Chnapter o

MATHEMATICAL INDUCTION
AND BINOMIAL THEOREM

PRINCIPLE OF MATHEMATICAL INDUCTION (Lahore Board 2009)

The principle of mathematical induction is stated as follows:

S(l) istruet.e., S(n) 1struefor n = 1 and S (k+ 1) 1is true whenever S (k) 1is true
for any positive integer k, then S (n) is true for all positive integers.
PROCEDURE

Condition 1: Substituting n = 1, show that the statement is true for n = 1.

Condition 2: Assuming that the statement is true for positive integer k, then show that
it is true for the next higher integer.

EXERCISE 8.1

Q.1 Use mathematical induction to prove that the following formula for every
positive integer n.

1+5+9+....... +dn—-3)=n2n-1)
Solution:
Let S (n) be the given statement, that is

Sn):1+5+9+....... +(4n—-3) = n(2n-—1)
Condition 1

When n = [, S (1) becomes

S():4(H)-3=12-1)

1l =]

L.H.S. = RH.S. Thus C-1 is satistied.
Condition 2

Let us suppose that S (n) 1s true forany n = K € N, thatis S (k);



1+5+9+ ... +@dk-3) =k2k-1) ... (1)
Adding [4 (k+ 1) —3] an both sides of (1),

1+5+9+....... +(4k=3)+[4k+1)-3] = kKQk=D+[4k+1)-3]
= 2k*—k+4k+4-3
= 2k”+ 3k + |
= 2P+ 2k +k+ 1
= 2k(k+1)+1(k+1)
= (k+ 1) 2k+1)
= (k+1)2k+2-1)

(k+1)[2(k+1)~1]

= n==k+1
Thus S (k+ 1) istrueif S (k) is true. Therefore C—2 is-satisfied.

Since both conditions are satistied. Therefore S (n) is truefor any positive integer.

Q.2  Use mathematical induction to prove that the following formula for every
positive integer n.
1+3+5+.u.+(2n-1) = n° (Lahore Board 2005, 2008)

Solution:

Let S (n) be the given statementythat is

S(): 1+3+5+ ...+ (2n4l1)=n"

Condition 1

When n = 1
2—-1 =1

Il =1

L.HS. = RH.S.

Therefore condition 1 1is satisfied.

Condition 2
Let us suppose that S (n) 1s true forany n = K € N, thatis
S 14345+ ...+ k-1 =K ... (1)

Adding [2 (k+ 1) — 1] on both sides



[ +3+5+...... +Ck-D+[2k+D—1] =k +[2k+1D) 1]
= K" +2k+2—1

= K+ 2k+ 1

= (kv 1)
Thus S (k+ 1) 1s true when S (k) 1s true. Therefore condition 2 is satisfied.
Since both conditions are satisfied, so S (n) 1s true for every positive integer.
Q.3 Use mathematical induction to prove that the following formula for every
positive integer n.

n3n-1)

1+4+7+...... +(3n-2) = 5
Solution:

Let S (n) be the given statement, that is

n(3n—1)
S): 1+4+T7+....... +(3n-2) = ———

Condition 1
When n = 1, S(I) becomes

- 13-1)
2
>
l =39
I =1
LHS. = RHS.

Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true forany n = K € N, that is

Sk)y: 1+4+7+... +(3k2):w ......... (1)
Adding [3 (k+ 1)—2] on both sides of (1)
1+4+7+ ... +Bk-2)+[3k+1)-2] = wﬂukﬂ)z]
k(3k—1)

= = +3k+|



3k"—k+6k+2
= 2
3K+ 5k +2
= 2

3K+ 3k + 2k + 2
= 2
3k(k+ D) +2k+1)
= 2
(k+1)(3Bk+2)
= 2
k+ 1) Gk+3-1)
= 2

(k+DG&+1) 1)
Ji

= n==k+1
Thus condition (2) 1s satisfied.
Hence S (n) is true for every +ve integer.

Q.4 Use mathematical induction to prove that the following formula for every
positive integer n.

1+2+4+..... +2%1 = 2.4
Solution:
Let S (n) be the given statement that 1s

S): 1+2+4+ ..M Wt 21
Condition 1

When n = 1, S (1) becomes

2 =211

2’ =2-1

1l = 1

L.H.S. = R.H.S. therefore condition 1 is satisfied.
Condition 2

Let us assume that S (n) is true forany n = k € N, that is

Sk 1+2+4+. .. +28 =21 .. (1)



Adding 2°* =1 on both sides

[ 4P qpdhde o e P gLl ak g g Rl
= dF_ 145"
= 2.2 1 24 0f = 2K

ok

Therefore condition 2 is satisfied. Both conditions are satisfied. Hence S (n) is true for every
+ve integer.

Q.5 Use mathematical induction to prove that the following formula for every
positive integer n. (Lahore Board 2010)

+2+4+ ------ +2n—1— _2ﬂ

Solution:

Let S (n) be the given statement, that is

S): 1+

o —
+
=
+
_|_
ﬂ_-
Il
(B
1
p—
\
L |

Condition 1

When n = 1; S (n) becomes

S(1: 1= 2[1—%}

|
l=2><§=l

L.H.S. = R.H.S. therefore condition 1 is satisfied.

Condition 2
Let us suppose that S(n) is true for any n = k € N, that 1s
| S e o 201 : 1
Tyt + EIZI' = 51: ......... (1)

1
Adding ?ﬁ on both sides of (1)

oLl 1 L L] I
+2+4+ ..... +2k—1+2k+1—1 = —;E +



2 2
Py, IR B L
= oK = K
2[2k+|7
= 2o (Multiplying & dividing by 2)
2[2k+l—]]
= 2k+1
B 2—2k+l 1 :|
= _2k+l 2k+l
1
= 2| 1—-——"—
2k+i

Thus S (k+ 1) is true of S (k) is true. Therefore condition 2 is Satistied. Hence S (n) is true for
every positive integer.

Q.6 Use mathematical induction to prove that the following formula for every
positive integer n.

2+4+6.... +2n = n(n+1)
Solution:
Let S (n) be the given statement given, that is
S(n): 24+44+6.... +2n = n(n+ 1)
Condition 1
When n = 1; S (n) becomes
S, 2 =1(1+1)
2 =2
L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis
S(k): 2+4+6+....... +2k = k(k+1)y ... (1)
Adding 2 (k + 1) on both sides
24446+ ... +2k+2(k+1)

Kk+ D+2k+1)
K+ k+2k+2



kk+1D)+2k+1)
(k+ 1) (k+2)

Il

(k+ 1) (k+1+1)

Thus S (k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied.

Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.7 Use mathematical induction to prove that the following formula for every

positive integer n. (Lahore Board 2006)
2+6+18+..... +2x3" = 3"—1
Solution:

Let S (n) be the given statement, that is

S): 246+ 18+....+2x3" =3"
Condition 1

When n = 1; S (n) becomes

S 2=3-1

2 =2
= L.H.S. = R.H.S. therefore condition | 1$satisfied.
Condition 2
Let us suppose that S (n) is true for'm = k € N, that is
S(K): 24648+ +2x3 sk (1)
Adding 2 x 311 on both sides
24 6+8+ . 253 ¥ 23T 2 3R a3
= 3" 12x35
= 3 (1+2)-1
= SE— 1

Thus S (k+ 1) 1s true when S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore S (n) is true for
every positive integer.
Q.8 Use mathematical induction to prove that the following formula for every
positive integer n. (Gujranwala Board 2003)
nn+1)@dn+)5)
6

IX3+2x5+3x7+....+nX2n+1) =



Solution:
Let S (n) be the given statement, that is

nn+1)@n+5)
6

Sn): I x3+2x54+3xT7+... +n(2n-1) =

Condition 1

When n = 1, S (n) becomes
1(2) (9

S(1): lx3:%

3 =3

=% L.HS. = R.H.S.
Therefore condition | is satisfied.
Condition 2

Let us assume that S (n) istrue for n = k € N, i.e.

k (ki 194K + 5
(+)6(+) ......... (1)

S (k) Ix3+2x5+3xT+ . +k2k+1) =

Adding (k+ 1) (2 (k+ 1)+ 1) on both sides of (1)

I x34+2%x543%x7+ ... +kQk+ D+k+D[2k+D+1]
Ckk+ D) k+5)
- 6
k(k+1)(dk+3) +6(k+1)(2k + 3)
6

+(k+1)(2k + 3)

Ck+D[k@k+5+62k+3)]
- 6

(k + 1) [4k* + 5k + 12k + 18]
- 6

C(k+ D) (4K + 17k + 18)
= 6

(k+ 1) (4k° + 8k + 9k + 18)
B 6

Ck+ D[4k (k+2)+9 (k+2)]
- 6



o k+ D (k+2)(4k+9)
B 6

B (k+1)(k+2)(dk+4+5)
- 6

_k+Dk+2)(dk+1D+5)
- 6

(kD) (k+ 1+ D[4k + 1)+ 5]
= 6

Thus S (k + 1) is true when S (k) 1s true. Condition 2 is satisfied. Since both conditions are
satisfied. Therefore S (n) 1s true for every +ve integer.

Q.9 Use mathematical induction to prove that the following formula for every
positive integer n.

nn+1m+2)
3

Ix24+2x3+3x4+... nn+1) =

Solution:
Let S (n) be the given statement, that is

n(n+1)(n+2)
3

Sn): 1x24+2x3+3x4+ ... nn+1) =

Condition 1
When n = I; S (n) becomes

1 (2)(3)
3

S(): Ix2 =
2 =72
= [.L.H.S. = R.H.S.
Hence condition 1 1s satisfied.
Condition 2

Let us assume that S (n) 1s true forany n = k € N, 1.e.

S Ix2+2x3+3 x4+ ... +k(k+1):k(k+13)(k+2) ......... (1)

Adding (k+ 1) x (k+ 1+ 1) on both sides
I x2+2x3+3 x4+ ... +kk+1)+k+1)k+1+1)

o kk+1)(k+2)
B 3

+(k+1)(k+2)



_kk+Dk+2)+3(k+ 1) (K+2)
= 3

= (k+ 1)k : 2) [k + 3] (taking common)

Ck+Dk+2)(k+3)
B 3

_ (k+ 1) (k+1+1)(k+1+2)
B 3

Thus S (k+ 1) istrueif S (k) is true.

Therefore condition 2 1s satisfied. Since both conditions are satisfied. Therefore, S (n) i1s true for

every +ve integer.

Q.10 Use mathematical induction to prove that the following formula for every
positive integer n.

nn+1) (@n-1)
3

Ix2+43x4+5x6+....... +(2n—-1)x2n =

Solution:
Let S (n) be the given statement, that is

nn+1)(@n-1)
3

S(n): 1x2+3x4+5x6+ ... + (2n—1).(2n) =

Condition 1
When n = 1, S (n) becomes

1+ D@D

S(l): 1x2 3
2_2><3
3

L.H.S. = R.H.S. therefore condition 1 1s satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis

K(k+ 1) 4k _ |
(ke + )3( ) (1

Sk 1 x2+3x4+5x6+....... +(2k-1)x 2k =

Adding [2 (k+ 1)~ 1] x 2 (k + 1) on both sides of (1)

I x2+3%x44+5%x6+ .+ 2k—Dx2k+[2(kk+D—-1]2k+1)



kk+1)@4dk—-1)
3

_ ks 1)3(4kl)+(21<+1)><2(k+1)

Kkt D) (k- D+ 62k + 1) (k+ 1)

= 3

+[2k+D-1]2&+1

(k+ 1) [4K* Kk + 12k + 6]
- 3

(k4 1) (4K + 11Kk + 6)
= 3

(k+ 1) (4K + 8k + 3k + 6)
= 6

(k1) 4k +3) (k+2)
= 6

_k+D&k+ 1D @k+4-1)
B 6

(k) KF T+ D) (@k+1 1)
3 6

Thus S (k+ 1) istrueif S (k) 1s true.
Therefore condition 2 is satisfied. Since both*conditions are satisfied.
Therefore S (n) is true for every +ve integer.

Q.11 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1 1 __, 1 _n+l-1_ =
1x2T2x3 3xda " *nm+1) T " Tn+1" n+1 T n+l

Solution:

Let S (n) be the given statement, that 1s

1 | | |, 1 _n
1x272x3 354 T+~ ' "n+l " n+l

S (n):

Condition 1
When n = 1; S (n) becomes

|
S: 1572 = 1+1




18
2

DI | —

— L.H.S. = R.H.S. therefore condition 1 is satistied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis
S(k);1+1+1+ ....... +1=k. ......... (1)
Ix2 2x3 3x4 kk+1)  k+1

: I :
Adding k+D(k+1+1) on both sides

1 I I 1 1
1x2t 253 3xat T kk+ DYkt Dk+1+1)

Kk 1
Tk+1Tk+ 1) (k+2)

_ k(k+2)+1
T (k+1)(k+2)

K +2k+ ]
T k+1D)(k+2)

B k> + 2k + |
T (k+ 1) (k+2)

k 41)°
(k #1) (k+2)

(k+1)
k+1+1
Thus S (k+ 1) is true when 'S (k).is true.

Therefore condition 2 is satstied. Since both conditions are satisfied.

Therefore S (n) is true for every +ve integer.

Q.12 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1 1 _n
1x373x5ts5x7t Y- @n+1) T 2n+1

Solution:

Let S (n) be the given statement, that is

1 1 | I .
S 3 35t 57t ton-D@n+ ) - 2n+1




Condition 1
When n = 1, S (n) becomes

L
()3) = 2+1

S (1):

W | —

1_

3 =
= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) 1s true for n = k € N thatis
I | I | k

%3 T 3x5 T 5x7 et e @R )~ 2kl 0 trreews (1)
I
Adding [2 e D)o 1] [2 kit D+ l] on both sides of (1)
1 1 1 1
%3 73x5 57T T D K+ D T o ) 2] [2(k+ 1)+ 1]
k 1
= (2k+ T2k + 1) (2K + 3)
W’ k (2k+3)+ 1
= (2k+ 1) 2k + 3)
2k + 3k + 1

2k + 1) 2k + 3)

_2k2+2k+k+l
2k + 1) 2k + 3)

C2k(k+ D+ Tk+1)
Ck+ 1) 2k + 3)

(k+ D) Q2k+1)
2k + 1) (2k + 3)

o k+t (k+1)
2(k+1)+1

T 2k+2+1

Thus S (k+ 1) istrue, when S (k) 1s true. Therefore condition 2 1s satisfied.

Hence S (n) is true for every +ve integer.



Q.13 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1
2x5tsxgtgx11

1 _ n
T Bn-1)@n+2)  23n+2)

Solution:

Let S (n) be the given statement, that is

S (n): | | | |
(n): 2><5+5><8+8><11+ ......

n
TGn-1)(Bn+2) = 23n+2)

Condition 1
When n = 1, S (n) becomes

I 1
S 5 5 =23+2)

1

L
10 ~ 10
—  LHS. = RHS.

Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true forn = k € N, 1.e.

| I |

1 k
S(k);2x5+5><8+8><11+ ...... +(3k—1)(2k+2)=2(3k+2) ......... (1)
1
Addi both sides
= [3(k+1)-1] [3(1<+1)+2]0n o
I S S & I . I
2x5 5x8 8x11 " Gk=DGCk+2) "3+ - 1][3k+1)+2]
S 20k+2) 3 k+ 1] [3k+1)+2]
B k 1
= 2(3k+2) T (3k+2) 3k +5)
kKBk+5)+2

= 2(3k+2)(3k+5)



3k™ + 5k + 2
= 23k +2)(3k+5)

k2 + 3k + 2k + 2
= 2(3k+2)3k+3)

3k(k+1)2&k+1)
- 23k+2)(3k+5)

(k+1)3k+2)
- 23k+2)3k+)5)

k+1 3 k+1
- 23Bk+5  203k+3+2)

(k+1)

2[3(k+1)+2]

Thus S (k+ 1) istrue, when S (k) is true.
Therefore condition 2 is satisfied. Thus S (n) is true for every +ve integer.

Q.14 Use mathematical induction to prove that the following formula for every
positive integer n.

r(l-r"
FAT + T+ oo +r“=ﬁ

Solution:
Let S (n) be the given statementythat is

2 3 nl (=
S): r+r +1 +....... L~ Sl W
Condition 1

When n = 1, S (n) becomes

o _rd-n

S(l): r= (-1
r=r

= L.H.S. = R.H.S.

Therefore condition 1 1s satisfied.

Condition 2
Let us suppose that S (n) is true for any n = k € N, that is
k
r(l—r
S (k): P T A, +rk:¥ ......... (1)



Adding both sides by '

7 3 kK kel Pl k+1
R G L T Ef — 4
(I -r)
k+1

=™+ (-0
(I-r)

Kbl kbl k4 1+
1‘—1’++l‘+—1‘++

l —r
k+1+1
r

r-r
- | —r

P(1—rk+)
B l—r
Thus S (k + 1) is true when S (k) is true.
Therefore condition 2 is satisfied.
Hence S (n) i1s true for every +ve integer.

Q.15 Use mathematical induction to prove that the following formula for every
positive integer n.

n
a+@+d)+@+2d) + couenens [a+(n—1)d]=§[2a+(n—1)d]

Solution:
Let S (n) be the given statement that 1S

n
S): a+(a+d)+(a+2d)+ ... [a+(n—1)d] = > [2a+(n—1)d]

Condition 1

When n = 1, S (n) becomes

I |
S(): a= 5[2a+(1—1)d] = 5(2a)
d = d

= L.H.S. = R.H.S.
Therefore condition | 1s satisfied.
Condition 2

Let us suppose that S (n) is true forany n = k € N, i. e.

Sk): a+@+d)+(a+2d)+ ... [a+ (- 1Dd] = 1;( [2a+ - Dd] ......... (1)



Adding both sides by |a+ (k+1—1)d]|
a+@+d)+(a+2d)+ ...+ la+k-Dd]+[a+&k+1-1)d]

[2a+ (k- Dd]+[a+&k+1-1)d]

[2a+ (k— 1) d] + [a + kd]
[2a + kd — d] + 2 [a + kd]
= 2

Dak + k> d — kd + 2a + 2kd
= 2

Dak +2a+k*d +kd
= D

2a(k+ 1)+ kd(k+ 1)
= 2

(k + 1) (2a + kd)
9

k+ 1 —
:( > )[2a+(k+]—1)d]
Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied.

Hence S (n) is true for every +ve integer,

Q.16 Use mathematical induction to prove that the following formula for every
positive integer n.

1.11+2.2!'+3.3L+....... n.n! = (n+1)!-1.
Solution:

Let S (n) be the given statement, that is

S(n): 1.11+2.2'+3.31+....... +nn! =+ 1) -1
Condition 1

When n = 1, S (n) becomes

S(h: ©1.IH=(0+1)!-1
1= 21-1
l = 2=1

| =1
= L.H.S. = RH.S.

Thus condition 1 1s satisfied.



Condition 2
Let us assume that S (n) istruefor n = k € N, 1i.e.
Sky: 1.11+2.2!+3.3+...... kK.kK!' =&k+D!'-1 ... (1)
Adding (k+ 1) (k+ 1)! on both sides of (1)
1.11+2.21+3.31+...... +k. k! +((k+1)&k+ 1)
= (k+I)!=T1T+k+1)(k+1)!
= (k+D!'+k+1)&+1)! -1
= (k+D!'[1T+k+1]-1
= (k+D!'k+2)-1
= (k+2)(k+ D! -1
= (k+2)! -1

= (k+1+1)-1
Thus S (k+ 1) 1s true, when S (k) 1s true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore, S (n) is true for every +ve integer.

Q.17 Use mathematical induction to prove that the following formula for every
positive integer n.

a, = ai+(n-1)d when aj,a;+d, a; +2d, ....... forms A.P.
Solution:
Let S (n) be the given statement; that is

S(): a,=a+mn-=1d
Condition 1
When n = 1, S (n) becomes
S(l): aj = a+(1-1)d
a; = aj
= L.H.S. = RH.S.

Therefore condition 1 is satisfied.



Condition 2
Let us suppose that S (n) 1s true for n = k € N that is
S(k): ax = ay+k-1H)d . (1)
Adding “d” on both sides
ak+d = aj+(k—1)d+d

ags1 = a+dk—1+1]

a = aj+(k+1-1)d

Thus S (k+ 1) is true when S (k) 1is true.
Therefore condition 2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.18 Use mathematical induction to prove that the following formula for every

positive integer n.

1

- 2
a, = ajr" when aj, ajr,arr’, ... from a'G. P

Solution:
Let S (n) be the given statement, that is
S(n): a, = aj "

Condition 1
When n = 1, then S (n) becomes
S(): ay =ayr "'
a; = aj

=5 L.H.S. = R.H.S.

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forn = k € N, i.e.
S(k): ax = a A (1)
Multiplying both sides by r
k-1
agxr =ar  xr
k—1+1
dg+1 = a1 r
a— = aj l.k+lf]

k+1



Thus S (k+ 1) 1s true when S (k) 18 true.
Therefore condition 2 is satisfied.

Since both conditions are true.

Therefore S (n) is true for every +ve integer.

Q.19 Use mathematical induction to prove that the following formula for every
positive integer n.

|
12+3*+5 +...... +(2n—1)2=M

Solution:
Let S (n) be the given statement, that is

Sy I"+3"+5 + ... +(2n— 1) =

Condition 1
When n = 1, S (n) becomes

, > 1M@d-1)
S(h: 17 =73

1 =1
= L.H.S. = RH.S.

Therefore condition 1 1s satisfied.

Condition 2
Let us suppose that S (n) is truesforn = k € N, 1.e.
’ Kk (4k* 1
Sk): 12+32+52+4 +(2k—1)2:% ......... (1)

2
Adding [2 (k+1)— 1] onbeth sides

k (4k> 1)

, 3
3 + 2k + 1)

4 2 2
1743 +5 + ... +2k-D"+[2k+ D -1] =
k(@k -1 (k+1)
3

KQk—1) 2k +1)+3 2k + 1)°
3

+(2k+ 1)’

Ck+ D [kQCk—1D+32k+ 1]
- 3




_Ck+DEKk=1) (k+3)
= 3

(2k + 1) (2k” + 6k — k — 3)
= 3

2k + 1) 2k +3) (k + 1)
= 3

(k+ D [Ck+1) 2k + 3)]
- 3

(k + 1) [4K” + 6k + 2k + 3]
= 3

(k+ 1) [4K* + 8k +4 — 1]
= 3

k+ D [4K +2k+1)—1]
= 3

REDIETE)
a 3

Thus S (k + 1) 1is true, when S (k) is true.
Therefore condition 2 1s satisfied.

Since both the conditions are satistied.
Therefore S (n) is true for every +ve integcr,

Q.20 Use mathematical induction-to prove that the following formula for every
positive integer n. (Ilahore Board 2010)

SR (") (00

Solution:

Let S (n) be the given statement, therefore

oo (e (D (Deer(1) (1)

Condition 1
When n = 1, S (n) becomes

(5)-037)

I =1



= L.H.S. = R.H.S.
Therefore condition | is satisfied.
Condition 2

Let us suppose that S (n) is true forn = k € N, 1i.e.

S (k): (:)4_(1]4_(2)4_+(k;2):[k1—%) ......... (1)

k+2+1
3 ) on both sides of (1) gives

()G G)es (5 (57Y) < (0005
) (525
(35

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Adding (

Thus S (k+ 1) is true when S (k) is true.

Therefore S (n) is true for every +ve integer.
Q.21 Use mathematical induction to prove that the following formula for every
positive integer n.  (Lahore Board 2011)
(i)  n®+n is divisible by, 2
(ii) 5" 2" is divisible by 3
(iili) 5" -1 is divisible by 4
(iv) 8 x 10" -2, is divisible by 6
(v)  n’—n isdivisible by 6
Solution:
(i) n” +n is divisible by 2
Let S (n) be the given statement > thatis
S (n); n* +n is divisible by 2
Condition 1
When n = 1, S (n) becomes

S(1): 1"+1=1+1=2



Clearly 2 1s divisible by 2

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true for n = k € N, 1.e.
S (k): k® +k is divisible by2 (1)

We want to prove that S (k+ 1) is also divisible by 2
For n = k+ 1 S (n) becomes
Sk+1) = (k+ 1)>+(k+ 1)
= K+ 1+2k+k+1
= K +k+2k+2
= K+ +2(K+1)

(k2 + k) is divisible by 2 by expression (1) and 2 (k + 1) is also divisible by 2. Thus S (k+ 1) is
divisible by 2.

Therefore condition 2 1s satistied. Since both conditions are satisfied.

Therefore S (n) 1s divisible by 2 for all +ve integers.

(ii) 5"_2" is divisible by 3 (Gujranawala Board, 2006)
Let S (n) be the given statement, i.e.
S (n): 5" —2" is divisible by 3

Condition 1
When n = 1I; S (n) becomes
S(l); 5—2 = 3, clearly 3 1s divisible by 3

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that'S (n) 1s true for n = k € N, that is
S (k); 5*—2" is divisible by 3 (1)

We want to prove that S (k + 1) is also divisible by 3

For n = k+1 S (n) becomes
S (k+ 1); 5k+l _2k+l

o 5-9% 9
(3+2)5° 22k

= 3.55+2.5% 22F
= 3.55+2(5 25

The first term is clearly divisible by 3. The 2™ term also divisible by 3 by (1). Thus the whole
term is divisible by 3. Therefore condition 2 is satisfied. Thus S (n) is divisible by every +ve
integer.



(ili) 5" —1 is divisible by 4
Let S (n) be the given statement, 1.c.
S() = 5"—1 isdivisible by 4
Condition 1
When n = 1, then S (n) becomes
S(l)y=5-1=4
Clearly 4 is divisible by 4. Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) istrue for n = k € N, i.e
S (k) = 5 1 isdivisible by 4 . (1)
We want to prove that S (k+ 1) is also divisible by 4
For n = k+ 1 S (n) becomes
Stk+1; 571 = 5% 51

4+ 1)5° 1

= 4.5+ -1

The first term is clearly divisible by 4. The second term 1s also divisible by 4 by (1).
Thus S (k+ 1) is divisible by 4. Therefore condition 2 is satisfied.
Thus S (n) is divisible for all +veuntegral values of n.
(iv) 8 x 10" —2 is divisible by 6 (Lahore Board 2010)

Let S (n) be the given statement, that is

S (n); 8x 10" -2 isdivisible by 6
Condition 1

When n = I; S (n) becomes

S(I); 8x10-2 = 80—2 =78 clearly divisibly by 6
Condition 2

Let us suppose that S (n) is true for n = k € N thatis



S (k); 8% 10°—2 isdivisibleby 6  ......... (1)
We want to prove that S (k+ 1) 1s also divisible by 6.
For n = k+ 1 S (n) becomes
Sk+1); 810871 -2 = §x10°.10-2
= 8x 105,102
= 80 x 10°-2
= (72+8) 10" -2
= 72 % 108+ (8 x 108~ 2)
The first term is clearly divisible by 6. The second term is also divisible by 6 by (1).
Thus S (k+ 1) is divisible by 6. Therefore condition 2 is satisfied.
Hence S (n) is divisible by 6 for all +ve integers.
(v)  n’—n isdivisible by 6
Let S (n) be the given statement, that is
S(n); n" —n is divisible by 6
Condition 1
When n = I, S(n) becomes
S(1) = 1-1 =0 whichisdivisible by 6. Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is ruie forn = k € N, 1.e.
Sk = k’—k s divisible by.6 = ... (1)
We want to prove that S (k + 1) 7is divisible by 6
For n = k+ 1 S (n) becomes

Sk+1) = (k+1Y - (k+1)

k+D[k+ D7 1]

= (k+D[K+2k+1-1]
= (k+1) (K> +2K)
(k+ 1)k (k+2)
= k(k+1)(k+2)

Since the product of three consecutive terms is divisible by 6. Thus S (k + 1) is divisible by 6.
Therefore condition 2 is satisfied. Hence S (n) is divisible by 6 for all +ve integral values of n.



Q.22 Use mathematical induction to prove that the following formula for every

positive integer n.

1 1 1 1 1 1

3T e 3 =5 1- 30
Solution:

Let S (n) be the given statement, 1.e.
A N U B S P
(n): 3+ 2+33+ ....... 3 =513

Condition 1

When n = [, S(n) becomes

11 1
S 3 =5 [lg]

W | —
I
b | —

1
373
=  LHS. = RHS.

Therefore condition 1 1s satisfied.

Condition 2

Let us suppose that S (n) is true'forn = k € N, 1.e.

1 1 |
S(k):§+7+ ....... Tzi[l_?} .......

3

1
~k+1 on both sides of (1)

Adding%

11 I 1
3+;_5 ....... §E+§\+_] = 2_.*3T +Tlﬁ_]
IR N
- 2_ 3k +3k+]
33 121

= 2.3|\’+1

3402

= T 45 k¥

23)+l

(Lahore Board 2005)



Thus S (k+ 1) 1s true, when S (k) 1is true.
Therefore condition 2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for every +ve integral values of n.

Q.23 Use mathematical induction to prove that the following formula for every
positive integer n.

)" '.nmn+1

-2 +3 -4 4. b1t = S or b

2

Solution:
Let S (n) be the given statement, that is

Sy 2= 3ty =1 0 =

Condition 1

When n = 1, S (n) becomes

o e g
S(l): 17 = 5

1 =1
Since L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) be true for n = k € N, 1e.
s D kk+ D

S(ky; 172243 4+ .+ D" K = B e (1)
Adding (— D" ' (k+ 1)? on both sides of equation (1)
22 4+3 A+ D )T T 1

k-1
- &4 §(k+l)+(—1)k(k+ 1)?
CED ED R+ D2 =D k1Y
= 2




DS (k+ 1) [~ k+2k+2]
- 2
D kD (k+2)
= 3

B (—l)ﬁ*'(k+1)(k+l+1)

- 2
Thus S (k+ 1) is true if S (k) is true.

Therefore condition 2 is satisfied.
Hence S (n) is true for all positive integer n.

Q.24 Use mathematical induction to prove that the following formula for every
positive integer n.

P+3+5+....+@2n-1° = n’[2n° - 1]
Solution:
Let S (n) be the given statement, that is

Sm): ’+3 +5 +...+@n-1)y = n"[2n° —i]
Condition 1
When n = 1, S (n) becomes
S(: 1" =1[2-1]
1 =1
= L.H.S. = RH.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that” S (n) is true for n = k € N thatis
P+3+5+ . +@k-1)° =K[2k°-11 (1)
Adding [2 (k+1) - 1]3 on both sides

P+3+5 4. rk-D}+2k+D)-1]
= K2k = 1]+ 2k + 17’
ok* K7+ 8KY + 1+ 12K% + 6k
2kt + 8Kk + 11K + 6k + 1
2k* +2k” + 6k + 6k” + 5k + 5k + k + 1



2k’ (k+ D) +6k” (k+ D +35k(k+ D+ 1 (k+1)

(k+ 1) [2k* + 6k + 5k + 1]

= (k+ 1) [2K> + 2k* + 4k* + 4k + k + 1]

= (k+ D [2k> k+ 1) +4k (k+ D)+ (k+ D]
= (k+ D (k+1)2k> + 4k + 1)

= (k+ 1)’ 2K +4k+2-1)

= k+ D72 +2k+1)—1]
= (kv 1) [2(k 1) - 1]

Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 1s satisfied.

Hence S (n) is true for every positive integer.

Q.25 Use mathematical induction to prove that the following formula for every
positive integer n.

(x + 1) is a factor of x™—1
Solution:

Let S (n) be the given statement, that is

S(n) = x+ 1 isafactor of x>
Condition 1

When n I, S (n) becomes

S(Hh=x"-1=x+DHExx-1

Clearly x + 1 is a factor of x> 1,

ol

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) 1s true for n = k € N, 1.e.
S (k); x+ 1 1is a factor of S D (1)

We want to prove that S (k+ 1) has a factor x + 1
S (k+ 1): ZkED o kw2 2k 2y
Adding & subtracting 1
= x*x—x - 1+x.1-1.1
= XD+l -1
= XD+l x-D(x+ 1)

nd

The first term has a factor x + 1 by assumption | & 2™ term clearly has a factor x + 1. Thus the
whole term has a factor x + 1. Thus S (k + 1) has a factor x + 1. Therefore condition 2 is
satisfied. Thus S (n) is true for all +ve integral values of n.



Q.26 Use mathematical induction to prove that the following formula for every
positive integer n.

(x —y) is a factor of x" — y"
Solution:
Let S (n) be the given statement, that is
S(n) = x—y isa factor of x"—y"
Condition 1
When n = 1, S (n) becomes
S(1) = x—y isafactorof x" —y".
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N i.e.
S (k); x —y is afactor of X yk ......... (b
We want to prove that S (k + 1) has a factor x —
S (k+ 1): K] 7yk+l
X x—y"y
Subtracting & adding x yk = x“xox yk + X yk — yk y = X (x" — yk) + yk (X —y)
The first term has a factor x —¥* by substitution (1).

The 2™ term clearly has afactor"x —y. Thus S (k + 1) has a factor x — y. Therefore condition 2
is satisfied. Hence S (n) isteue for all +ve integers.

Q.27 Use mathematical induction to prove that the following formula for every
positive integer n.

X +y is a factor of x™ ' +y™" L,

Solution:
Let S (n) be the given statement, i.e.

. . 2n—1 20—
S (n); x+y isafactorof x™ 4y



Condition 1

When n = 1, S(n) becomes
S (1) x+y isa factor of x>t yzfl = X +y (True)
Thus condition 1 is satisfied.
Let us suppose that S (n) is true for n = k € N 1.e.
2k -1 2k — 1

S (k); x+y isafactor of x +y (1)
We want to prove that S (k+ 1) has a factor x +y
S (k + 1): X2(k+l)fl+y2(k+])—l _ X2k+2—l+y2k+2—l
%-1_2 , 2k-1 2
= X X" +y y
; 2 k-1 ;
Adding X"y & subtracting
%-1.2, .2 2k-1 2 2k-1, 2k-1_2
= X X“"+x"y -x"y +y y

A, S P —f @ 3
= x"(x +y )—y (X" —y)
The first term has a factor x +y by (1). The second term clearly has a factor x + y. Thus
S (k+ 1) has a factor x + y. Therefore condition 2 is satisfied. Therefore S (n) is true for all +ve
integer n.

Q.28 Use mathematical induction to show that
1+2+2% + ... +2" = 2"*1_1 for all non—negative integers n.
Solution:
Let S (n) be the statement, i.e.
Sm: 1+2+2%+...+2"=2""1Q
Condition 1
When n = 0, S (n) becomes
SO 1=2"-1=2—Ja=™
— L.H.S. = R.H.S.
Therefore condition 1 18 satisfied.
Condition 2

Let us suppose that S (n) is true forn = k € N, i.e.
k k+1

S(k): 1+2+2%+ . .+28 =21 . (1)
Adding 251 on both sides
1+2+27+ ... SR S A D LE
_ 22k+l_]
— 21;+17]

Therefore condition 2 1s satisfied.
Thus S (k+1) 1strue when S (k) is true.

Hence S (n) is true for all non — negative integer n.



Q.29 It A and B are two matrices and A B = B A, then show by mathematical
induction that AB" = B"A for any positive integers.

Solution:
Let S (n) the given statement, 1.e.
S(): A.B" = B" A for any +ve integer.
Condition 1
When n = 1; S (n) becomes
S(l): AB=BA
AB = AB (Given)
L.H.S. = R.H.S.
Therefore condition I is satisfied.
Condition 2
Let S(n) be true for n = k € N, thatis S (k): ABS=EB A (1)
We want to prove that S (k + 1) is also true for that post multiply by, B, we have
AB"B = BAB
AB**' = BYBA (Given AB = BA)

ABkﬂ—-l — Bk+l A
Thus S (k+ 1) is true, when S (k) is true. Therefore condition 2 1s satisfied.
Hence S (n) is true for any +ve integer.

Q.30 Prove that by principle of mathematical induction that n” —1 is divisible by
8 when n is an'odd positive integer.

Solution:
Let S (n) be the given statement i.e.
S(n) : n”— 1 is divisible by 8.
Condition 1
When n = 1, we have
S(1)=17-1=1-1= 0 thatis divisible by 8.
Therefore condition 1 is satisfied.

S(k) ; k> — 1is divisibleby 8. ... (1)



We want to prove that S(k + 1) 18 also true.
Sk+1) 3 (k+1) —1
Sk+2) = (k+1+1)7—1=(k+2"-1 =K +4k+4-1
= kK+4k+4-1 =K -D+4k+1) ... (2)

Clearly (k™ — 1) is divisible by 8 by (1). As is odd +ve integer, so k + 1 is an even integer.
Hence k + 1 = 2m (say) where m € z". Therefore (2) become (k2 — 1)+ 4(2m).

= (k* = 1) + 8m

Therefore now 8m is also clearly divisible by 8. Thus S(k + 2) is true when S(k) is true.
Therefore condition (2) is satisfied. Hence S(n) is true.

Q.31 Use mathematical induction to prove that /nx" = n/nx , for any integer n > 0,
if x is +ve number.
Solution:

Let S(n) be the given statement that is S(n) ; /nx" = n/nx

Condition 1:

When, n =0 S(n) becomes
S(0) ; x" = 0 /nx
Inl = 0.[nx
0 =0=LHS = RHS

Therefore condition 1 is satisfied formn > 0.

Condition 2:

Let the given statement S (n) be true for n = k € N i.e.

Sk: Inx*=klnx ... (1)

Adding In x on both sides

lnxk+lnx = klnx+Inx

lnxkx = (k+1)Inx

Inxk+1 = (k+1)Inx

Thus S (k + 1) istrue when S (k) is true.

Therefore condition 2 is satisfied.

Since both conditions are satisfied. Therefore S (n) is true for any integer n = 0.



Q.32 Use the principle of extended mathematical induction to prove that
n! > 2" —1 for integral values of n > 4.

Solution:
Let S (n) be the given statement, that is
S (n): n!>2"-1 forintegral values of n>4.
Condition 1
When n = 4, S (n) becomes
S(4): 41>2% 1
24> 161
24> 15 which is true.
Therefore condition 1 is satisfied for n > 4.
Condition 2
Let us suppose that S (n) is true for n = k
S (k): k!> X 1 for integral valuesof k>4 ... (1)
Now multiplying throughout by k + 1
(k+ k!> (k+1)2"=1)
k+D! > (k=1+2)2" 1)
s k=D~ DH+202"=1)
> k=D~ D+2"01

> 214 (k-2 -1 1]

= (k+1)! > ok+1_ g o AsTk=1 2= 1)—1] is +ve so ignore it.
Thus S (k + 1) 1s true, when S (K) is true.
Therefore condition 2 is satisfied. Hence S (n) is true for all the integral values of n > 4.
Q.33 n’ > n+3, for integral values of n > 3. (Gujranawala Board, 2003)
Solution:

Let S (n) be the given statement, that is

S (n); n>>n+3 for integral values of n = 3.
Condition 1

When n = 3, S(n) becomes

S(3); 3°>3+3

0 > 6 which is true. Therefore condition 1 is satisfied for n > 3.



Condition 2

Let us suppose that S (n) is true for n = k

S (k); k*>k+3 for integral valuesof k>3 ... (1)
Adding 2k + 1, throughout

K4+ 2k+1>k+3+2k+ 1]

(k+ 17 >k+1+3+(2k)

(k+ 1)2 >k+1+3 (. As 2k 1s +ve, soignore it)
Thus S (k+ 1) 1s true, when S (k) is true.
Therefore condition 2 is satisfied. Therefore S (n) is true for n > 3.
Q.34 4">3"+2""', for integral values of n>2.  (Lahore Board, 2003)

Solution:
Let S (n) be the given statement, that is

S(n): 4">3"+2" ' for integral values of n > 2.
Condition 1

When n = 2 then S (n) becomes

S(2): 42>32 422!

16>9+2

16 > 11 which is true, therefore condition 1 is true for n > 2.
Condition 2

Let us suppose that S (n) 1s true for n = k

S (k); 4% > 3k ok=l por integral valuesof k>2 ... (1)
Multiplying throughout by 4

445> 43" 4 42

£ s 332!

> 33 a0

N 3k+1_|_2k+1-—1_|_(3

k+1-1 k—1+1

+2

k+2k—l+l)

4k+l>gk+l+2k+|*|

(0 As 34+ 2% is +ve so ignore 1t)
Thus S (k+ 1) is true, when S (k) is true. Therefore condition 2 is satisfied.

Hence S (n) is true for the integral values of n > 2.



Q.35 3" < n! for integral values of n > 6.
Solution:

Let S (n) be the given statement, that is

S ): 3" < n! for integral values of n > 6
Condition 1

When n=7, S (n) becomes

S(7); 37 <7!

2187 <5040 which is true. Condition is satisfied.
Condition 2

Let us suppose that S (n) is true for n = k

S (k); 38 < k! for integral valuesof k>6 ... .. (1)
Multiplying throughout by (k + 1)

(k+1)3"<(k+ DK

k—2+3)3"<(k+1)!

(k—2) 3"+ 3 < e 1)

SG <(k+1)! (v As (k—2) 35 8 ve nso ignore it)
Thus S (k+ 1) 1s true, when S (k) 1is true. Therefore condition 2 is satisfied.
Since both conditions are satisfied.
Therefore, S (n) is true for integral values of n > 6.
Q.36 n!>n’ for integral valuesof n > 4.
Solution:

Let S (n) be the given statement, that is

S (n); n!> n°> for integral values of n >4
Condition 1

When n=4, S (n) becomes

S(4); 41>4°

24 > 16 which is true. Therefore condition 1 is satisfied for n > 4.
Condition 2

Let us suppose that S (n) is true for n =Kk.

S (k); k!> k” forintegral values of k>4 ... (1)



Multiplying throughout by k + 1
k+Dk!'> (k+ DK
k+ D! > K+ K
k+D!'>K+2k+1+ & -2k-1)

(k+ 1)!>(k+1)2 (- As kK 2k 1 s +ve SO ignore 1t)
Thus S (k+ 1) 1s true, when S (k) 1is true.
Therefore condition 2 is satisfied. Hence S (n) is true for integral values of n > 4.
Q37 3+5+7+....... +(2n+5) = (n+2)(n+4) for integral values of n>-1.
Solution:

Let S (n) be the given statement, that is

Sn): 3+5+7+....... +(2n+5) = (n+2)(n+4), forutegral values of n>—1
Condition 1

When n = — 1, S (n) becomes

S(-1);3=(1+2)(-1+4)

3 =3
=5 LL.H.S. = R.H.S. Therefore condition 1 is satisfied for n > — 1.
Condition 2

Let us suppose that statement is true for n = k.

3+5+7+....... + 2k +5)y= (k+2)(k+4) ......... (1)
Adding (2 (k+ 1)+ 5) on both'sides
3+5+T7+....... Ck+5)2k+7) = k+2)(k+d)+ 2k +7)

= K" +4k+2k +8 + 2k + 7
= k™ +8k+ 15

= k> +5k+3k+ 15
(k+5) (k+3)

= (k+1+4) (kv 1+2)
Condition 2 1s satisfied. Thus S (k + 1) 1is true when S (k) is true.

Hence S (n) is true for integral values of n>— 1.



Q38 1+nx<(1+x) forn=>22 & x>-1
Solution:

Let S (n) be the given statement, 1.e.

S(n): l+nx<(l+x)" forn=2 & x> |
Condition 1

When n = 2, S (n) becomes

S(2): 1+2x<(1+x)°

1 +2x<1+x°+ 2x, which is true.

Therefore condition 1 1s satistied for n>2 and x> — 1.

Condition 2
Let us suppose that S (n) is true for n = k
S (k); '1+kx§(1+x)k for k=2 and x>-1 ... (1)

Multiplying throughout by (1 + x)

(1 +k) (1 +x)<(1+08(1+x)

[+ x+kx+kx><(1+x)8

1+ (k+ D) x+ke<(1+x)

l+(k+ l)x £ (1+x) %+ (= kx” iskve, 'so ignore it)

k+1

Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satistied.

Therefore S (n) is true forall n>2 and x >~ 1.

BINOMIAL THEOREM (Definition Lahore Board 2010)

An algebraic expression consisting of two terms such as a+ x, x — 2y, ax + b etc. is
called a binomial or binomial eXpression.

We know that (a + x)2 = 2%+ 2ax + X°
The R.H.S. is called binomial expansion and 2 is called index.
FORMULA OF BINOMIAL THEOREM (Lahore Board 2009-11)

; ny) ,_ ny , o2 o n POTY e
(a+x)1:(g)an+(])a1 ]x+(2)a” K F s +(rl)a1 Tl
+(];)a“rxr+ ....... +(E)x”

it can briefly written as

n

(a+x)" = Z (?)an_"xr

r=0



(1) The rule or formula of a binomial for expansion raised to any positive integral power n.
(11) It 1s finite series.

(111) Number of terms in the expansion of (a + x)"is n+ 1.

. (n) (n) (]‘1) (n) 11 db- . l ff. - >
(1v) 0/ 01 ) ) +\ ) are called binomial coe 1cients.
(HJ (n) (n) (n) ’ ‘]-] d b. .{] ff.. . :
(V) 0/ W2 )la)reee o ) are called even binomial coe icients.
i (“) (“) (”) ( ! ) alled odd binomial coefficients
(v1) 1 )03 ) g ) s n_1 ) arccalledo inomial coefticients.

SUM OF BIN BINOMIAL COEFFICIENTS

(Do (l2)r (1) -2

SUM OF EVEN BINOMIAL COEFFICIENTS

o () (1)

SUM OF ODD BINOMIAL COEFFICIENTS

(M) () (2 = 2

REMARK

Sum of even binomial coefficients = Sum of odd binomial coefficients.
EXERCISE 8.2

Q.1  Using binomial theorem, expand the following:

6
() (a+2b) (i) G—fq
4 7
(i) (éa—%ﬂ (iv) (2a—§]
8 6
X 2y : a X
v (-3 o [\ii]
Solution:

(i) (a + 2b)°

(8) a’ (2b)0+(?) a* (2b)’ +@)a3 (2b)* +(,5J a” (2b)" + [Z) a' (2b)" + (2) 2’ (2b)°

2’ + 52" (2b) + 10a” (4b%) + 10a” (8b7) + 5a (16b™) + 32b°
=2 +10a'b+40a’ b>+80a° b +80abt +321°



(iv)

“OE @O0 @O @
-1 )\ 3 ) Tl ) 2 ) TA3/\2 X
HORORHORCRBENE)
4)\2 ) \5/\2 ) Tle/\2 X
5 4 3 2
2 X 8 X~ 16 X 64
__6ﬁ><;j+15><ﬁx 4—20X§XF+15XZX;§—6XEX o+ 12

2 2 3 4
X
81a —4><27a x% + 6 % 9a XQX? 4x3ax7§+w
3 4
4 108 o) 2 4x X
&la ——3 a~ x + 6x ——9 2+_81a4
4
9 4X X
81d ~36ax+6x — =7+ & 7
9a~ -8la
X7
a
1 g 3

(G (Rer(s) + (e () (3w (2)
(D () -(ewr () (e (3] -(ew(3)

7 6 X 5X2 X3
128a" — 7 (64a") o +21 x 32a ?—35(1621) 3

+35(8a3)[x—4j 21 (4a)( 5]+7(2a)[x7j X!
a* a® ) a’
4
d

S

280 x* 8
12827 — 448 x 2> + 672 a5 x> - 560 a x° + ax




(v) [25 - ng

() -G (2-BETE-06)®)
HOIGEHEIGEHIENE
(

2 5 3

4y , X 8y’

( : )56(32%)[ X
ﬁ

X
4 4 ¢ 5 2 6 7 3
X 16y X 3 y ) X 64y X 128y" 256y
+70[l6y4)( X4 j56 8)/3] 5 +284y2><—x(, —8><2y>< x7 + Xx

- . - 224y"  448y* 512y 2356y°
— 256)/8*8}/6 16}/4_ y + = Xz + X—’l == X() + XS

o [\

2 a B o ’
- 5 65+15--20+15

X X X

‘%

=S 65415520+ 15
X X X

gl

&= N
woe
S

\
N

-F *
>ooles
N A

§

+
AN
eI
~— S



Calculate the following by means of binomial theorem.
(i) (0.97)° (Lahore Board 2010)

(ii) (2. ()2)4 (Lahore Board 2011)
(iii)  (9.98)
(iv) (2.9)

Solution:

(i)

(i)

(1)

0.97)° = (1-0.03)°

(3)(”3(?) (17 (03)' +@)“)' (-03)2@)(1)0(.03)3

= 1-0.09 +0.0027 — 0.000027
= 09127
2.02)* = 2 +0.02)°

= (g) )"+ (ﬂ (2 (02)' + (g) (2)° (02)" + @) (2)1.0.02)° + (j) 2) (.02)*
= 16+4(8) (.02) + 6 (4) (0.0004) + 4 (2) (0.000008) + 0.00000016

= 16.64 +0.0096 + 0.000064

= 16.64

(9.98)* = (10-0.02)*

= (g) (10)* (_02)“(?] (10)° (.02)" +(§) (10)* (.02)° (i) (10)' .02)" + (j) (10)" (.02)"

(iv)

= 10000 — 80 + 600 (0.0004) — 40 (0.000008) + 0.00000016
= 9920.24

(2.9° = 3-0.1)

((5)) 3y (?) (3)" (01 + @) (3)° (.01)2@] (3)° (01 + (Z) 3 o1 -
(5)
5 ) 3" oty

=243 —4.05 + 10 (27) (0.0001) — 10 (9) (0.000001) + 15 (0.00000001) — 0.0000000001
= 243+5x81 - 0.01 + 10 x 8 x 0.0001
= 205.2



Expand and simplify the following:

i (a+y2x)*+(a-2x)*
i) (2+3)°+(2-43)

i) Q2+i)’-2-i)°

iv) (x+ X —1)3 +(x - X — 1)3

Solution:

@  (a+\2x)*+(a=1/2x)
- (g)aﬂ(?)(af “2x)' +(§)(a)2 (xfh)%@)a(\ﬁ x)3+(j)a“ 2%

@+\2x)" = a’+4a’\2x+62" \2x)7+4a(\2x)° + (200 L (i)

(a —\/5 x)4 = a'—4a° \/5 X + 6a’ (\/E X)2 —4a (\f2 X)3 + (\/E X)4 ......... (1)
By adding (1) and (i1)
@+y2x) ' +@-\2%" = 2a"+122° (2 )" + 2 {2 x)*
= 2a% + 1227 2x%) + 2(4xY

4 22 4
= 2a +24a x + 8x

@) (e 2
e = ()@ +(])arama ()@ Wi+ () et oy

+(3) o] e oy

= 32450163+ 10x8 3+ 10x4 33 +5(2) \[3)" + (/3)
3248043 + 80 (\/3)" +40 (\3)' + 10 (/3) + J3)°
32 -80~/3+ 80 \f3) —40 (\/3) + 10 \/3)" - (J3)’

(2-+3)

Adding
(2++/3) +(2-1/3)° = 64+ 480+ 180 = 724
Gii) Q+iV-2-i)°

e+’ = (D)o +(C)erto+())era+(])er e’

(3 o+ (1) et



32+5x16 (M) +10x8x () +10x4 ()Y +5x23G)" +1i
32 + 80i + 80i° + 40i° + 10i" + i

32 — 80i + 80i° — 40i° + 10i* - i°
-+ = + - +

2-i)

Subtracting
2+i) - @2-i)° = 160i +80i° + 2i°
= 160i—80i +2i = 82i

V) (x+x 1) +(x=\¥-1)
First we take (x+\/ﬁ) )3
_ x~*+(?)<x>“ (\/ﬁ)+@)<x>1 (\/ﬁ)%@)(x)o WD)
(x+y=1) = L +3 1+ 3x (31 + WE=1)
(X—\/;zjf = )(3—3x2\/;:—ﬁ1**3’<(X2—1)—(\/;2_—1)3

Adding

(V1) + (A1)

2x> + 6x (xz— 1)

= 2x° + 6% = 6%

= 8x a6x
Q.4 Expand the following in ascending power of x
i  Q2+x-x) i) (A-x+x°)
(i) (1-x-x)*
Solution:
(i) 2+x-x)*
Let 2+x =y

5 4 4 4 , (4 4 ,
(y-x)' = (O) e ( | ] ) ) + (2] (v) )~ [ 3) (y) () + ( 4] ' '
= y4—4y3 x2+6y2 x4—4y x°+x"
Putting value y = 2+ x again

= 2+x) 402+’ +602+x)°x 42 +x)x"+x

[(g)@ﬂ[ﬂ 2 (x)+(§) (2)° (x)2+(§) 2 (x)ﬂ[j) 2) (x)ﬂ

—4[8+x3+6x2+ 12)(])<2+6(4+X2+4x))(4—(8+4)())<6+x8

= 16 +32x — 8x° — 40x" + x + 20> — 2x% —4x” 4+ x°

8



) (A-x+x)°

Let 1 -x =y

o+ = (o)t (1) (3) e (3 )y o+ (3)y o

= y4+4y3 ><2+6y2x4+4yx6+x8
Putting value of y

= (-0 +40-x"x2+6(0 - x"+40 -0 x%+x

[(g) (1! (x)”[ﬂ (1 ' + (3) (1)° (x)z(i) (' x)’ +(j) (1) (x)“]

+4[],—X3—3X+3X2JX2+6(1+X2—2X)X4+4(X6—X7)+X8
= 1 -dx+6x" 4 +x + 4 12 + 12 A 1 6x - 120+ 10x° — 4x + x
= 1 —4x+10x7— 16X + 19x" —4x” + 10x° —4x” + x°
i) (1-x-x»*
Let 1-x =¥
(3 -(F) o+ (3wt edr=(3 )y el 5 )0 o'

8

8

8

2.4
(y=x7)
= y4—4y3x2+6y2x4—4x6y+x

Putting value of y

= (10" 40 - x+6(1 - X4 (1 x)+x°

= [(3)(1)4—(?)(1)3(x)+(§)<1)2 (x)2—(§)(1><x)3+(j)(1>° (x)ﬂ

—4[1—x3—3x+3x2]x2+6(1 +x2—2x) )(4—4(x6~x7)+x8
= ] 4x+ 6% — A+ XA (1= 3x + 3 = x )+ 6xF — 12x7 + 6x° — 4x® + 4x” + 8
= 1 —4x +2x> +.8x° L 5% - 8x° + 2x° + 4x” + x°

Q.5 Expand the following in descending power of x
3

(i) x> +x-1)° (ii) (x =1 = 5
Solution:
(i) x> +x-1)°

Let x-1 =y = ()(2+y)3

— (e + (e w+(3)em o+ (3 ) o oy

(X2 + y)3 = x6 + 3)(4 y +3x2 y2 + y3



Putting value of y

Crx—1" = P+ x-D+3xx=D +x=1)
= x6+3x5—3x4+3x2(x2+l—2x)+x3—]—3x2+3x
= X3 oA 3t T — 6 X = 1= 3%+ 3x

= x4 30 =5+ 3x— |

[et x-1 =y = (yi)

(Do (Der®Go® Dor(d)
; 3y 3 I

=Y T T

Putting value of y
3

( lj 3x—1)* 3(x-1) 1
x—1-7 + > — 3

X X X X

(x—1) -

[l

3 2 3 3 1 |
x —1-3x +3x—;(x +1—2X)+;z(3x—3)—;§

s 3 1
= X— 3% +85—"73 — 73
X X

GENERAL TERM OF EXPANSION (a + x)"

n n—-r _r
j :(rJa %

Q.6  Find the term involving:
i)  x* in the expansion of (3 —2x)’ (Lahore Board 2008)

5 \13
(ii) X~ in the expansion of (x — ?]

9
2
(iii) a’ in the expansion of [; - ] (Lahore Board 2004)
11
(iv) y® in the expansion of (x — \/;,)
Solution:
(i) x? in the expansion of (3 — 2x)’

We know that general term formula is

n n—r r
T1-+] - (r)a X



w2
=
(@]
(@]
=
1]
:J
o
1]
(%
4
Il
T
[\
>
p—g

. . . 4 .
We have to find term involving x, so comparing the powers of X, we have r = 4

Putting r = 4 in (1)

7
Tar1 = ( 4) 37 X

= 35x27x l6x4
Tie = 15120 x°

13
2
(i) X in the expansion of (x — ;j

We know that general term formula

ny pnr r

3 ¥
= (1 )x'”' ENY ... (1)
r
We have to find term involving X s0 comparing the power of x in (1)
13—-3r = -2
1342 = 3r
15 = 3r
r=s35
Put in (1)

13 -
Te, | = (5 )Xm 35) ()8

Te = 1287 x X >x—32 = —41184 x>



J
2
(iii) a' in the expansion of (;— )

We know that general term formula

s = (e
= ()3) v

- (?)(%)Qr(l)"ar ......... (1)

We have to find term involving a4, so comparing the powers of a, we get

T = (3) (5)9410—1)4<a>4

5

2 32
= (126)x 3 x 1 xa* = 126 x =5 a*
X X
4
a
Ts = 40323
X

(iv) y3 in the expansion of (x—\/;i)“
a=x,x=(—\/§/),n=11

We know that general term formula

o = (111) AT T
1 . r
T = (Dl ()

= (ll)xllr(l)"y”2 ......... (1)

T

We have to find term involving y3, so comparing the powers of y we get

=3 = 1 =6 Putin(l)

1% o
T6+l _ (6 )x]l 6(4 1)6y6/2
T; = 462 x° x 1 xy
T; = 462 x°y°



Q.7 Find the coefficient of

10
5 3
(i) X~ in the expansion of (XZ — g)
1 2n

(ii)  x" in the expansion of (Xz — ;j

Solution:
310

(i) X" in the expansion of [xz - g] (Lahore Board 2003-04)

We know that general term formula

n nr r
T1'+l — (r) al !Xl

(10Y 201 3
Tr+l - (I‘)(X) (2)(

|
VS
=
N S
A~
>
R
[
L—
|
R
=
|
Vi
|
YY)
N A

_ (‘ro)(x)ﬂ”f(_%) ......... (1)

we have to find the coefficient'of %’ so comparing the powers of x, we get

20-3r =5

15 = 3r — r=25

Put in (1)

10Y 59 3
= (9)27(2)

~243 15309 5
30 = g £

— 15309
Coefficient of x° is 3

5

Tg = 252 x x° %




(ii)  x" in the expansion of (XZ — ;J

We know that general term formula is

Ty = (n) a' x|
r
_ 2n 2.2n r( l)l
T = [r)(x) Ty

( 2n ) LN (*_1])l

r X

_ [i“)ﬁ“ e (1)

we have to find the coefficient of x", so comparing the powers of x, we get
4n—3r = n

dn—n = 3r
3n = 3r
n=rtr
Putin (1)
2’n n an n (2“)' n 1
Tov1 = (n)x4 YD = nt (2n— X D
2n)!
— % Xll (7 I)I"l
Con . =D"@2n)!
Coefficient of x is W—
3 10
Q.8 Find 6" term in the expansion of [xz—g)
Solution:
-3
a:xz, X =5, n=10, r=25
X

We know by general term formula

ny nr r

Texr = (r)d K
10 105(—3 g
s = (§) 0" (3)

— 243
_ 10 J
Te = 252 x x X33 30

~ 15309
T@ = g X



Q.9 Find the term independent of x In the following expansions.

10
2
(i) ( - ;j (Gujranwala Board 2003, Lahore Board 2008)

(ii) ( X+ %}
4

(i) (1+x%)° [1 + %}

10

Solution:
e
M (x-3
—2
a=%x, xX="— n=10, r=7
X

We know that general term formula is

)nrl

(

(9 (3)
_ (10) 10-r &2) 2)

(

r
1)1()11

= (10) S EY O (1)

|

Tr+l =

Il

We have to find the term independent of x i.e., x s0 comparing the powers of x, we have

10-2r =0

10=2 = Putin (1)

10 2
Tss =(5)x”’ gl

Te = 252 x x'07 10 (= 32) = —8064 x” = — 8064

Equating Index of x to 0 to get expression independent of x



R
o
=

1
i (e

|
a:\/;(,x:y,nzl(), =7

N 5 5

T1-+| - (r)’dnlx

10 o (1Y

() &m) (72)
10y &

- (V)< 5

_ (lro) o (zl) ......... (1)

We have to find independent of x 1i.e., x” s0 comparing the powers of “x’, we get

10 —r
2

-2r=20

10—r—4r =0
10-5r =0

1) = i

2 =1 Putin(l)

10y 102 1
o= (3 0%

B 4-4 l)_ﬁo_ﬂ
= 45x (4—47(—4

4

(i) (1 +x)° (1 + é}

(1+x)° (1 +;12j = (1+x)—=x—



2.7 2 ¢
Now (1 +x7), wehave a=1, x=x,n=71="7"

We know that general term formula is

o = (o= (7) o7y

pa— 7 21‘ 2 ~
= ;)X equation (1) becomes

5(0)e
= (%)xﬂg ......... (2)

We have to find term independent of x.

ie..x" so, comparing the powers of x.
2r-8 =0
2r = 8 = r = 4 putin (2).

(7))(88 B 7 !
4 = 1 x(7_4)

7!
T 41x 3!
7Tx6x5x4!
T A'x3x2x1 3
MIDDLE TERM
i th
(1) If n iseven then (5 + 1 ) term will be only one middle term.
th th
. n+ 1 n+3 ) .
(2) If n 1s odd then (—2—) and ( > ) terms will be the two middle terms.
Q.10 Determine the middle term in the following expansions.
12 11
: (1 X_zj ) (g 1 j
O X2 @ (3x-3x
(2 Lj2m+1
(i1i) X -5y
Solution:

12
1
(i) (; = X{j

th
. } n }
Since n = 12 1S even so (§+ 1) term 1.e.,



th
12
(7 + 1) term = 7" term is the middle term

2
Thus r = 6. Alsoa:l, x:(i),n:IZ
X 2

We know that the general formula is

(ii) g X — 31—xj

) ) 1+ 1
Since n = 11 1is odd so ( > )

th

Il + 3 , [h
term and term 1.e., 6 & 7™ terms will

be the two middle terms.

o= ()
= (16 (@)

(3 (=1¢ )5
Te = 462 x 5 (3 x)‘
(3x)°
= 462 x od —1
| —462x3x  —693x
- 64 32

11-6 6

Te+1 = (lﬁlj @X)

EPPE.S
B ETREN

(%)

6




1
:462>< 5 X 2 65

(3x)
T 462 _ 77
6= 32%x3x ~ 16x
) 693x Fii
Hence two middle terms are — —5— and 7,
32 16X

1 2m+1
(iii) (Zx—ﬂj

, _ ] 2m+ 1 + 1 2m+ 1+ 3
As 2m + 1 1s odd, so there are two middle terms 1.e., — 5 and — 5
are two middle terms.
(m + l)lh and (m+ 2)th terms

For (m + l)lh term

r=m, n=2m+1, a= 2x, x:(z—)
X

m

2m+1 » |
Tm+l - ( I?n )(zx)lmﬂ m (_E)

(Z2m+ 1)! m+ 1 -m m
- m![2m+l—mj!(2x) 1

__(Cm+1)! i
= Wl (m+ 1 =21

m_ (2m+ 1)!

Tmer = 200" 5rm + L

For (m + 2)lh term

r=m+2-1=m+/1

1
n=2m+1, a=2x, x:(—&)
Tr+l - LT) anfrxl-

_ (2m+1) (2 )2m+1ml(_L)m+l
B m+ 1 X 2X

(2111 + l)' (_ )m+1 (Zm + ])' (_l)lml
m+D!'2m+1-—m—1)]! (2x ) (2x )m+1 “(m+ 1)!(m)! (2X)m+l—m

(2m + 1)!(—1)'““
m!(m+ 1)! 2 x

Tm+2 =

Tm+1 and Ty 4o are two middle terms.



3n

1
Q.11 Find (2n + 1)th term from the end in the expansion of (X — gj
Solution:

To find (2n + l)th terms, we have r = 2n

And for the term from the end, we have

|
a = -5 and x = x

By general term formula

Trn | = (?)an B
3n 1y 2n
Toner = B e (X)

_ 3! (_1)

= 2n!Gn-2m)! \2x ) *
3n! (= 1)"

2! n! 2" 5" ¥

3n! (* ])ll 2n—n
2n!n! 2"

3n)! - D' x"
2n! n! 2n

2n

1
Q.12 Show that middle term of .(1.+ x)*" is

Solution:
th

) 2n ) ) )
As 2n 1s even so (7+ l) term 1s the middle termi.e., (n + 1)Lh term r = n

General term formula is

n n—-r _r
T1'+] = (r) 3. X

2 9
Too = (2w

n
(2n)! non _ Co)! oy
~ n! [2n—n]!(1) T ot
Cn)Cn—-1)2n—-2)2n—-3)2n—4) ........ S5x4x3x2x1

- n!n! X



[(2n) 2n—2)2n—4) ... 4x2][2n—1)(2n—-3) (2n—5) ....5x3x 1] x"
n'n!

CRPme-Dm=2) .. -2 .. x2x1][2n-1)(@2n-3) ... 5x3x 1]x"

n! n!
2" [Cn—1)(2n—=3) ....5x3x 1]x"
= n! n!
2"[1x3x5%x....2n=3)(2n— 1] x"
Tn+l = n!
13 Show th t-(n) (“j (n] ( n j = -l
Q. owthat: | o J+| 3 J+| g |+t ) =
Solution:

We know that

(1+x)" = (8)+(?)x+(2)x2+(2)x3+ ....... +(niljxnl+(2)x“ ()

Put x = 1 in equation (1)
(n) ( \ ) (“j
4 + ------- + nil + n

av=(g)+()+(5)+(3)+
2= (0)+(1) +(3)+(3)+ ()l 3.3+ (1) >
Next put x = — 1 inequation (1)
a-0 = (5)- (D en+(3) e+ (7 e (e
if n is even then
o= (3)-(2)+(-(ES¥ (.2 )
(D)4 (5)+(0) Gy 3 (0) = (D) + (D) (B) ot (" )
We can write (2) as.
(1)+(3

() (2%
()

Using (3) in (4)

= {(1)+(3)



n 1/n 1/ n 1/ n 1 n
Q.14 ShOWthat(0)*2(1]’“3(2)*4(3)* """ +n+1[n)
Solution:
=(0)r2(1)+33)+33) v ()
LHS. ={4)+3 1 /)*t3\2 )3 3 )+t 7,

n! | n! n! ] n'

|

n!

1 !
T T2 T -3 22143 (-3 " "n+1nl(n_n)

Taking common n!

1 1 1 l 1
- n{n!"'Q!(n1)!+3!(n2)!+4!(H3)!+””+(n+ I)HJ

Now multiplying and dividing by n + 1

_(n+1)n![i 1 1 L

= m+D [n T2 D!T3rm o2 T4 3) T (n+ Dn!
_(n+l)![L 1 | 1L L N\Y ! J
= n+l ot T2a - T3 T4 -3)! " (n+ D!

I (n+1)! (n+ 1)! (n+ 1)! (n+1)! (n
T n+1 |: T T

] |:(n+l) (n+l) (n+l) (n+])+ +(n+l
n+ 1 [ JT0 2 )T 30 )R 4 T n+

_ _ n+ |
Adding and subtracting ( 0 )

o |:(n+l) (n+l) (n+l) (n+l)+ +(n+l
=+l 0 JTAug /T 2 JHL 3 T n g

We know that

(n+1) (n+1) [n+]) (n+l) (n+l)_2n+1
o J*U g )l Uy et ) =

and (n+l)_1
an 0 =

So (1) becomes

Hence proved.

+ 1)!

)]

)

|

nl T2 T3 m-2) t @3y (n+l)n!}

n+1
0

JJo



EXERCISE 8.3

BINOMIAL SERIES (Lahore Board 2009, 11)

nn—1) » n(n—l)(n—Z)XgJr

(1+x)" = 1 +nx+ X X+ 3r X Fe

Here index n is negative integer or a fraction,

Q.1 Expand the following upto 4 terms, taking value of x such that the
expansion in each case is valid.
i (1-x'" i)  (1+2x)"
i) (1+x)"” (iv) (4-3x)""?
(v)  (8—2x)" (LahoreBoard 2008) (vi) (2-3x)” (Lahore Board 2010)
Lo (=x)] o A1+2x
(vii) 1+x)° (viii) 1—x
4 +2x)"?
(ix) ﬁ (x) (1 +x—23)"2
(xi) (1-2x+3x) "
Solution:
i (1-x"
By binomial series
(5 a(531)(5 2)
22 Ne VP .
= 1+§(—x)+ X (— X"+ 3 (D' i S
_q_ L l(l) 12 1(1)(_3)1 g
3 FX+5 5 | X5 X b > > ><6(—x)+ .......
112 L 3
= l—zx—gx 16X A
Valid if [x| < 1
i)  (1+2x)"
_J=1=1 T e 1=ThE1=2
L4 (= 1) (20 + 4 )(2! (o2 + S 3!)( Y oxp ...
=1 - 2x+4x> -8+ ...
Valid if |2x] < 1
2 x| <1
1
= x| < 5



Gii) (A +x)™°

Valid if |x| < 1
(iv) (4-3x)"

(4)1/2( _3_X)

4;

o )y 2O
-2 vy (-R ) () ()
i T G N Y 4) 7 3 g ) T e
o 3l3) e 3055
| 3 2002 ox> 2\ "2\ 72 (-2%8)
=2 I-F+— 5 *7qg* 5 Al NV
X 9 2 27 3
:274764){ —512x+ .......
Expansion is valid if
3
‘Zx <1
3
= Z|X|<1
4
= |X|<3
v)  (8-2x)" (Lahore Board 2008)
(3]
- -8
]
—1[1 é}
8 4
L= 1+l +_—1X_ZL 2+(_1)X(_2)X(_3)x_—1><3+
-8 4% 2x1 167 3x2x1 64
_l[] LA S B ]
=g | THgx+7gXx +ggx + o
L SRS N SN S
= St X+ Tog X +513 X T oenene



The expansion valid only 1t

X
1 <1
|
= Z|X|<l
— x| < 4
(vi) (2 - 3x)_2 (Lahore Board 2010)
e’
L 3
. (12)
- 2 3
| -3 ~-2)=2-1)(-3 -2)=2-1D(-2-2)(-3
:Z_l+(2)(7xj+( )(2! )( ZX) +( ( 3!)( )(7x) + | s s J
1 23 9% (DDA —27x J
=4_l+3x+ 5 X+ 6 X g =
1 27 27%° }
:4_1+3x+ 1t + o,

13 21X 27%
—4+4X+ 16+ 3 T,

The above expansion is valid only if

=LY [Py
5 | <
3 ,
= 5 x| <1
2
= x| < 3
L (=%
(vii) 1+ X)z

—(1-x) '"(1+x) ~
—[1+x+&iltL19(xf+°4)“4_£)“1—zhm3+ ....... J

B 2!

[N . TE S ITE X P,

[ I +x+—(])2( - (x)2+(])(62) C3) 3y J

PN Ty Ve TR,




= 14X +X +X F e 1ML =2x +3x —4x" + ....... |
= ]—2x+3x2—4x3+x—2x2+3x3+xz—2x3+x3+ .......

1—x+2x2—2x3+ .......

The above expansion are valid if
x| <1
1+ 2x

1-x
(1+2x" 1-x)"
= (1—x) " (1+2x)

(viii)

1/2

—1) (-1 -1 > (=) (=1-DE1-2
:|:l+x+%(x)‘+( ) 3!)( )(—x)3+ .......
s-1) a2
1 1% . 2\2 2 3

l+§2X+T(2X) + 3 (P - ...
—Ix—-2 5 —1x-2x-3 3
= I+X+TX + 6 (— X7) Hoai
(5) 50505
2\ 2 , 2\ 2)\ .2 5
1 +x+ > 4" + 6 8X" +.......
23 ' 1 3
= [1+x+x"+x +....... ][l+x§xh+5x“+ ....... J
1L 2 13 a LY, 2 3. .3
= 1+x—2x X EXFRKES X+ XX+ X L S—

3
1+2x+§x2+2x3+ .......

[l

The above expansion valid if
I
x| <5 and [|x] <1

_ 4 + 2x)"?
(ix) ——(2 e

4 +2x)"2

2 : %
gl Z -1 X
= 4 (1+4x) 2 (12)

2-x)



2 e e )G2)y, |

_ [ 1x 1
=2\ 1+55+5 77

E
4
2
1 x EDEI-D( xY EDE1I-1)E1-2)(—x
2[1+2+' 2! ( 2) * 3 (‘2) T

_[11 L2 15 ][11 1o 15 }
= +4x—32 128X ....... +2X+4X +8x+ .......
_ l 1 1 5 1 | l 3 L > 15 L 3
= +2X+4X +8X +4X+8X +16 32}( 64X +128X
PO T ) W D - 5. Y

= +4X+32X +128X .......

12 -
The expansion of ( I + ')25) and ( 1 - %j are valid if

<1

B9 | >4

= x| <2

x)  (1+x-2xH)"

B 1 2 2 2,27 N2 3
= l+2(x~2x)+ X (x —2x7)" + 3] (X—2X") +.......

S S S O B N S M SN
—1+2x—x —gX =5X +2x +]6X -3

I 22_9_2
g® t1g% T

The above expansion is valid only if |x — 2x2| <1 that is either
x—2x" < 1 or —(x—2x2)< 1

= 24 x—1<0 . ()  2x°—x—-1<0 ... (2)
2% - 2x+x - 1<0

x-D2x+1)<0

|
—2<x<l



(xi) (1-2x+3x")" "

[1+@3x>—2x)
1 (-1 —1 (-1 —1
_[ (_I) 5 (3)(31) ) > 3 (31)(32) o) 3 :|
=1+ 3 (3x™=2x) + X (3x"=2x)" + 3 (3x"—2x)" + ...
PR PSP SR SOt SO SN S PN Nt S SUull AL
= —3(-x—x)—3><3><2(x+x— x)+3><3><2><6

(S)

(27x° — 8x" —54x° + 36 X )+ .......

Il

2 2 T
L=x? 43X+ Ox" +4x% - 12x)) - 57 (27x° - 8" = 54x° +36x") + ...

2 2 4 8 2 24 5 6 6 3 5
| —x +3x+2x +9X —gx —Tx +27X + 14x +.......
2 I » 16 3

= 1+§x—§x“—27x + .

The above expansion is valid only if
3Bx” —2x| < 1
3%~ 2x < | 3> -2%) < 1
3" —2x— 1< 1
3% - 3x+x—1<1

Bx+DHx-1<1

-1
3 <x <1

Q.2 Using Binomial theorem find the value of the following to three places of
decimals.

Solution:

i 99

112
12 2 12 1 )
99" = (100— H" = (100) (1—100

i l(l 1) ,
=10 1+(3)(556)+ =3 (7o)
= O* +{ 3 00/ 7* Y 100 b s u s :
= M Theipp T2 z

2700 % 100 |



|
50 ~ 8000 " e

= 10-0.05-0.000125+ ....... = 9.950

(i)  (0.98)"
= (1 -.02)

= 10—

1/2

| 171 5
]+§(.02)+§(§l)(.02)"+ .......

| |
= 1-.01 +—(§) (.0004) + .......

3
= 1 —.01 —.00005+ ....... = 990
(i)  (1.03)"°
= (1+.03"
151
3 3~ ;
= 1+§(.O3)+ X (.03)" +.......
[ -4 |
= 1+.01+§x?x§x.0009+ .......
= 1 +.01—.0001 +...... ~ 1.010
_ 3
(iv) \ 65
= (65" = 4+ 1"
1/3

= (64)"3(1+6i4)

I l(l 1) ,
— 4] 1 l(L) L(L) L
— +3 64 + 2! 64 -------

G }

=4_]+192+ ) ><4096Jr .......
= 4+0.021 - 0.0001 +....... = 4.021
4

(v) \/17

1/4

1
= '™ = e+ " = 16”4(1+E)



(vi)

(vii)

(viii)

_2+2><16+ ....... —2+3—2+
=2+0.031+....... = 2.031

5

\31

_ (31)1/5 - (32— l)1/5

1/5

Y. l_)
= 32 (1—32

_2_5><16+ ....... = 2-0.013
1

/998

= ((99:;)1/3) = (998) '

153
3 1
_ 3 xEd|
= 10 [l SOOJ

10" [ L+ (%) (ﬁ% .......

:11_0[1+151W+ ....... J:I—IO+%+
= 0.1 +0.000067 + ....... = 0.1000
1

252

= 1.987

] ) .
= ——5 = (252) P = 243+9)'"

(252)'

—1/3

3
13 ~1/3



(ix)

(x)

(xi)

l l
= g[,l —0.007 +....... | = 3 [0.993] = 0.331

1] Il
p— —
+ oo
— . N S
B | —
Il
X
|l 77
— —
N S \
oo |—

= 1-Jg+ .. =1-0.063+....... = 0.938
(.998) '?
= (1-0.002) "
(-3)(5-1)
- -
= 1+(_—1j(0002)+ : 3 (- 0.002)" +
3 . 51 002)" + ...

2
= 1+ 0.001 +§(O)+ .......

= 1+0001+0+....... = 1.001
1

%236

|
= 486 = (486)

~1/6 -1/6

= (729 —243)

- [1 &J_m)_ %6]/6[1 lJ—lm
(29) = x [ T=mg | =G 7 173

— 1/6

W=

[1+0.0555+0.0108 +....... 1

I
5 [1.06895] = 0.356

A" - -aleEE Bl



(xii)  (1280)""
16 1/4
/4 174 16
= (1296 - 16)"" = 1296 (11296J
L Ax(1/4) 1 1_6) J
= 06 [l+(4)(2% £
I
= 6[1-—351% ....... } = 6[1-0.003+...... | = 6]0.997] = 5.981
Q.3  Find the coefficient of x" in the expansion
, 1+x° . 1+ x)°
O dry) 1 -x)y
Lo (1 +x)] L 1+x)?
(1ii) 1-x)° (iv) (1—-x)
(V) (I=X+X =X + cerverens ) (Gujranwala Board 2005)
Solution:
. 1+x°
O 1rx?
= (1+x)(+x)°
r 2 3
_ 1+ 1402 (X)+(f2) (22' 1) x A (=2} —2— 13)'(3 D (x) :
i ADENKC D) (4
= 1+ 1+ () g e SR ey }
U+ N+ DA 3+ 1D 4+
. N FED) - D D" " D"+ D X"
D" P DX+ D " (n+ 1) X"
=" @a-D+ED" m+ D] X" = D" [n=1+n+1]x"
= (—D".2n)x"
Coefficient of x" is, (— 1)" x (2n)
L (L+x)
(ii) 1 —x)

— (1+x)°(1-x)"



2
:(1+2x+x2)(1+2x+(—2)(—22_!])(—x)+ ....... )
:(1+2x+x2)(1+2x+%x2+ ....... ]

:(1+2x+x2)[1+2x+3x2+ ..... +(n—1)x"

Now multiplying the terms to get terms involving x" .

(i)

n—1+1 n-2+2

= (n+1)x"+2nx +(n—1)x
= (n+Dx"+2nx"+(n—1) x"
=m+1+2n+n—-1)x"

= 4nx"

. - n -
Hence coefficient of x 1s 4n

(1 +x)°
(1-x)*

= (1+xP (1-x)"

:|:I+3X+£§)_(ﬂ( )2+3(3_])(3—2)Xgi|

+nx" 4+ 1)x"]

2! . 3!
2
[]+2x+(2)(22!1)(X)+(_2)(_2_3!])(_2_2)(x)3+ ....... }
3x2 5 3x2x\ 3
:[I+3x+2Xlx +—3><2><li

N2 CRED 2 EDEICD s, T
2 x1 3x2x1

= l+3x+3x2+x3
|

[ +2X+3x°+4x° +....... +(n—2)xn_3+(n—1)x_
|

=+ Dx"+3nx" T i3 mo X" T i m—2)x"

=m+Dx"+3nx"+3M-DHx"+(n-2)x"
=(n+1+3n+3n—-3+n-2)x"
= 8n—-4).x" =4@2n-1)x"

Hence coefficient of x" is 4 (2n—1).



1 2
(iv) El :’33

- (1+x*1-x"

:|:(l+2x+x2)(1+3x+(_3)(_3_])(x)2+ ....... )]

2!
2 —-3x-4 2
=(1+2x+x)(l+3x+ %1 X g N )
= (1 +2x +x°)
3x4 4 x5 -1 _ +1 _ + 1 + 2
(1+3X+ ; X2+ >2< X3+ ....... +(n#)(n)xn 2+%Xn l+(n )2(n )Xn)

_ (n+1)(n+2) n 2(1’1)(1’1+1) n—1+1 (l’l*l)(l’l) n—-2+2
= = > X + > X + 5 X

(n2+3n+2+2n2+2n+n2nj N
5 X

4n+4n+2Y | . )
=7 5 )X = (2n +2n+1)x
Hence coefficient of x" is 2n° + 2n + 1.

V) A=x+X =X+ e )

We know that,

(1 +x)_l = 1—x+x2— gt N
Hence given expression becomes
[+ = 1+x7

=2)=2-1) 2 () 2-1)(=2-2) 3

= l+(-2)x+ 7] (—x) + 3] (=X) + eiannn
=2)=3) 2 E2DHEHED 3

= 1l+(-1)2x+ 2.1 Xt 3% % 1 (=R T connnss

= 1+ (D 2x+ D)3+ ()P 4+ D" P X"

|

+ TP lad e 1P - 11 E°

Hence coefficient of x" isonly, (= 1)" (n+ 1)



Q.4

If x 1s so small that its square and higher power can be neglected, then show

that

. 1-x N
(i) Tx "~ 1-
. 1+ 2x 3
(ii) % ~ 1+ 3 X
9+ 1) — 16+ 30"
(1) 4 + 5x

V4 +x 25

(iv) (I_X)3z2+7x

b2 [t

|\

1
¥ 47284 %

x (Lahore Board 2009)

17

(1+x)" @ -3x)" 5 ,
(v) 8 + SX)IIS ~ |[1- 6 X (Gujranwala Board 2006)
() 8+3x)" T 2748%
Vd-x+(8-x" 1
i) EEEIE 25
Solution:
. 1-x 3
(l) \/:( ~ 1-— ) X
LHS. = (1-x)(1+x) 7
= (I —x) ( | —% X ) (neglecting square and heigher power of x)
-
= IT=5x-x
3
= 1~ 5 X
= R.H.S.
. 1+2x 1 3
(ii) \/m ~ 1+ 3 X

LHS. = (1+2x)" (1 -x) "

= (1032 (143)



= (l+x)(l+%x)

1
= 1+§x+x
= ]+%X = R.H.S.
Lo 0+ -6+39" 1 17
(i) 4+ 5x ~ 47284 %
LHS. = [(9+7x)”2—(16+3x)”4] (4 + 5x )*'

[3(”;") (“64 ﬂi( SZ)
i[3+gx-2-35x ] (1-3x)
(156 1) (155 ]

_l( 5 103 ) - leCtine hei 5

=7 1—4x+—96 X [ «neglecting heigher power of X]|
1(1 17 )

40 7967

N U VA

T4 3t T

-
T
W

|
o
I~
+
o
v}-—l

3

b

|
4

z(1+1 ](1+3x)

|
= 2(1+3x+8x)

= 2( 142
= +g X

25
= 2+Zx = R.H.S.



(v)

(vi)

(1+x)" (4-3x)"" ( 5)
~ |[1-_x

(8 + 5x)" 6

LHS. = (1+x0"@-30" (8+5x)

e +X)1/243/2(]_1_X)
)

1 3 9
= (1+2x)2 [ISX

(
= 232“(1+%x)(1ﬁ§x)[1ﬁ

2 1 5
= 2 (1+2X)(|—24X—

_ ( 5 9 1)
= 4 1—24X—SX+2X

- i(1-3)

= R.H.S.

(1- X)l/2 9 — 4X)1/2 N 3 61
(8 + 3x)" ®2T48%

LHS. = (1-x" 0 4x)" 8% 3x)

1/2

> 4 173
_ (l—x)”“)m(l—g) 8”"(]+

113

1/3

©)

—1/3



If x is so small thatits cube and heigher power can be neglected, show that

5 5 061
T2 27 *
RN
T 2 48
= R.H.S
. \/4—X+(8—x)l” 1
LHS. = [4-0"+B8-x0"]8-x"
- 172
_ 41/2(1 §)
L 4
_ | . |
= 2(]§X)+2(]ﬁj]2 (
|, 1 A]l( 1 )
= _2*4)(-1—2—]2 3 |+24X
I 1 |
= 3(4-54) (12
gl L)
=2\ *Te* T3
sk
= 5l 4-gx
g
- ot
= R.H.S.
Q.5
1 9
(l) mﬁl—EX—gxz
.. 1+x 1
(i) Ty S 1+X+5x
Solution:
1 9
O T x 2R~ 1-ix by

2,172

L.H.S. = (I*X*ZX)

[1 —(x+ 2x2)]1/2

L gl (l 5)]/3}(8) 1/3(15)_
8 8

1/3

[
l+ﬂx)



l%(x+2x2)+%(%l)[(x+2x2)z]

1 1 | | .
15(x+2x2)+§(E)xz(x2+4x4+4x3)

1 | .
= 1-5(x+ 2x%) -3 (x> + 4x* + 4xY)

1 » 1

= 1- FX—X"-3g X (neglecting cube and heigher power of x)
_, L. 95

= | = 7 X—gX

= R.H.S.

. 1+X~1 1
(i) 1_x = 1+x+5x

LHS. = (1+x)?1-x)"

- MMH%H(%X%I)(#}

= _1+§x+ X X 51

= | jadia & Ml 13 ”?)

= | +5X-gX +X+3 X

_qgt 32 L 1 283% 1o 1.3 3 4
= +2X+8X +2X+4X +]6X SX—16X 64X
= 1 l é l . l 2

= +2X+2X+8X _SX +4X

= i LI

= 1+x+35%

= R.H.S.

Q.6 If x is very nearly equal to 1, then prove that
Px? —qx? ~ (p - q) x*™
(Gujranwala Board 2005, 2003), (Lahore Board 2003, 2009, 2011)
Solution:
Since x = 1
Let x = 1+h where h is so small that its square and heigher powers can be neglected.
LHS. = PxP—qx1
P(l+h”-q( +h"

u



u

P(l +ph)—q(l+qh)

u

P+p2h—q—q2h

1%

(p-q+(p —g)h
pP-+(pP-@(pP+gh
p—qll+pP+qh]l (1)
RHS. = (P—q)x""1

(P—q) (1 +h)P*

u

o

Q

~ P-q1+p+qh] .. (2)
From (1) and (2) we have
L.H.S. = R.H.S.

Hence proved.

Q.7 If p-q issmall, when compared with p or q show that

Cn+Dp+Q@n-Dgq _ |:Q+g:|”“
Cn-1)p+2n+1)q 2q

Solution:

2n+ H)p+@2n—1)q
2n—-1)p+(2n+1l)g

L.HS. =

Let p—q =h
p = q+h, where “h” is a small that it'square and higher powers can be neglected.

Cn+ DH(@+h)+@n-1)q
(2n—1) (@ +h)+2n + l)q

2nq + 2nh+q+h+2nq—q
2nq+2nh—gq—h+2nq+q

4ng+2nh+h  4nq+(@n+1Dh
dnqg+2nh—h = 4ng+(2n-1)h

] mm[1+(21;])hJ
a1 (zznql) }




i

P (1 +ph)—q(l+qgh)

Pl

P+p2h—q—q2h

I

(p-q+(p —q)h
pP-ad+pP-p+gh
p-ql+(p+qhl (1)
RHS. = (P-—q)x""1

(P—q) (1 +h)P*

u

i

u

~ P-q1+p+qh] ... (2)
From (1) and (2) we have
L.H.S. = RH.S.

Hence proved.

Q.7 If p-q is small, when compared with p or q show that

2n+Dp+@2n-1)q _ [p+g]"“
2n-1)p+(2n+1)q 2q

Solution:

Cn+ Dp+(2n-1)q
2n—1)p+(2n+1)q

LHS. =

Let p—q =h
p = q+h, where *h’ is a small that it square and higher powers can be neglected.

2n+ D (@+h)+@n-1)q
2n—1)(g+h)+2n + I)q

2nq + 2nh+q+h+2nq—q
2ng +2nh—q—-h+2nq+q

dng+2ni+h  4ng+(@n+Dh
4nq+2nh—h =~ 4ngq+(2n-1)h

] mm[1+(21;1)h}
ama| 1+(%g )0

- G L+ Ui

- [ -5




| (2n+l)h (2n—1)h
¥ 4nq U dng
2nh+h —2nh +h
4nq
2h h

:1+Kq:1+§q ......... (1)

= |+

I/n

RH.S. = %q]
| 2q

- _1/m

By (1) and (2)
L.H.S. = R.H.S.

$  Show th [LT/Z— on__ BN g dN ly equal
Q. ow that 2(m+N) =9n_N_ 4n Where n an are nearly equal.

Solution:

Since, N @ n

- N = n+h., where "h’ is sosmall that its square and higher powers can be neglected.
_ 12
LHS B
Y T [2(n+N)

172 172 1/2

B m} B [mJ B [41:1 " 2h]




an n+ N

R.H.S. =

On—n  4n
_ 8n (n+n+h)
~ 9n—(n+h) 4n
B 8n 2n+h
~ 9n—n-h  4n
B 8n 2n+h
~ 8n—h  4n
B 8n 2n+h
- 5 (1 l)_ 4n
ML 8n
-1
2n+h

(18

{ ik
t8n

%

4n

(2n+h)

4n

8n+h—4n —2h

o

8n
4n—h

%

| h

From (1) and (2), we have

Q.9

(i)

(i)

(i)

(iv)

L.H.S. = R.H.S.

Identify the following series as binomial expansion and find the sum in ease.

43
24 taralg) "

4n b

s D

Sh 81 8n 2  8n

= Elila}

3!

.8

S(1Y, .



Solution:

RN
() ~2la)*21.4

1

" | 1.3 (1
Let (I +x) = l—; 1) 24\

nin—1)

Also, (1+x)" = 1 +nx+ X

Now, comparing term by tcrm of the above two equations,

|
nx = o

nin-1 » 3
7 # T 178

Ly da L 3
214 \ 4 S 2.1.4 16 128

By (1). we have

=1
* = 8n

Putting the value of x in (2)

n(n-1) Il 3
20 “64n- 128
nol 3
[28n — 128
Multiplying both sides by 128
n— |
—— =3 = n-#4l
n
= —1 = 2n
_ 1
= n="

Putting value of n 1n (3)

= 3n

)

"

we have



Now, putting the values of x and n 1n,
1/2 —1/2

n Y 8]
(1 +x) :(1+Z) :(Z)
Required sum = (&) = X _
‘ —\5 - 5_\/3
. (1) 1.3/1V 1.3.5(1Y
(i1) 1—5 2t al2) — 2 4.6 l2) T
Let (1 +x)" = 1(%)(

Also, (1+x)" = 1 +nx +

Now comparing term by term of the above two equations, we have

|
nXo=-z o (1)
nn-1) » 3
T X =33 e (2)
1.31_3
2.4 4 32
By (1), we have

o1 ;

X = =q0 e (3)

[ Putting the value of x in (2)]

nn—1) 1 3
2! 16n~ /32

n—-1 3

32n — 32

n— I . : .
— q = 3 (.. since multiply both sides by 32)
= n—1 = 3n
= —1 =3n—-n

=1 = 28




Putting the value of n 1n (3)

Now, putting the values of x and n in
-1/2

= (1) ()= (3) <A e
(1+x)" = +3 =15 = |3 = 3 required sum
3
8

3 3.
(iii) 1+4+4_

By (1), we have

3
X =0 e (3)

Putting the value of x in (2)
nn—1) 9 15

20 16n° ~ 32
m-DH9 15
32n 3
n-DI9 . .
T o 15 (.. multiplying both sides by 32)
O9n—-9 = 15n

—9 = 15n—-9n



—9
—9:6n3n:6 — n="

Putting the value of n in (3).

(O8]

BRIE

=1
= X =

Now putting the values of x and n in,
— 52 -3

(1+x)" = (1%) = (%) =) =242

Now comparing term by term of the above two equations, we have

=1

=TS (1)
ni- 1), 31
21 X TR
nn-1) » 1
Ty X =354 e (2)
1 _
From (1) ™ Put in
n —n | _i
2 36 n 24
nn-1) .
2 360> T 24
n—1 _L
72n — 24
24n - 24 = 72n

—24 = 48n



n =5 Putin (1)

=1l =2
X = 6 X 1
_ 1
rE3
12 1/2 12
1 4 3 \3
Hence (l+3) =(g) =(4) =5
) . 1 13 135
Q.10 Use binomial theorem to show that, 1+ 4t a8 3812 = \fZ
Solution:
L.H.S.
NI G 0% I
Let (1 +x) = l+4+_4.8 .......

Also, (1 +x)" = L+nx+— 5 X" ...

Now comparing term by term the above two equationss ' We have

1
nX o= (1)

nn-1 > 3

TR (2)

By (1), we have

1
X =0 A (3)

Putting the value of x in (2)

nn—-1) 1 3

bl

2! 16n~ 32
n-1 3
32n — 32
n— | L .
_— 3 (*. multiplying both sides by 32)
n—1= 3n



— 1
—1 = 2n f— n:2

Putting the values of n and x in (3)
-1/2 ~1/2

(1+x)" = (1%) = (%) = (2)'” = /2 RHS.

Hence proved.

2
1 13/(1 1351
Q11 Ify = —(—) + [3] - P then prove that y2+2y—2 =0

3t 2 (3 3!
Solution:

By adding “1° on both sides.

1 1.3(1)2 1.3.5(1)
l+y_]+3+ 1 L 3) T 3 3 ) e

N 1 1.3(1Y
Let (1 +x) :1+3+ X P o s 0

— 1
Also, (1 +x)" = I+nx+n(nz! )x2+ .......

Now comparing term by term above two equationsy'we have

I
nXo=3 (1)
n(n-1)x° 1.3(1)2 g(l) 3

21 =2 (\3) M\ S=18 e (2)

By (1) we have,

|
X =3, L/ (3)

Putting the value of x in (2)
n(n-1) (L)z 3
2 3n/ ~ 18

nn-0OH 1 3
2 “o9p> T 18

n-1 3
18n — 18

I
L2

(-~ multiplying both sides by 18)



— HIT

Putting the value of n in (3)
1 1

T2 2

_ 2
= X—3

—2
3

Now, putting the values of x and n in,
1/2

o= (1(2)" -0

-1/2

|
(1+y) = (g) =13
Taking square on both sides,

(1+y) = (3)

[ +y*+2y = 3

1/2

y2+2y+1 =i 4
= y2+2y+1—3:0
— y2+2y—2:()

Hence proved.

1 131 .135/(1
Q12 If 2y = 1+ 57453+ 3 (—j e then prove that 4y” + 4y —1 = 0.
(Lahore Board 2006)
Solution:
By adding *1° on both sides

Il 1.3 1 1.3.51
1 +2y = 1+—z+2—, P+ T3 BT

2 2 2
I 1.3 1
n _ e A w
Let (1 +x) = 1+52+ X ?H .......
nn—1) -

Also, (1+x)" = 1+nx+ T X e



Now, comparing term by term of the above two equations, we have

7=

nn—1) » l.
2!

By (1) we have,

|
X =
4n

Putting the value of x 1n (2)

n(nI)(sz_i
2! 4n - 32
n(n-—1) 1 3
2! lon~ 32
n-1 1 _ 3
2 l6n — 32
n—-1 3
32n 32
n—]_g
n (
n— 1|
= 3
n
= n—1 = 3n
1
— 1’1——2

Putting the value of n 1n (3)

]

X = AT

— 1

= =

......... (3)

- multiplying both sides by 32)

Now putting the values of x and n in

2

(1 +x)" = (l_+[

"))

—1/2



[\ e 1\ e
tew=(13) = (3)
(1+2y) =42
Taking square on both sides
(1+2y7 = (\2)°
1+4yh+4y = 2
— Ay +4dy+1-2=0
= 4y +dy-1=0

Hence proved.

2 3
1.3(2 1.3.5(2
Q13 Ify = +7(g) + 73 (gj + e then prove that y2+2y—4 = 0.

w9

(Gujranwala Board 2003)
Solution:
By adding “1° on both sides.

L2 13[2)2 1.3.5(2
I+y =1+5+57\5) +731 |5

0 _ L2 1.3(2)“
Let (I +x) —1+5+ X + & ...

Also, (142" = 14+ nx+- I AT

Now, comparing term by term of thesabove two equations we have

_2 1
nX =73 o (1)
n(nl)2_1.3[2)5_§ 4 6 ,
51 X =91 \5,) T3%Xp5 =35 e (2)
By (1) we have,
_2 .
X =3 (3)

Putting the value of x in (2)
2

nn—1) (l) _ 6
2 *“\s5n) T 25



n-1 4 6
2 %25 725
2(n—-1) 6
25n 23
2(n—1) . i
g = 6 (- multiplying both sides by 25)
2(n—1) = 6n
1 =3 =
n—-1=3n = n="

Putting the value of n in (3)
2 2

X = = =
= -5
5(2) 2

—4
3

X =

Now, putting the values of x and n in,
-1/2

(1+x)" = (1-%)

” +y) _ (%)IIZ

(1+y) =5
Taking square on both sides,
. 2
(1+y) = (\5)
1 + y2 +2y =5
= y2 +2y -4 =0

Hence proved.



