y?)dx x \x2+y?
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x? d 2
14+ — _yzz 1+x—
x2+y?/dx «x x?% + y?

dy _y
dx x
Hence Proved.

Question.12.
If y=tan(ptan~'x) ,Show that (1 + x?)y; —
p(1+y?)
Solution.
Since
y =tan(ptan~1x)
tan"ly = ptan~lx
Differentiate with respect to "x"’', we have
1 dy 1
1+y2dx P12

1
TH2 1 =P e
1+ x)y; =p(1+y?)
1+xDy; —pA+y*) =0
Hence Proved.
Derivative of exponential Functions:
if f(x) =a*wherea
> 0 then f(x)is called general
expontial function. here the base a is constant and
exponent x is variable.
if f(x) =e*where
= 2.71 then f(x)is called natural
expontial function here base e is constant and
expontent x is variable.
d
1. a(e") =e*
Proof:
Lety =e* - (i)
=y + 8y = e*+9% - (i)
by (ii) — (i) = y + 8y — y =*+0% _ ¢*
= 0y = e*.e% —e* = e¥(e%* - 1)
Dividing by 6x and take limit x — 0
. & . ed*—1
Jim, 2 = Jim, e (5|
2 — ¢X lim et
§x—0 Ox
dy X o a*-1
—=-e".lne » lim
dx x>0 X

dy e —-1
— =e* and lim =lne=1
dx

6x—0 X
a . oxN _ _x
dx(e)—e

2. %(a") = a*lna
Proof:
Lety = a* - (i)
=y + 8y = a*t% 5 (i)
by (ii) — (i) = y + 8y — y = a*+%% — g¥

= 8y = a*.a% —a* = a*(a* - 1)
Divivding by 8x and take limit §x = 0
by [ ,a%-1
51}3105 - Slalcrllo [a Sx ]
a* -1

X 13 X
— =a* lim = a*lna
dx 5x-0 Ox
a*—1

¢+ lim

d
Hence— (a*) = a*lna
6x—0 X

dx
= [na)
Note: as a* = a* = na* = Ina”*
= Ina* = xlna
= xlna.lne - Ina® = blna
= xlna vlne=1
In* = [ne*'"®

Derivative of the logarithmic function:
logarithmic function:if a>0a # 1and x = a”
the the functioon defined by y = log,x. (x > 0)
is called the loganthmic of x to the base a.
The logarithmic functions
log.x and logipx are called
natural and comigton logarthmic resp.y = log.x

is written as,y & Inx
d 1
1. E(lnx) F -
Proof:
Lety,= Inx — (i)
=y + 8y = In(x + 6x) — (ii)
= (i))—({)=>y+6y—y=In(x + 6x) — Inx

+6
5y = In X80

x O6x ox
6y=ln<—+—) = ln(l +—)
X X X
Dividing by éx and take limit §x — o

. oy ] 1 ox
lim — = lim |[—In (1 + —)]
5x—00x 6x-0|0x X

X
dy 1 8x\8x _ 1\"
— =—lim 1n<1+—) + lim <1+—) =e
dx x6x-0 X 5x—0 X

dy_ll 1
dx  x ne

x
v iInx —Ilny =In—
( y y)

u d(l )_1
ence —— (Inx) =~

d 11
o log x] = ——
Proof:
Let u =log, x = (i)
=y + 8y = log,(x + éx) — (ii)
= ({i)— () >y +dy—y =loga(x + 5x) —log, x
(x + 6x)

X
8y = log, (+logg x — Iny = log, ;)

x O0x ox
6y = log, (; + 7) = log, (1 + 7)
Dividing by éx and take limit §x — o
. Oy ) 1 ox
lim — = lim [—loga (1 + )]

5x-0dx  6x—0 |Ox X
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X

dy 1 6x\8x
a——hmloga<1+ ) B

X 6x
=e>

dy_ll 1 1
dx_x0

* lim <1+ )
6x—0

1 1
x lna

e =—.

x log.a
Hence (loga x) =
Logarithmic differentlatlon.
Derivative of hyperbolic function:

d , . _
1 — (sinhx) = coshx

Proof:
eX—_e~X

2

we know thta sinhx =

d('h)—d e¥—e™*
so—— (sinhx) = ——

)=zl -me)

e (1))

d 1
e (-x) = E(ex

—-X
= coshx

eX+e

2
e*+e ¥
© coshx = 5

z (e*+e™) =
2
d, . _
= (sinhx) = coshx
2. % (coshx) = sinhx
Proof:

eX+e ™
we know thta coshx =

2
d( h)—d eX+e7*
sod cosx—d 5

1d (e*+e™ 1 o dow _
za( >=z{ )+ )]

1

5 (e* + e‘x)a (—=x) = E(ex HePH—1))
1 xy = eX fes
; (& —e)=—; "

+ sinhx = £=2

= sinhx

d( hx) = sinh -~
7, \cosnx) = sinhx

3. % (tanhx) = sech? x

Proof:
eX_eX
x+ex

So— (tanhx) =— (ex_e )

dx \eX+e*

We know that tanhx =

_(e +e‘x)a(e —e ) — (e* e‘x)j—x(e

Chapter 2

n

x_|_e—x

(e* + e%)2

(e He(er — e (-1) — (eF -

e ™) (e*+e™*(-1))

(e* +e™¥)?
_ (e*+eX)(e*+e ™) —(e*—e ) (e —e™)
B (e* + e™¥)?
B (ex + e—X)Z _ (ex _ e—x)z
B (e* + e=¥)2

e 2% 4+ 2e¥e™* — (e?* + e7H¥ —
(e* + e7)?
e 42 —e?X —e2X 42 4
(e* + e )2 T (" + e ¥)2

2e*e™)

2

d 2
a(tanhx) = (—) = (sechx)? = sech?x

eX+e™*

d
— — 2 S —_— —
= Ix (tanhx) = sech®x * sechx e

d
— (cosechx) = —cosechxcothx
dx

Proof:

we know that cosechx = —
sinhx

d h) = d ( 1 )
50 dx (cosechx) = dx \sinhx

) % (sinhx)

sinh? x
“Nstmhx(0) — coshx

. d
_ smhxa (1) —

sinh? x
—coshx

d
— (@f%echxy) = = —cothxcosechx

dx sinhx. sinhx

d
a;(cosechx) = —cosechxcothx

— (sechx) = —sechxtanhx
dx

1
we know that sechx =

coshx
d d 1
© e = £ ()
dx(seChx) dx \coshx

d d
_ coshxa;(l)—(l)az(coshx)

cosh2x

B coshx(0) — (1)(sinhx)
B cosh? x

—sinhx
—— = —tanhx. sechx
coshx.coshx

a(sechx) = —sechxtanhx

d
— (cothx) = —cosech?®x
dx

we konw that cothx =
tanhx

s £ (cothx) = I (tarllhx)

(1) (D a(li_x (tanhx)

tanh? x
_ tanhx(0) — (1)(sech? x)

tanh? x

tanhx
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—sech?x —sech?x W2
= - = - COoS X
sinh? x sinh? x
cosh? x
—sech? x 1 1

- X = ——
sinh?x ~ sech?x sinh? x
d
Hence — (cothx) = —cosech?x

Derivative of inverse hyperbolic function:

The inverse hyperbolic functions are
y =sinh™1x iff x=sinhy ; x,y€
R
y = cosh™1x
[1,0),y € [0, )
y =tanh™1x
(-1,1),y €R
y=coth™tx iffx=cothy ; x €
[-1,1]",y € R — {0}
y =sech ™ x iff x = sechy; x € (0,1],y €
[O’ w)
y = cosech™x iff x = cosechy;x €R —
{0},y e R —{0}

Prove that sinh~1x = In (x +/x2 + 1)

Proof:

iff x =coshy; x€

iff x=tanhy ;x €

Let y = sinh™1x = x = sinhy
e?¥—e™” o eX —e
>X = T - sinhx —(}])T
1 e -1
=>2x=eY—e y=€y—e—y=e—y
=>2xeY =e? —1=2e?Y —2xe¥ —1=0
=>(e¥)?—2xe? —1=0
_ =(=2x) £/(=2x)2 - 4()(-1)
2(D)
—b +Vb% - 4ac
2a
2x +V4x2 +4 284 ¥+ 1)

=eY

ustng x

2 2
_2xi2\/x2+1_2<xi\/x2+1>

2

eV =x++x%2+1

se¥=x+yx24+1 ,e¥=x—-x2+1

As eY is + ve for y € R,so (rejected being — ve for x
ER)
:QY=X+ /x2+1’ Note:

e pY —
=y =In(x + Vx? + 1) ner =X
h-lx o 1 IneY = Inx
Hence sinh™" x = In (x + ylne = Inx
V1) y(1) = Inx
y = Inx

2

Prove that cosh™' x = In(x + Vx2 — 1)
Proof:
Lety = cosh™'x = x = coshy
eY+e™V e*+e7*
2

 coshx =

Chapter 2

2

=>2x=ey+e_y=ey+i=(ey)—-l_1

ey ey

=>2xeY =eV +1=2e? —2xe¥+1=0
=>(e¥)?2-2xe” +1=0
y - (=20 +y(=2x)° - 4D (D) using x

2(1)
_—b+Vb? —dac
2a

_in\/m_Zi 4(x%2—-1)

=e

2 2
_inzm_2<xim)
2 2
eyzxim
:>ey=x+m ,eyzx—\/m

As e? is 4+ ve for y € R,so (rejected being — ve forx > 1

SeY=x++x2-1, Note;
=y = In(x + VxZ — 1) cer=X
-1, _ IneY = Inx
Hence cosh™! x = In(x +
5 ylne = Inx
x*—1) y(1) = Inx
y = Inx

Ao S
1. dx(smh x) =

Proof:

1
T X,y E€ER

Lety = sinh™1x
= (x) = == (sinhy) = coshy >
7z %) = o (sinhy) = coshy —
d d 1
:>cosh—y=1:>—y:
dx dx coshy
dy 1 1
dx . [coh?y \[1+sinh?y

 cosh? x —sinh?x =1
dy 1 1

dx Jcosh?y - J1+sin2y
( sinhy = x)

1

Vx2-1

% (cosh™1x) = x €[1,0),y€
[0, )
Proof:

Lety = cosh™1x
d d o dy
= o (x) = T (coshy) = smhya
= si hdy—lzdy— !
St dx dx  sinhy
dy 1 _ 1
dx [sinh?y [cosh?y—1
- cosh? x —sinh?x = 1
dy 1 1

dx—\/coshzy—l_\/xz—l

d 1
J— -1 =
I (tanh~!x) -
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Let y=tanh™lx ;x € (-1,1),y €R
= tanhy = x

=>d(t )—d()
dx anyd—dxx
Y
2 —
=>sechydx 1

dy 1 1
1 —tanh?y

a=sech2y_
dy 1
dx 1—x2
4,

(+ sech? x + tanh? x = 1)

d( th™x) =

- (co x) = 1=

Let y=coth™tx; |x| >1
= cothy = x

d . d
> — = —
dx( any) dx (x)

dy
= — h2y—=1
cosech® y ——
dy 1 _ 1
dx cosech?y 1—coth?y
dy 1
dx 1-—x2

(++ —cosech? x + coth? x = 1)

1

x1—x2

d _
5. a(sech 1x)=- 0<x<1

Proof:
Let y = sech™lx

d d
= sechy = x = T (sechy) = T (x)
= —sechytanhy 2 = 1
sechytanhy -~ =
dy -1 “1
= — = =
dx sechytanhy  segiip, [tanit? y

dy -1 (
sechy /1 — sech? y

= sech®y#ftanh?y = 1)

1

d -1 _
ax (sech™ x) = ——7—

% (cosech™'x) = — ,x € R —{0}

1
xV 1+x2

Proof:
Let y = cosech™tx

d
= cosechy = x = I (cosechy) = T (x)

hycothy 2 = 1

= — —_— =

cosechycothy =

_ -1 _ -1
cosechycothy  cosechy \/coth? y

( coth? x — cosec?x = 1)
coth? x = 1 4 cosech®x
dy 1 -1

dx cosechyV1 + cosech?x V1 + 22

Exercise 2.6

Question # 1) Find f'(x) if

) fl)=e*t
Solution:
Let f(x) = eV¥~1
Differentiate w.r.t x
a(f(x)) d

dx :E(Zf 1)

! — pVx-1_" _
frx) =e™ Wx—1)
dy el
dx 2\/x
Which is required.

i) foo = e
Solution:
Let f(x) = xiex
Differentiate w.rg x
d(f(x) _ d ( %
dx  dx (x \ )

! _ 1 d 3 3
fix) = e"a(x )+ x
f'(x) = e%(sz) +x3(e
&) &~ e%(3x2) + x3
f'(x) = e%(?)xz) +x3(e

f'(x) = xe%(Sx -1)
Which is required.

iii) f(x) =e*(1 + Inx)
Solution:
Let f(x) = e*(1 + Inx)
Differentiate w.r.t x

d(f(x) _d .
T—a(é (1+lnx))

f'(x) = ex;—x(l +inx)+ (1 + lnx)%(ex)

f'(x) =e*(0 +%) + (1 + Inx)(e*)

£ = e*+x(1 ;lc- Inx)(e*)
F0) = 1+ x(l;— Inx))e*
Which is required.

iv) () ==

e *+1

X

Solution.

eX
Let f(X) = m

Differentiate w.r.t x
d(f@) _ d (e
dx £<e—x + 1)
—-X d b X d —-X
(™ + D gz =) gze™ +1)
(e™* + 1)?

flx) =
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(e™ + D(e¥) — (eM)(e™(=1))
(e™* + 1)?
(1+e*)—(-1)
(e™* + 1)?
Lo 2+e”
f'x) = e *+1)2
Which is required.
v) f(x) =In(e*+e™™)
Solution:
Let f(x) = In(e* +e™¥)
Differentiate w.r.t x

a(f(x)) d Y

—dx —a(ln(e +e™))
f'x)=
f'x)=

flx) =

Chapter 2

flx) =

flx) =

d
e* + e-xa("’x +e™)

1

=@ T
eX—e7*

eX+e™*

Which is required.
il f@) =5

eax+e—ax

—ax

Solution.

edX_p—ax

Let f(x) = argax
Differentiate w.r.t x
d(f(x)) d [e™—e ™
dx  dx\e% +e-ax
ax —ax d ax —ax ax =ax d ax —ax
f’(x)=(e +e )a(e —e ) — (e™ — )a(e +e™™)
(eax + e—ax)z
oy (e e (e (@) — o= (-a)) — @ o e (@) + e~ ()
f (X) - (eax + e—ax)z
, a[(eax + e—ax)Z _ (eax 4 e—ax)Z]
f (x) - (eax + e—ax)z
B a[(eaX)Z + (e—ax)z + Z(eax)(e—aX) — (eax)z _ (e—ax)z —_ Z(eKZX)(e—aX)]
- (eax + e—ax)z

f'e)

flx) =

a[4e°]
(eax + e—ax)z
, 4a
f (x) = (eax + e—ax)z
Which is required.
vii)  f(x) = \/In(e?* + e~2%)
Solution:

Let f(x) = \/In(e?* + e~2%)

Differentiate w.r.t x
d(f(x)) _ d \/ﬁ
“dx —a( In(e?* +e ))

d
(OF »
/ 2,/In(e?2* + e~2%) dx

(In(e?®* + e™?%))

1 d
_(er
2 ln(er + e—zx) e2x 4 g=2x dx
+ e™%%)]
Z(er _ e—Zx)
2 /In(e* + e *)(e?* + e%¥)
. (er _ e—Zx)
f'(x) = — —
In(e* + e *)(e?* + e~2¥)
Which is required.
viii)  f(x) = In/(e?* + e 2%)

Solution:

Let f(x) = In\/(e?* + e72%) = %(ln(ezx + e~2%))

Differentiate w.r.t x

d(f(x)) _1d X, 2x
T—Ea(ln(ez +e 2 ))

2e%% — 2e™2%
f'(x) =

2(e?* + e=2%)
eZX _ e—2x
{

flx) =

flx) =

fl) =

eZX + e—Zx

f'(x) = tanh2x
Question # 2.Eind % if
Solutions

i) Yy = x?InVx
L&t =4 x° Inv/x = %lenx

Differéntiate w.r.t x

ay* d 1 ,
a—a(ixlnx)

dy 1 d d
d_:;} = E [(XZ) a (lnX) + (lnx) a (XZ)]
d 1 1
d_ic] =3 [xz (;) + Inx (Zx)]
ii) y = xVinx
Solution.

Lety = xVinx

Differentiate w.r.t x

dy d
I dx (xVinx)

dy d d
a=(x)a(\/%)+(x/ﬁ)a(x)
dy 1 d
dx " oVnxdx
dy 1 1
a_xzx/%(;)m/w(u
dy 1+ 2(Vinx)®

dx 2vInx
dy 1+ 2inx

dx 2V Inx
Which is required.

(Inx) + Vinx (1)

.es X

iiii) Y=,
Solution.
Lety = =

Inx
Differentiate w.r.t x
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dy d /x
priatrre (eed)
dy [(nn) §2 () - () f ()
dx (Inx)?

ay (@ - (3)

dx (Inx)?

dy Inx-1
dx — (Inx)?

iv) y=x%In G)
Solution.
lety = x2%In G) =x%In(x"1) = —x?In(x)
Differentiate w.r.t x
8oy
ay _
dx
ay _
dx

[(XZ)i (Inx) + (lnx):—x(xz)]
[(xz)( ) (lnx)(Zx)]

= —[x + 2xinx]

ed
dx
v _

i —x(1 + 2inx)
Which is required.

v)

Solution.

lety= In i Y (xz_l)

x2+1 2 x2+1
Differentiate w.r.t x

dy _d 11 x?2-1
dx  dx nx2+1

dy _ 1[ 1 d (xz—l)]
dx 2 'x%-1 dx \x2+1

241

dy 1(x?+1)( &+ 1)0?—,6(962 - Del” - 1)%(x2 +1)
dx  2(x2—1) (x?+1)2

dy <(x2 + 1)(2x) — (x% — 1)(2x)>

dx 2(x2 -1 (x%2+1)
dy (2x(x*+1-x*+1

dx < 2(x2 — D(x%2 + 1) )
dy 2x

dx ((x4 — 1))

Which is required.

vi) y=In(x+Vx2+1)

Solution.

Lety = In(x +VxZ + 1)
Differentiate w.r.t x

dy 1 <\/m +x >

dx  x+vVxZ+1\ VaZ+1
1

x2+1

Chapter 2

|

Which is required.
vii) y =In(9 — x?)
Solution.
Lety = In(9 — x?)
Differentiate w.r.t x
% = j_x (1n(9 —x?)
dy 1
dx 9 —x2 dx( — %)
dy 1
dx  9—x2 (=2%)
dy —2x
dx 9 —x?
Which is required.
viii) y=e"
Solution.
Lety = e “*.sin2x
Differentiate w.r.t x

dy _ 2% e
a =7 (e™**.8in2x)

2x sin2x

—-2x

dx
dy
dx
Which¥§required.

2e8°* (cos2% — sin2x)

iX) y=e*x3+2x*+1).

Solution.
Sthtey = e *(x3+ 2x?+1)
Differentiating w.r.t “x”’
dy
dx
+1)

d
dx
% =e ¥ (—x3—2x% -1+ 3x? + 4x)
dy
=

x) y = xe
Solution.

—e X (x3—x%—4x+1)

sinx

Since y = xeSin¥
Differentiate w.r.t.
dy d

a_dx

A ( smx)

(x)+(x) ( stnx)
dy _

T (e5™*)(1) + (x)(e5™* (cosx))
% = e5""* (1 + xcosx)
Which is required.
xi) y = 5e
Solution.
Lety = 5e
Differentiate w.r.t x

dy d 3x—4
dx  dx (e )

2 II

esinx)

3x—4

3x—4

= (e"?*)(€0s2% (?)) + (sin2x) (e ?*(-2))

d
—=((x3+2x%+ 1)a(e"‘)+e‘xa(x3 + 2x?

& (x3 +2x2+1)(e™*(—1))+e*(3x2 + 4x)
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Which is required.

Xii) y=(x+1)*
Solution.
Lety = (x + 1)*¥
Differentiate w.r.t x
Taking In on both sides
Iny = In(x + 1)*
Iny =xln(x+ 1)
1dy

Sax (In(x + 1)) — 0+ x—(ln(x +1)

ldy :
Sax (In(x + 1))(D) + (%) (x+1) (E)
dy  (In(x+1D+1

- <x+—1>

:(x+1)"<ln(x+1)+1>

i
dx x+1

Zy G+ 1) 1(n(x + 1) + 1)

Which is reqwred

xiii) = (Inx)"x
Solution.
Lety = (Inx)"*
Differentiate w.r.t x
Taking In on both sides
Iny = In(inx)"™*
Iny = Inx. In(Inx)

ldy d d
S = (nn) 2 (tnx) + (Inx) gfin @)

ldy 1 1
S = (nn)) (x> ok )m (—)
dy _ y <ln(lnx) +1 >

dx X

d_y — (o) <1n(x +1)+1 >

x
dy (x+ 1)*
dx

Qi#3) Flnd |f

(i) y = cosh2x
Solution.

(In(lnx) + 1)

Lety = cosh2x

Differentiate w.r.t x
dy _ d h2
dx — dx (cosh 2x)

@ _ inh2 d 2
dx—sm xdx(x)

Y _ sinh2x 2
dx—sm x (2)

d
atd = 2sinh2x
dx

Which is required.

(i) y = sinh 3x
Lety = cosh2x
Differentiate w.r.t x
dy
dx

y d
Tr cosh2x Ix (3x)
dy
T cosh2x (3)
ﬂ = 3cosh3x
dx

(iii) y = tanh~1(sinx), — g <x< g
Sol:

Let y = tanh™!(sinx)
Differentiate w.r.t x

dy d .
= dx (tanh#(sinx),)

dy 1
dx  1- (smx)2 dx
v _

dx 14 sm2
dy ‘easx

_ 4 inh 3
= (sinh 3x)

= (8inx)
(cosxy

— = = secx
d& eos2x

(iv) y = sinh™1(x3)
Bety = sinh™1(x3)
Differentiate w.r.t x

dy d 5
I dx (sinh™(x>))
dy 1 d

dx /1—(x )2 dx
ay _ 2

dx V1-x© (3x )
dy _ 3x2

o Vie

(v) y = In(tanh x)
Let y = In(tanhx)
Differentiate w.r.t x

YD _ 4 qnctanh
dx—dx(n(an x))

dy _

dx  tanhx dx
dy coshx h2
dx  sinhx (sechx)

dy coshx

x%)

(tanhx)

dx  sinhx cosh? x
dy 1

dx  sinhx coshx
. — -1(X
(vi) y = sinh (2)
Sol:
— sinh-1(*
Let y = sinh (2)
Differentiate w.r.t x

d d
i = a (Sinh_l -
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dy 1 d

dx  1- (sinx)? dx (sinx)

Successive dif ferentiation

(or higher derivative)
Lety
= f(x)be a function, then its successive or higher
are given below.
1st derivative 2nd derivative 3rd derivative

12 nr

y y
d?y d3y
dx? dx3

}’22 3’33
Dy Dy
' (x) ()
d?y d3y

d2x deed

Exercise 2.7

Question # 1
Find y,if:

(i) y=2x5—-3x*+94° Fx -2
Solution.
Lety = 2x° —3x* + 4x3 +x — 2
Differentiate w.r.t x
dy

d
a=a(2x5—3x4+4x3+x—2)

yp = 10x* —12x3 + 12x2 + 1
Again differentiate w.r.t x

d 4 3 2
y2=a(10x —12x° 4+ 12x* + 1)

y, = 40x3 — 36x2 + 24x
Which is required.

3
(ii) y=(2x+5)2
Solution.
dy

d 3
_ = — 2
T dx (2x +5)

3 1
1= E(ZX +5)2(2)
1
y1 =3R2x+5)2=3y2x+5

Chapter 2

Again differentiate w.r.t x
d

3
-2 2
2 2\/2x+5()
3

yz:\/2x+5

Which is required.
_ 1
(iii) y =+ e

i = Jx — L
Sol: Since y = Vx NS
1 _1
y = X2 —Xx 2
Differentiating w.r.t “x”
1 1 1 3

= —x_i + —x_i
Y173 2
Again differentiate w.r.t x

B d (1 _%+1 _%)
V2= e \2* T
1 3 <3 (s

=—x 2+ —=xl2
Y2 4x + 4x
-1 3 4-3,35
vy

Which isggequired:
Question# 2 Find y,if:
W), y=x2e*
Solttion.
ety = x%.e”
Differentiate w.r.t x

dy _d

a = a (x .e )

y1 =0 (1)) + (e™)(2x)

y1 = e *(2x — x?)

Again differentiate w.r.t x

o = (e (2x — %)

y2 = (2x —x*))(e™(—1)) + (™) (2 — 2x)
y, = e ¥(=2x +x%+ 2 —2x)

Yy, = e *(x? —4x + 2)

Which is required.

0 =)

dy d 2x+3
= — yl - . ln
dx dx 3x+2

= < [In(2x + 3) — In(3x + 2)]
y1=22x+3)" =33x+2)7!

X

NG Zi(2x+ 3)7 - Bi(Bx +2)7t
dx? Yz dx dx
=2(-1D2x+3)? :—x 2x+3)-3(-1)Bx+2)? % (Bx+2)
= —2(2x +3)72(2) + 33x + 2)")(3)
4 9
Y2 = T x5 T Bx+2)2
_ —4(3x +2)? +9(2x + 3)?
a (2x + 5)2(3x + 2)2
—4(9x% + 4+ 12x) + 9(4x% + 3 + 12x)
- (2x + 5)2(3x + 2)2
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_ —36x” — 16 — 48x + 36x62 + 81 + 108x

(2x + 5)2(3x + 2)?
60x + 65
Y2 = 2% + 5)2(3x + 2)2
Q#3) Find y,if:
(i) x? +y% =a?
Sol:
Differentiate w.r.t x

d d
(42 2y - % 2
— (2 +y?) = ——(a?)
2x+2yy; =0

2yy, = —2x
X

yp=—=
Y

Differentiating again w.r.t “x”
v _ (f)
dx y

d d
dy, g -0z O
dx )2

MWD - @ ()

2T )2

Put value of “y,”
- (-3)
2T\ T o

5
Yy

=\ o

Differentiate w.r.t x
d d
(433 = — (43
==y = (@)
3x2-3y%y, =0
3y2y, = 3x2

2

Differentiating again w.r.t “x”

dy, d (x?
35_55G5>

2 d 2 2 d 2
dy, O () - D)5 0
dx (2)?
~ ) @x) - (D) (2yyy)
- .

Y

Put value of “y,”

(y2)<zx)-<x2)<zy(§§)>

y4

()

4

y
2y%x? — 2x4)

_ y
Y, = v

2x(y® — x%)

Y2 V5
—2x

= y5 (xs_ys)

d?y 2x
az = @)
2xa’
Yo =—
2 y5

(iii) x = aceswy,= asinf
Sol:
X = acosl ,y = asinf

& _ £ Qcost) = a(-sibh) = —asind
o 10 acosf) = a(—si = —asin
dy_ d (asing) = p
0= 20 asinf) = acos
By chain rule, we have
Y 2 = (acost)
dx _do dx %08
dy  coxf

—asin@)

dxz_ pray-i —cotf = y; = —cotf
d do

= d_x}zl = a(—cot@) = —(—cosecze)a

= cosectt (—o=5) = ooz (Soons)
— cosec —asinf/) ~ sin?6 \—asind
d’y -1
dx?  asin36

—1
Y2 = L sin? 6
Which is required
(iv) x = at? y=bt*
Sol:
x
x=at’=>t>=-

a
y= bt4=>y=b(§)2
bx?

aa

Differentiate w.r.t x

dy b d
dx
b
V1= E(Zx)
Again differentiate w.r.t x
_2bd @
T aZdx

x?)

V2
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x*+y*+2gx+2fy+c=0
Sol: differentiate w.r.t “x”
< (2 +y? +2gx+2fy +¢) == (0)
2x +2yy, + 29+ 2fy; =0
ytfy=-x—g

o+ =-(+g9)
_x+g

y+f
Differentiating again w.r.t “x”

dy, d(ix+g
& whT1)
dy, NG+ -Gt E O+
dx 0 +)?

) ((y+f)(1) - (x+g)(y1)>

.

Y1 =

r+1)?

Put value of “y,”
G+HW-G+9) (-3
v+ f)?

(G + (x+9)?
V2 " v+ )3

B (y2+f2+2fy+x2+g2+29x>
=

yzz_

v +/)?
Y
_ ((xz+y2+2gx+2fy+C)+f2+g2—c

v+1)3

(@4 g —c
2T\ T G

2
—f*-g +c
Vo == =3
2 v +1)3
d2y= —f?-g*+c
dx? +1)3
2
dy _c—f?-¢°
dx? +f)3
Q#4 Find y, if:
(i) y = sin3x
Sol: Differentiate w.r.t x

dy d('3)— 3d3
- dx sin3x) = cos xdx(x)

y, = c0s3x (3)

y; = 3c0s3x

Again differentiate w.r.t x
d?y
dx?
3 (—sin3x (3))

y, = —9sin3x

Again differentiate w.r.t x

d ] d
=y, = T (3cos3x) = 3(—sin3x) T (3x)

Chapter 2

)

d3y
dx3
= —9 cos3x (3)
y3 = —27c0s3x
Again differentiate w.r.t x
d*y
dx*

d ) d
=y; = T (—9sin3x) = —9(cos3x) Tx (3x)

d
=y, = a(—27c053x)

d
= —27(—sin3x) Tx (3x)

= —27 (—sin3x (3))
vy, = 81sin3x
Which is required
(ii) y = cos3x
+ cos3x = 4 cos® x — 3cosx

Sol: | = cos3x + 3cosx = 4cos®x

1
= - (cos3x + 3cosx = cos? x

Thus

1
y = v [cos3x + 3cosx]

dy_ _1[d( 3)+d(3 )]
y1—4 . ¥ cos3x dx cosx

dx
= %[(—Sin3x(3) + 3(—sinx)]

3
n=-gz (sin3x + sinx)

3 (L (sin3x) + = (sine)
4 dx Sinsx dx sinx

3
=-7 (cos3x (3) + cosx)

d2
) S
dx?

3
=y =-7 [(3cos3x + cosx)]

3
~3 (—9sin3x — sinx)

3
Y3 =7 (9sin3x + sinx)

d*y 3r.d . a .
= = Y, = 7 [95 (sin3x) + Tx (sinx)

= —[9c0s3x(3) + cosx]

3
=3 [27cos3x + cosx]

3
=2 (27(4 cos® x — 3cosx) + cosx)

3X27 X4 3 3X27%x3 3
= ——(CO0S x——COSJC+ZCOSJC

4
243 3
81 cos3x — — Cosx + 760X

3—1243

y, = 81cos® + ( )cosx

3 240
=y, =81lcos’x —Tcosx

y, = —60cosx + 81 cos3 x
ys = 81 cos3x — 60cosx
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(i)  y=Inx?-9)=In(x-3)(x+3)
y =In(x —3) +In(x + 3)

= i [In(x — 3) + In(x + 3)]
dx

_ -1 -1
o= =T (x4 3)

d 1, 4 -1
2y == DT+ 3)
Y2 = (D =372+ (-D(x+3)7?
d3y d _2
== Chx—=3)
+(—D(x+3)72

y3 = (DD -3)73
+(DEDE+3)7

= 4= (DD D (DD 43
=(DE)EDE-3)7

+(DEDEDE DT
6 6

V4T T 3% (x+3)*
S +3)*]
- [(x—3)4+ /(x

d*y
dx*

Q#5)
if x = sinm@, y = cos6, show that (1 —
x)y, —xy; + m?y =0
Sol: Since x = sinmf = 0 = %sin‘l(x)
Andy = cosf = 6 = cos™1(y)
= isin_l(x) = cos 1(y)

Differentiate w.r.t x

— 2 (sin () = = (cos™L )
11 -1
my1—-x2  J1-y

=>m /1—y2=—\/1—x2y1

On squaring
(1-xHyf =m?(1-y?)
Differentiating again w.r.t x
(1= x?)2y1y2) + (=20 (yf) = m*(—2yy,)
Taking common 2y,
2y1[(1 = x®)y, —xy] = —2mPyy,
(1= x*)y, —xy, = —m?y

(1 —x*)y, —xy; + m?y =0
Hence proved.

2

Q#6) f y = e*sinx , show that%
Sol: y = e*sinx
Differentiate w.r.t x

d_y = —(e*sinx)
dx dx

dy .
= (e*)(cosx ) + (sinx)(e*)

> (1)

2dy

dx+2y=

dx
dy
dx
Differentiating again w.r.t x

= e*(cosx + sinx)

= (e*)(—sinx + cosx) + (cosx + sinx)(e*)
= e*(—sinx + cosx + cosx + sinx)

— = e*(2cosx)
Now consider
d?y 2dy
W - E + Zy

= (ex(Zcosx))

— 2(e*(cosx + sinx)) + 2(e*sinx)
= e*(2cosx — 2sinx — 2cosx + sinx)
= e*(0)
d?y 2dy
dx?  dx
Hence proved.

+2y=0

2
Q#7) If y = e**sinbx, show that % —2a
(a®> +b*)y=0
Sol: y = e™sinbx
dif flerentiate w.r.t x

dy d %
a—a(e sinbx)

d

d_i’ =.(F%)(cosbx (b)) + (sinbx)(e*(a))
d

d—i— =«¢""(bcosbx + asinbx)

Differentiating again w.r.t x
d’y .
— = (e*®)(—bsinbx (b) + a cosbx (a))

dx?
+ (bcosbx + asinbx)(e**(a))

2
d—}zl = e‘”‘(—bzsinbx + abcosbx + abcosbx
x

+ a’sinbx)
d’y 2 2
ke e (—b“sinbx + 2abcosbx + a“sinbx)
X

Now consider
2
% - 2a3—y+ (a* + b?)y
= (e%*(—b?sinbx + 2ab cosbx
+ a%sinbx))
— 2a(e®*(bcosbx + asinbx)) + a?
+ b?(e*sinbx)
= e (—b%sinbx + 2ab cosbx + a*sinbx
— 2ab cosx — 2a®sinbx + a® sinbx
+ b2sinbx)
=0
2
%—Zaj—y+ (a*+b*)y=0
Hence proved.
a#8) If y = (cos™! x)z,
prove that (1 — x%)y, —xy; —2=10
Sol:
Lety = (cos™! x)?
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Differentiate w.r.t x
dy d 1 2
I dx ((cos™ x)%)

y; =2cos™1x (

~1
)

On squaring

y? =4 (cos™ 1 x)? (1 —1x2)

(1 —x2)y? = 4 (cos™ 1 x)?

(1 —x*)yf =4y

Differentiating again w.r.t x

(1= x*)y1y2) + (=2)(¥7) = 4y,
Taking common 2y,
2y, [(1 = x*)y, — xy1]
(1 —x®)y, —xy; =2
1—=x®)y,—xy; —2=0

Hence proved.

QH9) If y = acos(lnx) + bsin(Inx), prove that

zdy
X
dx2+

Solution.

Let y = acos(Inx) + bsin(Inx)
Differentiate w.r.t x

dy
dx

d
=7 (acos(Inx) + bsin(Inx))
dy
A

I (— sin(lnx) (%)) +b (cos(lnx) (%))

Multiply by x

=4y,

+y—0

x—y = —asin(lnx) + b cos(Inx)

dx
Differentiating again w.r.t x

e
o)

- (%) (acos(Inx) + bsin(Inx))

Hence proved
MclLaurin Series: The series

2 n
fG) =f(0) +xf"(0) + %f”(O) +oe %f”(X) is
known as “McLaurin Series expansion.
Proof:
We know that power series of f(x)in x
f(x) =ag+ a;x + ax? + azx® + agx* + -+ apx
ad0)
= f(0) = ap == f(0)

n

f'(x) = a; +2a,x +3a3x? + 4a,x3 + -
+ na,x™ !
= f'(0) = a; = a; = f'(0)
f"(x) = 2a, + 6azx + 12a,x% + -
+n(n — Da,x™?

f(x) = 2a; = a, = me) _f 3<!0)
£(x) = 6as + 24a,x + -+ n(n — D(n — 2)ax™3
nr 0 nr 0
= flu(O) = 6a3 fT() _ f 35 )
1

Similarly, = a,, = ”

Putting valves of a4, a,, as, ..,
3
x x

fG) = F(0) +xf'(0) + = £ (0) 37 £ (0) + -

n

X n
+Ef (0

a, in (1)
2

NOTE:

A function f can be expanded in Machianrium
series If the funétionlis defined in the interval containing
0 and its derivative exist at = 0 the expansion is only
valid if it is converge:
The above expamsion is also named as “MclLaren’s
theorem?
Note:

. 1, . . .
MclLaren's series for s the geometric series with

firstterm 1 and common ratio x

a

S = 1= we have

_ 2 _ 434 ... 1

1—x+x x° + +1_(_x) Tix
Taylor Series:

The series
fGe+h) =fG)+f'(0h
Is known as “Taylor series expan5|on

Proof:
Let the power series of f(x)in (x — a)

f ( ) f”’(X) f"(X)

——h 4t

f(x)=ag+a;(x—a)+a,(x—a)®+az(x —a)?
+a,(x—a)*+ -+ ap(x—a)" - (1)

= f(a) =ag+a,(a—a) +ay(a—a)?+ az(a—a)
+ - +az(a—a)t

= f(a)

f'(x) = a; +2a,(x — a) + 3a3(x — a)? + 4a(x — a)?
+ -+ nay(x —a)" !

= f(a) =ag = a,

=f@=a1=a,=f(a)

f'(x) = 2a, + 6a3(x — a)2a,(x — a)® +
+n(n-1Da,(x — a)* 2

flll(a)

= f"(a) = 6az = az = 30
(@)

Similarly, a,, = -
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Putting valves of a4, a;, as, ..., a,, in (1)

" f(x) = f(0)+xf'(0) -|- f”(O) _|_ fm(o)
fX)=fa)+f(@(x—a) +f2_(!x)(x —a)?+
%(x—a)3+...+¥(x_a)n_> (2)

This expansion is the Taylor seriesfor f at x = a.
Replace x by x + h and a by x we get 4
X x

1 D=x——+—-———

fa+h) = f@ +f @G +h—2x) Nl =x oot
" Hence Proved

+— / ( ) (a+ h — x)? X6
,,, (ii) Cosx—l——+—|——+
f (x)

+ 31 (x+h—x)3+- Solution. Let f(x) = Cosx

fn(x) f(O) =Cos0=0
+ n! (x+h—h)"+ - f'(x) = =Sinx
' £'(0) = —Sin0 = 0
fl@a+h) = f)+f@)h) + (W)? +——(h)? f"(x) = —Cosx
f"( x) f"(0) = —Cos0 = —1
+- (" + - f""(x) = Sinx
f"(0) = Sin0 =0
Note: f(4)(x) — Cosx
if we put a = 0in(2)then f(x) FB0) =Cos0=1
, f") , £ (x) = —Sinx
= FO + f1(0)x + == x4 F30) = -Sin0=0
fn(o) f®(x) = —Cosx

n! £©®(0) = —Cos0 = -1
Which is McLaurin’s series.

The above expansion is also named as Taylor theorem By'Maclaurin Series

f”( ) f”’( x)

Exercise 2.8 FG) = F(O) +xf'(0) + f”(0)+ fm(o)

uestion # 1. Apply the Maclaurin series expansion x*

to prove that:
. _ XZ X3 x4
(i) ln(1+x)—x—7+7_r+
Solution. Let f(x) = In(x + 1) i } )
£(0) =1n(0 + 1)£ 1 =0 Cosx =1+ x(0) +§(_1) +§(0) +E(1)
_ 1 x5 %6
F'6) =75 +5 O+ (D
1 L !
= x X
7= 1 Cosx=1—§+4!
f'x) = — Hence Proved.

x + 1)2 2 3
El ) (i) VItx=1+7-T++

fr= (0+1)2 =1 Solution. Let f(x) = V1 + x
2 — —
Mo f(O)=vVi+0=1
1m0 =G5y 1 1
2 frl)=50+x)2

=2
©+1) £1(0) = %(1 1 0)7 =

4

£1(0) =
F@e) =

1
2
3
"2

G+
F90) =

O+1D* f10) =5.—@1+0)" 7=
By Maclaurin Series 4

1—1 -3

f”'(x)_z -5 A+x)" 2

flll(o)
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By Maclaurin Series

2 3
f() = FO) +2f'(0) + 5 £(0) + 5 £/ (0)

1 x%2/ 1\ x3/,1
Vitx=1+x(c)+>(-=)+=
T +x<2)+2!< 4)+3! *

x% x3

x
Cosx = 1+§—§+E
Hence Proved.
(iv) eX= 1+x+’;—2!+’;—3!+
Solution. Let f(x) = e*
fO)=e’=1
fl(x) =¢*
f0)=e =1
[ = e
') =e"=1
[0 = e
") =e’=1

By Maclaurin Series

2 3
FG) = FO) +xf'(0) + 5 £(0) + 5 £ (0)

X x3
e*=1+x(1) +Z(1) +§(1) +
x? x3
e*=1 +x + 7 + ?
Hence Proved.
(v) eZX:1+2x+42i,2+83—’f+
Solution. Let f(x) = e**
f(0)=e*® =1
f'(x) = 2¢%
£'(0) = 2e° =2
f'(x) = 4e%¥
f"(0) = 4e% =t
' (x) = 8e?*
f"(0)=8e"=38

By Maclaurin Series

2 3
FG) = FO) +xf'(0) + 5 £(0) + 5 £ (0)

x? x3
e?* =1+ x(2) +?(4) +§(8) +

oy 4x% 8x3
e*=1+42x+ 7 + ?
Hence Proved.

Question # 2 Show that Cos(x + h) = Cosx —
2 3

hSinx — %Cosx + %Sinx +

And evaluateCos61°.

Solution.

Let f(x + h) = Cos(x + h)

Chapter 2

f(x) = Cosx
f'(x) = =Sinx
f"(x) = —Cosx
f""(x) = Sinx
By Taylor Series

h? h3
flth)=fC)+hf'0)+ 5 f)+ 57 ()

hZ
Cos(x + h) = Cosx + h(—Sinx) + el (—Cosx)
5 !
+ 3 (Sinx) +
hZ
Cos(x + h) = Cosx — hSinx — gCosx + gSinx

Hence Proved.
T
Now ,Putx =60°and h =1° = — rad

180
= 0.01745 rad
Cos(60° + 1%99,= Cos60° — (0.0174 5)Sin60°
(0.01745)?

2!
0.01745)3
%Sln600 +
Cos1°) = 0.5 — (0.01745)(0.866)
(0.01745)2
— T(0.5)
(0.01745)3
T(0.866) +
Cos(61°) = 0.5—-0.0151117 — 0.000076125
+0.000000072 +

Cos(61°) = 0.484812247 ~ 0.4848
Which is required.

Cos60°

Question # 3 Show that 2*+h = 2* [1 + (In2)h +

In2)? %+ 2?4 ]
Solution.
Let f(x + h) = 2¥*"
flx)=2"
f'(x) = 2*.lna
f"(x) = —Cosx
f"'(x) = Sinx
By Taylor Series

h? h3
fGeth)=f0)+hf700)+ o f70) + 3 f7 ()

h2
Cos(x + h) = Cosx + h(—Sinx) + 2 (—Cosx)
h3 '
+ el (Sinx) +
2

h h
Cos(x + h) = Cosx — hSinx — ?Cosx + ySinx

Hence Proved
Geometrical meaning of a derivative:

40| Page



Class 12 Chapter 2

Let us draw a curve of the function y = f(x)
take two neighboring points P(x,y) and
Q(x+6x,y+dy) on the curve. Draw a
tangent line to the curve at pt.
p(x,y) Such that it

@ with x — axis .

Also Draw a secant line to the curve passing through
the pts. p(x,y)and Q(x + 6x,y +

6y).the secent line

makes angle @ with x — axis.

Draw L PM and QN from P and Q on x —
axis.Also

draw perpendicular PR on QN.in A PQR

tan® = 10| |QR| =8y |PR| = 6x

|PR|

makes an angle

Y
=T = —
and ox

WhenQ —» P thendx -0 6y -0
@ — @ it means secent line becomes tangent line.

Now,

lim Tan@® = li Sy:T _ Y
fmy Tan® = fiy 52 = Tang =,

But Tang is slope of tangent line. Thus geometrically
derivative of
y at x represent the slope of tangent line at p(x,y)

A

Increasing and decreasing function:

Increasing functions:

A function f is said to be increasing function on an
interval (a, b) if for every x;,x, € (a, b) then
f(x1) < f(xy) whenever x; < x,

Decreasing function:

A function f is said to be decreasing function on an
interval (a, b) if for every x,,x, € (a, b) then
f(x1) > f(x,) whenever x; < x,

Constant function:

A function f is said to be constant function on an
interval (a, b) if for every x;, x, € (a, b) then
f(x1) = f(x;) whenever x; < x,

conska nt
T T

i 1
Hoi ! f,)

L1

a " A

Alternative definitions:
Increasing functions:
A differentiable function f is said to be increasing
function if f'(x)% 0.Yx € (a,b)
Decreasing funetien:
A differentiable fungtion f is said to be decreasing
function if f'(XI& 0Vx € (a,b)
Constant function:
A differeptiable function f is said to be constant
funetion if f'(x) = 0Vx € (a,b)
Stationary point:
Any point where f is neither increasing nor
decreasing is called stationary point.
Provided that f'(x) = 0 at that point.
Relative Maxima:
A function f(x) has relative maxima f(c) at
x =c € (a,b)if
(Df(c—=06x)>0 (ii)f'(c)=0 (iiD)f'(c+ 6x)
<0
where 6x is small + ve is small number.
Relative Minima:
A function f(x) has relative minima f(c) at
x = c € (a,b)if
(Df(c—6x) <0 (@D)f'(c)=0 C(ii))f'(c+ éx)
>0
where 6x is small + ve is small + ve number.
Alternative definitions.
Relative maxima:
A function f(x) has relative maxima f(c)if f'(x)
chnages sign from + ve t — ve as x change
through C.
Relative minima:
A function f(x) has relative minima f(c)if f'(x)
changes sign from — ve t — ve as x change
through C
Relative Extrema:
Both relative maxima and relative minima are called in
general “relative extreme”
Critical Valves and critical points:
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if ¢ € Drand f'(x) = 0 or f'(c)does not exist,
Them the number c is called a critical value for f
while the point (c, f(x))on the graph of f is
Named as a critical as a critical point.
Important note:
There are functions which have extrema (maxima or
minima) at the points where there derivatives do ngf)
exist. For example

2—x ,x>0

f(x) =Ix| and @(x) = {x+ 2, x<0

do not exist at (0,0) and (0,20) resp.
But
f has minima at (0,0)and @ has relative maxima at (|
First derivative:
Let
f be dif frentiable in neighbourhood of C where
f'e)=0
1. Afunction f(x)has relative maxima at
X=CE
(a,b)if f'(x)has realtive maxima at
x=f"(c—8x)<0
2. Afunction f(x)has relative minima at
x=c€(ab)if f'(c—6x)<0,f'(c) =
0 and
f'(c+6x)>0
Second derivative:
Let
f be dif frentiable in neighbourhood of C where f'(c) =0
Then,
1. f hasrelative maxima atcif f"(c) € 0
2. f hasrelative minima at c if f" (e>0
Turning point:
A stationary point is called a turning point/or a
minimum point.
Point of inflexion:
A point at which the functionthas/neither
maximum nor minimum value is called point of
inflexion.
Procedure for finding maxima and minima of a
function:
Let y = f(x)be given function
Stepl. Find Z—z or f'(x)

Step11: putz—z =0f'(x)=0

steplll find% or f"(x) at the roots.
SteplV  check the sign of f'' (x)at the roots
*if f'(x) > 0 then f(x)has minimum value
*iff''(x) < 0 then f(x) has maximum value.
*if f'(x) =0

then no information about the function then
use first derivative rule"

Exercise 2.9
Question No.1
Determine the intervals in which f is increasing
or decreasing for the domain mentioned in each
case

f(x) = Sinx
Solution.
Given that

f(x) = Sinx i x € [—m, 7]
f'(x) = Cosx

Cosx =0
T

2
So we have Sub-intervals

(== =3) )

f'(x) = Cosx < 0 whenever x € (

;X € [—m, @]

D,2)

T
X = — ,E

s
_TL-’_E

s

2

T
2

s

)G

2
T
_71"__

7)

s

So f(x)is decreasimgui the interval (—n ,— E)

R

2 ’E)
T T

So f#Yis ingreasing in the interval (— 35

s
So"f (x)is decreasing in the interval (E ,n)

(i) f(x) =Cosx

(~53)

Solution.
f(x) = Cosx

f'(x) =€osx > 0 whenever x € (

)

/s
' @)= Cosx < 0 whenever x € (E , 7T

;X €
T T

272

Given that

e ( z
y X -,
2
f'(x) = =Sinx
Put f'(x)=0
—Sinx =20
x=0
So we have Sub-intervals (—E ,0 ) ,(0,
2

T
2)
T
-2 0)

s
So f(x)is increasing in the interval (— 3 ,0 )

)
)

;X € [—2,2]

f'(x) = —Sinx > 0 whenever x € (

f'(x) = =Sinx < 0 whenever x € (0,

So f(x)is decreasing in the interval (0 ,

(iii) f(x)=4- x?

Solution.

Given that

f(x) =4 —x? ;x € [—2,2]

f'(x)=—-2x

Put f'(x) =0
—2x=0
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x=0
So we have Sub-intervals (-2 ,0),(0,2)
f'(x) = —2x > 0 whenever x € (—2 ,0)
So f(x)is increasing in the interval (=2 ,0)
f'(x) = —2x < 0 whenever x € (0,2)
So f(x)is decreasing in the interval (0,2).

(iv) f(x)=x*+3x+2
[—4,1]

;X €
Solution.

= f'(x) =2x+3
Put f'(x) =0=>2x+3=0
3

Sx=—=
=73

3
v 2x+3is+ ve in<—§,1>

So f(x)is increasing on the interval (— %, 1)
w2x+3is

3
—vein (—4, — E) so f(x)is decreasing

On the interval (—4, —%)

Question. 2.

Find the extreme values of the following
functions defined as

i f=1-x°
Solution.
Given that
fO)=1-x3

II 12

Differentiate w.r.t
f') ==3x*— == ()
For stationary points. Put f'(x) =0
—-3x2=0
x=0
Differentiate (i) w.r.t "x", we hate
f"(x) = —6x ——— (ii)
Now put x = 0 in (ii)
f"(0)=-6(0)=0

So second derivative test fails to determine the
extreme points
Putx =0—c¢in (i)

f'(x) = =3(=¢)?
Putx =0+ ¢in (i)

f'(x) ==3(—¢)?=-3e2<0
As f'(x) does not change its sign before and after x =
0.
Since at x = 0, f(x) = 1 therefore (0,1) is the point
inflection.

i) fx)=x>-—x-2

Solution.
Given that
flx)=x?—x—-2

Differentiate w.r.t ""x"

=-3e2<0

fl) =2x—-1-()
For stationary points , Put f'(x) =0
2x—1=0
1

XZE

Differentiate (i) w.r.t "x", we have
o) =2- == ()

Now put x = % in (ii)

-

So second derivative test f(x)is minimum at x = %
1 1)\2
Now £ (3) = ()
f(

f(x) =5x*—6x+2

(iii)
Solution.
Given that

f(3). = 5x% —6x+ 2
Differentiate W gty X%
fF)E10x—6——— (D)
For stationary points. Put f'(x) = 0
10x—6=0
3
=35

Differentiate (i) w.r.t "x"’, we have
f"(x) =10 — — — (ii)

Now put x = g in (ii)

3
"(2) =10
r(5)
So second derivative test f(x)is minimum at x = %
Now

(iv) f(x) = 3x
Solution.
Given that

f(x) = 3x?

II 12

Differentiate w.r.t
f! (x)=6x———(i)
For stationary points. Put f'(x) = 0
6x =20
x=0
Differentiate (i) w.r.t "x", we have
[ =6-——(~i)
Now put x = 0 in (ii)
f'0)=6
So second derivative test f(x)is minimum at x = 0.
Now
£(0) = 3(0)?
f(0)=0.
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v) f(x)=3x2—-4x+5

Solution.
=>fx)=6x—4=f"(x) =6- (i)
Put f'(x) =0= 6x =0 = x = 0put in(i)
= f"(0) = 6 > 0 so f(x)hax minimum value at
x =0and f(0) =3(0)>=0
(vi) f(x)=2x3-2x*-36x+3
Solution.
Given that
f(x) =2x3—-2x?—-36x+3
Differentiate w.r.t ""x"’
f'(x) =6x%—4x—36——— (i)

For stationary points . Put f'(x) = 0
6x%2—4x—36 =0
3x2—-2x—-18=10

_2+/(2)?%-4(3)(-18)
T 233)
2++V4+216

6
_ 2%~220

X =

X

6
_2+2V55
6

1++55
X = 3
Differentiate (i) w.r.t "x"’, we have
f"(x) =12x — 4 - (ii)
1+V55 . ..
S in (i)

X

Now put x =

1++/55 14+/55
()52

£ <1 +3ﬁ> = 4(IFTHSSH~ 4

f”<1+\/5_5>=4+4\/£—4

f <1 +3‘/£> = 455> 0

So second derivative test f(x)is minimum at x =
1++/55
-
Now
1455\ _ (14455\ (1455’
f 3 B 3 3
1++/55
— 36 3 +3

f<1+\/ﬁ>: 2

ﬁ(1+\/5_5)3—§(1+\/£)2

36
—?(1+\/§)+3

3

Chapter 2

; (1 +3\/§> _ %(1 +3V/55 + 3.55 + 55V55)

2
—5(1+2\/§+55)—12(1+\/%)+3
1++/55) 2 2

f( 3‘/_>=ﬁ(166+58x/ﬁ)—§(56+2\/%)
—12(1++/55) +3
1++/55\ 332 116 112 4
f< 3 )—27+27\/5_—T—§\/5_—12
—12V55+3

f(l +3\/ﬁ> = —%(247 +220vV55)

1'3ﬁ in (ii)

)5

1 — /55
fll( 3

Now put x =

):4(1—@)—4

f"<1i;/%>=4—4\/£—4

£ <1 _;/%> = —4v/55 < 0

So second derivative test f (x)is maximum at
1-v55

3

Now

()5 (5

3 3
—36<1_3\/£)+3
1-+/55 2
f< 3 )=2_7
—?(1—@%3

(1-V55)' £ (1-55)’

f<1—\/%

2
3 >=2—7(1—3\/%+3.55—5\/£)

—%(1—2\/§+ 55)
—12(1—+/55) +3
f(l +3\/£> =22—7(166—58\/E)—§(56—2x/%)
—12(1—+/55) +3

1++55\ 332 116 112
f = 55—
3 27 27 9

+12V55 + 3

14455 1
f( 2 >= — - (247 - 220V55)

4
+§\/E—12
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(vii)  f(x) = x* — 4x?
Solution:
= f'(x) =4x3—8x = f'"(x) =12x*> — 8
adO)
Put f'(x) =0s04x3—8x =0
= 4x(x>*—8x) =0
=>4x(x? —2) =
4x =0 x2—-2=0
x=0 x =+V2
thusx=0 ,x=+vV2 ,x=—V2
Putx =0 in (1)
f"(0) =12(0)>—-8=-8<0
So f(x)has maximam value at x =
o and
£(0) = (0)* —4(0)* =
Put x =2 in (1)
» f'(VZ)=12(V2) -8 =12(2) - 8 =
16 >0
= S0 f(x)has minimum value at x =

V2 and
62 = 12(v2)°
:[(\/E)Z]Z —4(2)=(2)2-8=4-8=-4<
0
Putx = —/2in (1)
f1(~V2) =12(v2) -8 =12(2) - 8
=24-8=16>0
so f(x)has minmum value at
x = —V2ans f(—\/Z—) = (—\/5)4 - 4(—\/5)2
212
[(—v2)"| 4@
=(2)2-8=448-4
Wiil)  f(x) = x* — 4x?

Solution.
> f(@) =2 {(x-2)*(x - 1)}
=(x-2)— (-1 +@x— 1) (x—2)?

=(x-22Ax-1).2(x - 2)%@ —-2)

=x-22+2(x-1Dx-2)1)
fO=x-2)+2(x—1D(x—-2)
=x-2){x—2+2x—-2}
ff(x)=(x-2)3x—4)

d
£ = = {(x - 2)3x - #)

d
= (x—Z)a(3x—4)

d
+(3x—4)a(x—2)

x-2)3)+Bx-4)(1)
=3x—6+3x—4

Chapter 2

=6x—10
Put f'(x) =0, so(x—2)(3x—4)=0
x—2=0 3x—4=0

x=2

Putx =2in()f"(2)=6(2)—-10=12—-10=2
>0
sp f(x)has minimum value at x = 2 and

f@Q=02-22-1D=0
putxzfin(l)f”(é)=6(§>—10=8—10=—2<0

so f(x)has maximum value at x = = and

4
§
4 4 Z 4
6)-6G-2 6-9-(59 )
2 1 4
3 §>:ﬁ
(ix) f(x)=5+3x—x3
= f'(x) =3 —3x?
= f(x) =—6% > (1)
put f =0 ,3—3x%>=0
3(1—-@W%0, 3#0s01—x%>=0
1= x%
%= 11
Putix=in (i)has maximum value at x
=land f(1)=5+3(1)—-(1)3
=54+43-1=7
Plutx=—-1in()f"(-1) =—-6(-1)=6>0
SO f(X) hax minimum value at x = 1
and f(-1) =5+3(-1)—-(-1)3=(G-3-(-1)
f(-1)=2+1=3

Question.3.
Find the maximum and minimum values of the
function defined by the following
equation occurring in the interval [0,2x ]
f(x) = Sinx + Cos x
Solution. Given function
f(x) =Sinx+ Cosx ;x €[0,2m]
Differentiate with respect to "'x"’
f'(x) = Cosx — Slnx ———=

For Stationary points , Put f'(x) =0

Cosx —Sinx =20

—Sinx = —Cosx

Sinx

Cosx
tanx =1
tan~11 T +n
X = tan =—,T+—
4 4
T 5w

X=Tr when xe[0,27]

Now diff. () w.r.t"'x"
f"(x) = —Sinx — Cosx
Now put x = % in (ii)
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i (%) = —Sin (%) —Cos (% =

<0
So second derivative test f (x)is MAximum at x = 7

F(3)=sin(3) +

+ Cos
-3
Nowputx=%nm(u)
5=
-1
f (%n) \/1_ \/1_ T—\/_>0

So second derivative test f(x)is Minimum at x = %".

) =sin () + o5 ()

Now

G
\/_

Question. 4.
Show that y = I"Tx has maximum value at x = e.

Solution. Given that
_ Inx
y= x
Diff. wr .t ""x"", we have
dy d (lnx)
dx  dx
dy x.% —Inx. 1
p dx l xE
y 1-—Inx )
i A O
For critical points. Put% =0
1-Inx

X2
1-lnx=0
Inx=1
Inx = Ine
x=e
Now diff. (i) with respect to ""x"’, we have
d’y d /1—Inx
dx? E( x2 )
dzy x% (— %) - (1 - Inx)(2x)
dx? x4
d?y —x—2x+ 2xInx
dx? x4
d?y —3x+ 2xinx
dx? x4
At x = e , we have

d?y _ —3(e) +2(e)In(e)
ﬁ x=e — (6)4
d%y —3e + 2e
W lx=e = o4
d? —e 1
d_szl x=e S E T TS 0
Hence y has a maximum value at x = e.
Question.5.

Show that y = x* has maximum value at x = 2
Solution. Given that

y=x*
Taking Log on both sides
Iny = Inx* = xlnx
Diff. wr.t""x"”,we have

d l —d(l
a(ny)—a xlnx)

dz =v(1+ Inx)
dy
dx
For critieal points' Put% =0
x*(1+Inx)=0
As x* #0 then, 1+Ilnx=0
1+lnx=0
Inx =-1
Inx = —Ine
Inx = lne™?!
x=e !
1
x==
e

II 12

= x5(1 + Inx) — — — (i).

Now diff. (i) with respect to ,we have
d?y
= (x*(1
ypcimbe (x (1+ inx))
e L
ek nx dxx x dx( nx)
T 1+ 0w (L4 ) + X<1)
Tz nx)x nx) +x* |~
d%y 1
7 — X 1 2 _]
T2 x [( + Inx) +x

d’y ” [x(l + Inx)? + 1]

dx?

we have

X
A1:x=l
1
e

dxz |X'_

dy 1+1n(
1
e

d2y
dx 2

. 1

Hence y has a minimum value at x = =

Application of maxima and minima:
1. If we first from the relation of the form y =
f (x) from the given information.
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2. Find the maximum or minimum value of f as
required by using 1t or 2" derivative value.
*mostly we will uses 2" derivative rule.

Exercise 2.10

Question Nol.find two integers whose sum is 20 and
their product will be maximum.
Solution:
Let x and y be req. integer’s product f(x) = xy
By given condition x + y = 30
= y=30—x- (i)
So,f(x) = x(30 — x) = 30x — x?
= f'(x) =30 — 2x
= f"(x) = -2 - (ii)
Putf'(x) =0 30—2x=0
= 2x =30 = x = 15 put in (ii)
= f"(15)=-2<
0 thus f(x)has maximum value
Atx =15andputin (i) > y=30—-15=15
Soreq.integer are 15 and 15.
Question No: 2 divide 20 into two parts so that the
sum of their squares will be minimum.
Solution:
let x and y be req.two parts of 20.sox +y =
20
=2>y=20—-x- (i)
by given condition f(x) = x? + y?
= f(x) =x%+ (20 —x)? = x? + 400 + x4~
40x
= f'(x)=4x—-40= f"(x) = 4 - (1)
= Putf'(x)=0 4x—-40=0
x—10 =0 = x = 10 poityin (i)
f"(10) = 4 > 0 so f(x)hax minimum palue at x
=10
and put in(i)y =20 210 = 10
So req. two parts of 20 are 10 and 10.
Q3. Find two positive integers whose sum is 12 and
the product of one with the square of the other will
be maximum.
Solution:
Let x and y be req.integers by given condition;
x+y=12y=12—-x - (i)
Product = f(x) = x?y = x? (12 — x)
= f(x) = 12x% — x3
= f'(x) = 24x — 3x?
(i)
put f'(x) = 0= 24x —30x2=0= 2(8 — x)
=0
=>x=0andx =8
Putx=0in(ii) = f"(0)=24>0
So f(x)has minimum value at x =
o which is not required

SoPutx =8in (ii)f"(8) =24 — 6(8) =24 —48

= f"(x) =24—-6x -

f"(8)=-24<0
So f(x)hax maximum value at x =
8 and put in (i)
y =12 —8 =4 sorequired are 8 and 4.
Question No.4 The perimeter of a triangle is 16cm. if
one side of the other sides for maximum area of the
triangle?
Solution:

y

Let x and y be other sides.
« perimeter = x +y + 6(sum of all sides)
16=x+y+6
16—6=x+y
x+y=%0
Andy = 10% x5 (i)
XHy*H6 16

« S& > > orS=8
Also areag®” = f.(xN&= s(s —x)(s — y)(s — 6)
>%f(x)=8(8—x)(8—y)(8—16)
2 S &) =16(8—x)(8—y)
=16(8 —x)(8—- (10 —x))

f(x) =(8-x)(x—-2)

@) =16 (8- -2)

=16((8 —x)(1) + (x — 2)(-1))

=16(8—x —x+2) =16(10 — 2x)

f'(x) =160—-32x =0

f"(X) =—-32 - (ii)

Putf'(x)=0=160—-32x=0

2 32x=160=>x=5

putx =5in(ii) = f"(5)=-32<0
Thus f(x)has maximum value at x =
5 and put in (i)
y=10—-5=5

Hence req. sides are 5cm and 5cm.
Question No.5 find the dimension of a rectangular of
largest area having perimeter 12cm.
Solution:

Let x and y be required dimensions.
Perimeter = x +y + x + y(som of all sides)
= 120 = 2x + 2y
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=>x+y=60
Andy =60 —x - (i)
v Area of f(x) = xy rectangle)
= f(x) = x(60 — x)
f(x) = 60x — x?
= f'(x) = 60 — 2x
= f"(x) = -2 - (ii)
Put f'(x) =0 so60—2x=0
f'"(x) = -2 - (ii)
Put f'(x) =0s060—2x =0
2x =60=>x =%= 30 put in (ii)
= f"(B0)=-2<0
so f(x)hax maximum (largest)value at x
= 30and
put in (i)y = 60 — 30 = 30
“hus required dimensions are 30cm? where its
?7 erimter is minimum.
Question NO.6 find the length of sides of a variable
rectangular having area 36cm? where its permeter
is minimum.
Solution:
let x and y be required length
Perimeter =x+y+x+Yy
= f(x) =2x+2y

Chapter 2

= fx)=2(x+y) - (@)
area of reactangle = xy

= 36:xy=>y=%

. 3
so(i) = f(x) =2 (x +76)
flx)=2x+7271

y

fley=2-2,
£ =5 = i)

, 72
Putf(x):0=>2—;:0

f'(x) = =72(-2)x 3 "%

2=%=>x2—36=>x=i6n
xX=6 x = —6(rejected ltegth is always is +
ve)
iy ey 144 144
= Putx = 6in (iii) f"(6) = ©° — 216 >0
So f(x) has minimum value at x = 6 and put in(ii)

36

So sides of rectangle are 6cm and 6¢cm.
Question No.7 A box with a square base and open
top is top is to have a volume of 4 cube dm. find the
dimensions of the box which will require the least
material.
Solution:
Let length, width, and hieght of box are x,x and y
repectively. So
Volume=x X x X y = x2y - (i)
D 4=x’y>y= ;—2

» surface area of the box =

(area of the square + area of 4 verticle width)

2 f(x)=xXxX4(xxXy)
2 f(x) =x? =4xy

X4 4
x2+4x(p) Y=
fx)=x2+16x"1= f'(x) = 2x + 16(—1)x~2
16
f'(x)=2x )
SF(x0) = 2 + 16(—1)(=2) x3
32
F00 =2+ 5 - ()
2x3 — 16
0

16
putf’(x)=0502x—;=0=>

=22(x3-8)=03M3-(2)3%=0

Pughin () f¥ (x) = 2 +% >0

= f(x)hax@inimum (least)value at x =
2.amd

put in (i) =>y=%= 1
Hence
2dm, 2dm and 1 dm is the dimension of box
Question No.8 find the dimensions of a rectangular
garden having perimeter 80m.if its areaisto b
maximum.
Solution: Let x and be required dimensions.
perimeter =x+y+x+y
80=2x+2y=>x+y =40
=>y=40—-x- (i)
area of rectangular = f(x) = xy

X

X

f(x) = xy = x(40 — x) = 40x — x?
f'(x) =40 —-2x = f"(x) = =2 - (ii)
put f'(x) =0s5040 —2x =0 = 2x =40
=>x —20putin (ii) = f"(20) = —< 0
= f(x)hax maximum value at x = 2
andputin (i) y=40—-20=y =20
So dimensions of rectangular garden are 20m and
20m
Question No.9 An open tank of square base of side x
and vertical sides is to be constructed to contain a
given quantity of water. Find the depth in terms of x
if the tank with lead will be least.
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Solution:
Let length, width and height of tank with square base
are x, x, and y respectively.
w volume = x X x X y = x°y
y=—-@
v surface area =
area of square + area of four verticle walls
= f(x) = x2 + 4xy
v 4v
= f(x) = x? +4x(x—2) = x? +7
flx) =x% +4vx1

4v
= f'(x) = 2x + 4v(—-1)(x7?) = 2x -=

8v
S ') =2+4v(-1D)(-2)x3=2+ = (i)

8v
Put f'(x) =0=2+4v(—1)(-2)(x"3) =2 +F
- (i)
, 4v
Put f (x)20:>2x—F=0
2x3—4v

= =0=23=4v

xZ
1
= x3= 42—v = 0= x = (2v)3 put in (ii)
1 _3

f”(Zv)% =2+8v [(217)5] =2+8v(2v) !

8v
=24+—=24+4=6>0
2v
1
= f(x)has minimum value at x = (2v)3
x3
. 2 X
and put in (i)y = Z-3
X
y=s5 which is required height (depth)intermstafix.

Question No.10 find the dimensions of the rectangular-of
maximum area which fits inside the semi —¢ircle®of radius
8cm as shown in figure.

Solution:

Let O be centre of semi — circle

let ABCD be rectangular with fits inside the

semi — circle /—\

Of radius 8cm as
cm

Shown in figure.

let |AC| = |BD| =y

Chapter 2

ALSO let |AC| = |BD| = x
so lenghtof rectangual
= 2x and width of rectangual =y

« radius 8cm(given)so |0C| = 8cm

in AOAC x* + y? = (8)? using pathagourm theorem

>y?=64—x*>y=+J64—x2
y=v64—x62 - (i)
y = —/ 64 — x? rejected being length
© Area of rectangular = 2xy = A = f(x) = 2xy

=2A4% = f(x) = 4x%(64 — x2) = 256x2 — 4x*

= f'(x) = 519x2x — 16x3
f" =512 — 48x2 > (ii)
put f'(x) = 0=>512x — 16x3 =0
= 16x(32—-x2)=0
2 16x=0 x?=32>x=+V32
=>x=0 x= \/3_,
x = —V32 rejected beinglength
So putx = put x = V32in (ii) = f"(x)(V32)
=512 — 48(v32)°
= f"(V32) = 512 — 48(32) = —1024 < 0

= f(x)has maximum value at x = V32

and put in(i)y = \/64 — (x/ﬁ)2 =64 —32=1+/32

y =32
Thus length of rectangular = 2x = 2(4v2) = 8v2
Width of rectangular = y = 4+/2
Hence dimensions are 8v2 and 4v2
Question No.11 find the point on the curve y = x*> — 1
that is closed to the poiht (3, —1)
Solution:

'-'y=x2—1—>(i)
Let p(x,y)be ¥equired point.
Let d ="@istance b\w(x,y)and (3,—1)
S d 50/@ -3+ (y + 1)?
=2 F (x—3)2+ (v + 1)?
P of(x)=(x-3+F+1)°
fx)=x>+9—6x+(x?—-1)2?+1+2(x2-1)
vy=x2—1
=x2+9—6x+x*+1—-2x2+1+2x2-2
flx)=x*+x2-6x+9
> f'(x)=4x3+2x—6
= f(x) = 12x2% + 2 - (i)
Putf'(x) =0 =24x3+2x—6=0
2x3+x—-3=0 putx=1
> x—-1D)2x2+2x+3)=0
=>x=1,2x2+2x+3=0 (rejected being complex)
so put x = 1in (ii)

take d? = f(x)

2x%+2x +3and x — 1 are factors of 2x3+x—3=0
Fx) =12(1)2+2=14>0
=f(x)has minimum value at x = 1 and put in (i)
5y=(1)2-1=0
So (1,0)is the required point closest to (3,—1)
Question No.12
Find the point on the curve y = x> — 1 s0
(1,0)is the required point closet to (18, —1)
Solution:
vy=x2—1- (i)
Let p)x,y) be the required point.
d = distance b\w p(x,y)amd (18,1)
=>d=(x—18)2 + (y — 1)2
=>d>=/(x-18)2+ (y—1)2 taked? = f(x)

= f(x) = (x —18)* + (y — 1)?
fO)=x—-18)2?+(x*+1-1)~wy=x*+1
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= x2 + 324 — 36x + x*
f(x) =x*+x? —36x + x*
f'(x) =4x3+ 2x — 36
f''(x) = 12x"2 + 2 > (ii)

Put f'(x)=0=>4x3+2x—-36=0
=2x3+x—18=0 forx =2
> —-2)2x*+4x+9) =0
x =2, 2x>+4x+9 =0 rejected being complex
Putx = 2 in (ii)

0 1 -18
2 l 4 8 18
|2 2 9 | o
2x% 4+ 4x + 9 and x — 2 are factors of
2x3+x—-18=0
put x = 2 in (ii)
= f(x) =12(2)2+2>0
=f(x)has minimum value at x = 2 put (i)
=>y=(2)2+1=5
So (2,5)is the required point which is closest to (18,1)






