Chapter 14

SOLUTIONS OF
TRIGONOMETRIC EQUATIONS

EXERCISE 14.1

Trigonometric Equations:
The equations containing at least one trigonometric functions are called
trigonometric equations.
2

e.g., Sinx = 5 - SECX = fanx
Q.1 Find the solutions of the following equation which lie in [0, 27]
-\/3

(i) sin x = >

(ii) cosec O = 2 (Gujranwala Board 2005, Lahore Board 2006)
(iii) secx = -2

1
(iv) cotO = @ (Lahore Board 2010)

Solution:

s s — N 3 | [1@] 0 T
(1) sinx = X = sin 2 =6()=3
Since sin x is —ve in I & IV Quadrants with the reference angle n/3 thus we have

For I1I-Quadrant For 1V-Quadrant
X =m+0
X = T +% ) X = 2gr—{)
4
X = ?n - X = 27 —%
_an
*E 3

So thus the required solution 1s x =75,



(ii) cosec = 2

|
sin ©

= 2

. l . =] l _ o _
— 51n9:2 0 = sin (2)-—30—

A

Since sin 0 is +ve in I and II Quadrants with reference angle % Thus

For I-Quadrant For II-Quadrant
X = % , X = nt—08
_ n
X =Tm-¢
_s5m
= 6
. . T S
So thus the required solution sX=¢ ., ¢ -
(i) secx = —2
1 _ 2 . _ l. _ ,l(l>_60_ﬂ
po——— = COSX = —5 X = COS 5 —0—3

. 4 . - !
Since cos x 1s —ve in II & III Quadrants“with reference angle 3 thus we have

For II-Quadrant For III-Quadrant
X = m—06 . X =7mT+0

_ L _ Ll
X =m-3 ; X =m+3

_ 2w _4n
X = 3 » X = 3

: . 2t 4n
Thus the required solution 1s x = 3 >3
1

(iv) cotB = %

tan 0 = /3 0 = tan ' (3) = 60° = %




For [-Quadrant For I1I-Quadrant

L T_4m
X =73 X =n+3 =73
. L T 4rn
Thus the required solution is x = 30 3 Ans,
Q.2  Solve the following trigonometric equations:
1 4
. . 2n _ 2 oo . 20 _ 2
(i) tan" 0 = 3 (i) cosec” 0 = 3
2 4 . 2 1
(iii) sec” 0 = 3 (iv) cot" O = 3 (Lahore Board 2007)
Solution:
1
(i tan’0 =3
1
an0 =+—=
tan O \ﬁ

1 —1 £ NGO
— tzm(ﬁzﬁ and tanG:ﬁ eztzllll(\/g)=3() :%

Since tan O is +ve in I & III Quadrants Since tan 07is —ve in Il & IV Quadrants with
. . T T
with reference angle ~ reference-angle 7
6 S
Therefore
For I-Quad  For III-Quad For IT-Quad For IV-Quad
s T T o
. q o I NS g - LT
TN =6 =6 ’ =6
7 5 11
9:—n+mt 9:+n+11n ; 9:—n+mt Vn e z
6 6 §
T [T Jam | Jllx
lg+mtfulz+mt U IF-HWJ UIT_HU[J ,Vnez
4 3[3] n
LX) 2 E— — _l o 0 —
(i) cosec” O = 3 0 = sin [ 5 ) = 60° = 3
B == 2
cosecO = £ —=
\/3
2 —2

cosec O = ﬁ cosec B = \ﬁ

\3 —\3

sin O = > sin O = 5

Since sin O is +ve in I & II Quadrants Since sin 0 is —ve in I & IV Quadrants

. : T : ; T
with reference angle 3 with reference angle 3




ForI1-Quad  For II-Quad
T T
0 = 3 . B = m-3
s 2T
9=3+2mc B = 3 + 2n7

For III-Quad For I'V-Quad
T T
g = T3 , 0 = 27{—3
47 5w
8=3+2mt, 9=3+2mt

| 2 A7 5
88 = {% + 2117'[} W, {?n + 2HTE} U {?n + ZHTC} W, {?n + 2mr} ¥nez Ans.

iii)  sec’® =

W=

D

I

o)

=)

ml
5=
5 b

I

W

o

o]
|
|

2
sec O = +— =
SeC '\/g
2
ech = —
SEC \/3
. 3
— cos O = 7

Since cos 0 1s +ve in I & IV Quadrants,

: . T
with reference angle 6 therefore'we have

For I-Quad For IV-Quad

T T
6 8=27t—6

T Ilm
0 = 6+2nn,6 = g + 2n7

sec §” =

cos B =

-2
3
—+/3
2
Since cos 0 1s —ve in 1l & III Quadrants

. . L .
with reference angle = therefore we have

For II-Quad For I1I-Quad
T s
f = TG , 0 =+ 6
5 7
9=%+2m{, 8=€'+2nﬂ:

T 4n | [5m | [In |
SS =y +4+2nnr Uy +2nm Ul_+2nﬂ: UI?+2HR ,Vnez Ans.

6 6 6



(iv)

Since tan O is +ve in [ & 111

Quadrants with reference angle 3

1

cot’ 0 = 3 (Lahore Board 2007)
|

cotO = iﬁ

tan O = +/3 0 = tan ' (\/3) = 60° = %

tanez\/g tan@z—\ﬁ

I

Since tan 0 is—vein Il & IV

T

Quadrants, with reference angle 3

therefore we have therefore we have
For I-Quad  For III-Quad For II-Quad For IV-Quad
s s s T
(—):3 ; (%):'n:+3 9:7t—3 ) 9:271—3
4 2 5
8=%+mt, 8=TT£+1’ITE 6=7n+nrc 4 6=7H+mr

SS_{E+ }U_J4_n+ UL O L. S U Ane
. = 3 nrw I3 n'JTI 13 l'lTEJ 1% I']TCJ., nec?z ns.

Q.3 Find the values of 0 satisfying the following equations:
3tan’ 0 + 2 \/5 tan0+1 = 0 (Gujranwala Board 2006)
Solution:
3tan29+2\/§tan9+l =0
a=3 b=2 \/'—3 ¢ ) =1 by quadratic formula
—b+1/b” —4ac
tan O = 7.
d
_ 233’ 403 O
B 2 (3)
24341212 243 1
- 6 -6 \/_3
] _ L T L _ o _ s
— tdne—\/g 0 = tan (\/5)_30_6
Since tan 0 is —ve in Il & IV Quadrants, with reference angle % therefore we have



For 11-Quad For IV-Quad

s T
B:Jr—6 ) 9:2n—6
5w 17w
0 = 6 TN, 0 = G thm

e fEL
S.S—16+mtju16+mc[, n €z Ans.

Q4 tan’O-secO-1 =0
Solution:

tan" 0 sec®-1 =0

secc0—1—-secO—1 = 0

sec” @ —secO® -2 = 0

sec” 0 —2secO+secH -2 = 0

secO (secO—-2)+1(secB-2) =0

(secB—-2)(secO+1) =0

sec @ = 2 sec 0 =a— |

1
cos@zi cosO= — |
—0 = cos ' (—1)

Since cos 0 1s +ve in I & IV Quadrants 0 = cos (1)
With reference angle% 0 = n+2n7

For I-Quad. For IV-Quad.

T T
0 = 3 NE £t — 3
5
g = §+2mt, 8 = Tn+2mt
| 5

5.5 = {g + 2[17'[} U {Trc + 21175} U{@2n+ 1)}, Vnez
Q.5 2sin®+cos’0—1=0
Solution:

2sin+ 1 —sin0—1 = 0
2sin® — sin"® = 0
sinB(2 — sinf) = 0

Ans.



— sin =0, 2—-snB = 0

sin = 2
sinB = 0 2—sin® = 0
= O = nm sind = 0

Which is not possible because —1 < sin@ < 1
SS = {nn,Vnez}
Q.6  2sin’®—sinG = 0
Solution:
sinB(2sin6 — 1) = 0
— sin@ = 0 and 2sin6—-1 = 0

2sin® = |1
sin@ = 1/2
sin@ = 0 sinf = 1/2
— 0 = nn Since sin® is positive“in I and II quadrants with the
reference angle m/6.

I quad. IT quad.
q=n6+2nt,Vnez |®=m1-7/6
0 = 57/6
0 =51/6+2nt,Vnez
SS = {nn} U {n/6+2nn} U {ST/6+2nnt} .V nez
Q.7 3cos’0 — 2\/1_5 sinf cosd — 3sin’d =0
Solution:
3c0s70 — 2\/§ sin0 cosO — \/5 sind cosO — 3sin°® = 0
3cosO(cosh — \B sinB)+ \/§ s1inB (cosb — \E sinB) = 0
(cosO — \/§ sin0) (3cosO + \/7‘5 5inf) = 0
cosO — \ﬁ sind = 0 3cos0 + \/75 sin® =0
cosO = \/§ sin® \/§ sinb = —3cosb

tan® = % tand =—/3

Since tanf is positive in [ to III | Since tanB is negative in Il and IV quadrants
quadrants with the reference angle /6 | with the reference angle /3.

I quad. III quad I quad. III quad
0 = /6 +nw 0 = n+7/6 0 =n—n/3 0 = 2n—n/3
0 = 7n/6 0 = 23 0 = 5n/3
0 = 7n/6 + nxw 0 = 2n/3 + nn 0 = 5n/3 +nn

S.S = {n/6+nnt U6 +nrt U (2n/3 +nm} U {St/3 +nn) .V n e z



Q.8 Find the valuesof 0 4sin"®—-8cosO+1 = 0
Solution:
45in"0—-8cosO+1 =0
4(l—c0326)—8c056+] = {}
4 - 4cos0 8cosO+1 =0
4cos°0+8cosB-5=0
4¢cos"0+10cos0 2cosO -5 =0
2¢co80(2cosOB+5 —-12cosB+5) =0
(2cos0+5) (2cosO0—-1) =0

2cos0+5 =0 2cos0—-1 =20
a _ =2 1 - afly_ o _ =X
cose—2 (:089—2 0= cos (2)—60—3
1.6 solution is impossible. Since cos O4is +vein I & IV Quadrants with
: 7
reference.angle 3
For I-Quad. For IV-Quad.
T T
0¥ 3 . 0 =2n-— 3
5
9:§+2nn, :Tn+2mt
5
" p = {§+ZHR}U{%+ZHT€} ,Vnez Ans.
Q.9 Find the solution set of the following equations.
\ES tanx—-secx—-1 = 0 (Gujranwala Board 2004)

Solution:

\/gtzmx = | +secx
(\/T%tanx)2 = (’1+secx)2

3tan®x = 1 +sec” x + 2 sec x
3(sec2X—l) = | +sec” X + 2 sec X
3sec x—3—1—sec x—2secx = 0
2sec”x —2secx—4 = 0

o)
e x—secx—=—2 =20



Q.8 Find the valuesof 6 4sin"®—-8cosO+1 = 0
Solution:
4sin"0 - 8cosO+1 =0
4(1*C0828)*8C089+| = ()
4 4cos0 8cosO+1 =0
4cos O+8cosO-5 =0
4cos"0+10cos0 - 2cos0 -5 = 0
2¢cos0(2cosB+5) -1 2cosB+5) =0
(2cos0+5)(2cos0-1) =0

2cos0+5 =0 2cosO—-1 =10
. _j s _l N 4 \1(1)_ ()_E
(:050—2 LObO—.z 04= cos > —60—3
1.8 solution ts impossible. Since cos O4is +vein 1 & 1V Quadrants with
referenceangle %
For I-Quad. For IV-Quad.
T T
0% 3 0 =2n— 3
5
6:%+2nn :TT[+2mc
5
o = {% + 21171} . { ; + 21]7[} .V nez Ans.
Q.9 Find the solution set of the following equations.
\/3 tanx—-secx—1 =0 (Gujranwala Board 2004)

Solution:
\/_:atamx: 1 + sec x
2 o)
(\3tanx ) = (1 +secx)
2 . 2
3tan” x = 1 +sec” x + 2 sec x
] 0]
3(secc™x— 1) = l+scc™x+2secx
9 g
3sec x—3—1—secx—2secx =0
P
2sec x—2secx—4 =0

2

e X —secx—2 =0



By quadratic formula

~b4b”— 4ac

sin X =

24
_ __2¢V4f4m)e1)_ﬁ2i\M+16
SIN X = 2(4) = 8
. __—2i3p0
SIn X = 8
= (=2 nx - B2 (f20+2)
8 8 8
el T _ _1(20+2)
x= 18 = 0 X = sIn 3
—54*—33
x = = 10

Since sin x 1s +ve in the I and Il Quadrants

: T
with reference angle 10

For I-Quad. For II-Quad.
_ _ T
T 0 YT
T On
X = lO+2n71:, X =70 + 2n7
Also sinx = |

T
X :§+2mt,Vnez

Hence solution set 1s

[ m |

Q.11 sec30 = secH
Solution:
sec30 = secB
| |
cos30  cosH

cos 360 = cos O

cos 308 —cosB =0

Since sin x is —ve in'1ll & IV Quadrants

: 37
with reference angle 10

For III-Quad. For IV-Quad.

\. ., 3m _,_ 3=

x—n+10 , x—ZTc—IO
I13= 17m

X =70 + 2n7 , X =75 + 2n

9 13 17
1§+2nn}ulf—0+2nn}u{l—g+2nn}u{—ﬂ+2nn}u{—ﬂ+2nn} nez Ans

10



30+6 3060
—2sin[ 2+ )sin( > )zO

—2sin20sinH =0

— sin20sin =0

=% sin206 =0 sin® = 0
— 20 = nm = 0 = nn
— 8:%

: . Jnm
Solution set is {EJ U {nn}, neZ Ans.

Q.12 tan20+cot® = 0

Solution:
tan20 = —cotH
sin 2 6 cos 0
cos20 ~  sin0
sin20sinB® = —cos 206 cos O
sin20sinB+cos20cosB =0
= cos (206 -0) = 0
= cosO =0
5 0 = (2n+ 1)%

Solution set is {(Qn + 1) g} , N €z

Q.13 sin2x+sinx = 0
Solution:
sin2x+sinx =0
2sinxcosx+sinx =0
simnx(2cosx+1) =0
2cosx+1 =20

_ e [
sinx = () COs X = —2

X = Nm
As cos x 1s +ve in [ & IV Quadrants

; T
with reference angle 3

For I-Quad. For II-Quad.

X = g X = 27(%
_T., -

X = 3+ nm, A= g + ZNT



Therefore solution set 1s

5
{nn}u{%+2nn}u{%+2nn}, nez

Q.14 sindx-sin2x = cos3x
Solution:
sindx—-s8in2x = cos 3Xx

4x+2x) . (4x-2x
2cos| = | sin = cos 3 x

2 2

2cos3xsmnx—cos3x =0
cos3x[2sinx—1] =0

cos3x = 0 2sinx—1 =0
— 3x=(2n+1)% —  Deinx = 1
- x=(2n+1)§

; 1 _‘-Il_ o T
= sinx = 35 k”= sin (2)_30_6

Since sin'x is +ve in I and II Quadrants

with reference angle g SO
For I-Quad. For II-Quad.
_ & _ n
X =% X =mn-¢
_ I 4 2T sy
X = ¢+2nm, X = - +2nm,Vnez
Hence solution set is
]l = Sn | |
{(2n+1)6Ju{6+2nn}u{ 6 +2nnJ,n€Z Ans.

Q.15 sinx+cos3x = cosS5x

Solution:
SINX+CosS3X = cosHx

SINX = COSS5SXx—cos3x

. _ o (5x+3x) . (5)(3)()
sinx = —2sin > sin 5

= —_2q¢n4d x 8in x




sinXx+2sm4xsinx =0

sinx (1 +2sin4 x) =

: . I ] ,
sinx = 0 sm4x=—§ =% 4x:sin'(§):30(:§
X = nm since sin x is —ve in III & IV Quadrants

with reference ang]eg
For 111-Quad. For 11I-Quad.
it s
4x:7r+6 , 4x:2rc—6
m 117

4x = 6+2[177: , 4x = 6 +2nm

_ Iz nw _ln nm
> =gt g » ®='gg T g

_ [7n nm) It nm
{ence solution set {nm} W l ﬁ +5 J —4 +5 [, NE7Z Ans.

.16 sin3x+sin2x+sinx = 0
solution:
sin3x+sin2x+sinx = 0
sin3x+sinx+sin2x =0

‘ (3){){) (3x+x) 5 o
2 cos 7 Sin > +sin2x =0

2sin2xcosx+sin2x 0
sin2x(2cosx+1) =

1
sin2x =0 2cosx+1 =0 x=cosl[§)=60=§
Ix = ST R i
X = N7 Cos X =
nmn : : .
X =5 Since cos 1s —ve in Il & III Quadrants
: T
with reference angle 3
For II-Quad. For III-Quad.
_ L. _ T
X =m-3 . X = m+3
2T 4
x:T+2mr \ X:T+2HTE,VHEZ

S . Jnm] 2 | [4=n
yolution set 18 TIU —+2nnfu1?+2nn , hez Ans.



Q.17 sin7x-sinx = sin 3 x
Solution:

Sin7x—sinx = sin 3 x

5 (7x+x) , (7)()()_ -
COS 5 sin 5 = sin 3 X

2cosdxsin3x = sin 3X
2cosdxsin3x—sin3x =0

sin3x(2cosdx—1) =

=% sin3x =0 2cosdx—1 =0
3x = nm 2cosdx =1
_M. \.,4 _l 4 _\_‘l(l)_6oo_z
X =73 cos 4x = 5 X=cos |5]= =3

Since cosx 1s +ve in [ & IV Quadrants.

; T
with.reference angle 3

For I-Quad. For IV-Quad.
Tt 7t
x =3 : 4x = 2n-3
iy = 2
Ll X_ 3
4x = 242 45 = 2By 3
x—3+ nm . X = 3+ nm
_m nm _2m nm
A=127% 1 . A5 pTag

. . J nm 1 J n o onm _ St nm|
Therefore solution set 1s l 3 J l —2 5 J J l —2 B3 J n ez Ans.
0

Q.18 sinx+sin3x+sin5x =

Solution:

sinSx+sinx+sin3x =0

C (5x +x 5x — X .
281[1[ > )cos( > )+s1n3x:0




2smmi3xcosZ2x+smi3x =0

sin3x((2cos2x+1) =0

sin3x = 0 2cos2x+1 =0
—1
3Xx = nx COB AKX = &5
_ﬂ 2 P | l)_(oo_z
X =3 X=c0s |5)=060%=7

Since cos x 1s —ve in [I & III Quadrants,

: : T
with reference angle 3 SO

For I-Quad. For III-Quad.
T T
2)(:7'[~‘3 . 2X2ﬂ+3
5, - A 9y = 28
T3 T3
2T 41
2X = F +2n1mT , 2X = 5 +2nm
3 3
Ay ® 0V 27 2nm
v > X=3 71
_x _ 2n
X'=3+nm X = 3 +nm
Hence solution set is
/nm] [m 2nm]| [2m\32n7|
13Iu13+ 3 Ju 3+ 3J’ nez Ans.

Q.19 sinO+sin30+sin50+sin70 =0
Solution:
[sin70 +sinB]+ [sin50+sin308] = 0

[2_, (79+9)\ _(79-)} [2 (56—%39}1 _\(59-39”_0
S1n 2 COS 3 | + S1n 7 COS 7 =

2sind40cos30+2sin40cosB =0
2sin40(cos30+cosB) =0

, 30+0 30-0
2sin4 0| 2cos T COS > = ()

2x2sin40(cos20cosB) =0
N4 0 cos20cocB = 0




= sin46 =0 cos26 =0 cos O = 0
40 =
i -2e=(2n+1)§ 0 =(_2n+1)§
nmw T
0 = 1 6 = 2n+ l)4
Hence solutions set 1s
{%’T} U {(2n+ 1)% U {(2n+ 1) %}n eZ Ans.

OR

JLE R S B €
I4JU14+ 2JU12+HTE},HEZ

Q.20 cosO+cos30+cos50+cos760 =0

Solution:
[cos 760 +cosO]+[cos50+cos30] =0

‘(79+9) (798) \(56+39) 1(5939)_
2 cos > CoSs > .+2cos —2 cos| ™5 = )

2cos40cos30+2cosd40cos0.=0
2¢c0840 (cos30+cosB) =0

30 +0 30-0
2C0846[2COS( 2+ )COS( > )}=O

2x2cos40 (cos2Bco0s0) =0

= cos40 =0 cos260 =0 cos @ = 0
48=(2n+l)% 2@:(2n+1)§ e=(2n+1)§
8:(2n+1)% 8:(2n+1)g

I

Hence solution set is {(211 + 1) %} U {(2n + 1) % W, I(Zn + l)g} ,hecz

OR

s.s:{ng%}u{“ d {“



