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Chapter#12 Class 1st     Inverse trigonometric function

Contacts: Definitions →Theory → Exercise 

Inverse Trigonometric Functions  
The functions Sin−1,   Cos−1,   𝑇𝑎𝑛−1, 𝐶𝑜𝑠𝑒𝑐−1, 

 𝑆𝑒𝑐−1 𝑎𝑛𝑑  𝐶𝑜𝑡−1 𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 

 Inverse trigonometric functions are not dingle

valued functions.

Principal valued functions: 

Since inverse trigonometric functions are not single 

valued functions , but they can be made single valued 

if we restricted their domains. 

These functions are called principal valued functions 

denoted by  

Sin−1,   Cos−1,   𝑇𝑎𝑛−1, 𝐶𝑜𝑠𝑒𝑐−1, … 𝑒. 𝑡. 𝑐 

Remember that  
Sin−1,   Cos−1,   𝑇𝑎𝑛−1, 𝐶𝑜𝑠𝑒𝑐−1, … 𝑒. 𝑡. 𝑐 are single 

valued functions. While sin−1,   cos−1,   𝑡𝑎𝑛−1, … 𝑎𝑟𝑒 not 

Single valued functions. 

The inverse sine function: 

the inverse sine function is denoted by 𝑆𝑖𝑛−1 and 

defined as  

𝑦 = 𝑆𝑖𝑛−1𝑥  𝑖𝑓𝑓   𝑥 = 𝑠𝑖𝑛𝑦 

Where 𝑦 ∈   [−
𝜋

2
,

𝜋

2
]   𝑜𝑟 −

𝜋

2
≤ 𝑦 ≤

𝜋

2

𝑎𝑛𝑑 𝑥 ∈ [−1,1]   𝑜𝑟 − 1 ≤ 𝑥 ≤ 1 

The inverse cosine function: 

The inverse cosine functions is denoted by 𝐶𝑜𝑠−1  𝑎𝑛𝑑 

Defined as;  

𝑦 = 𝐶𝑜𝑠−1  𝑖𝑓𝑓    𝑥 = 𝑐𝑜𝑠𝑦 

Where 

𝑦 ∈ [0, 𝜋]  𝑜𝑟 0 ≤ 𝑦 ≤ 𝜋 

And 

𝑥 ∈ [−1,1]  𝑜𝑟 − 1 ≤ 𝑥 ≤ 1 

The inverse tangent function: 
The inverse tangent function is denoted by 𝑇𝑎𝑛−1 𝑎𝑛𝑑  is 

defined as;  

𝑦 = 𝑇𝑎𝑛−1𝑥  𝑖𝑓𝑓   𝑥 = 𝑇𝑎𝑛𝑦 

Where 

𝑦 ∈ (−
𝜋

2
,
𝜋

2
)    𝑜𝑟 −

𝜋

2
< 𝑦 <

𝜋

2
And 

𝑥 ∈ (−∞, ∞) 𝑜𝑟 − ∞ < 𝑥 < ∞ 𝑜𝑟 𝑥 ∈ 𝑅 

Note: 

It must be remember that 

𝒔𝒊𝒏−𝟏𝒙 ≠ (𝒔𝒊𝒏𝒙)−𝟏 

𝒄𝒐𝒔−𝟏𝒙 ≠ (𝒄𝒐𝒔𝒙)−𝟏 

𝒕𝒂𝒏−𝟏𝒙 ≠ (𝒕𝒂𝒏𝒙)−𝟏 

The inverse cosecant function: 

The inverse cosecant function is denoted by 𝐶𝑜𝑠𝑒𝑐−1 and 

defined as  

𝑦 = [−
𝜋

2
.
𝜋

2
]   𝑏𝑢𝑡   𝑦 ≠ 𝑜 

And 

𝑥 ∈ [−1,1]  𝑜𝑟 − 1 ≤ 𝑥 ≤ 1 

The inverse secant function: 
The inverse secant function is denoted by 𝑆𝑒𝑐−1  and 

defined as  

𝑦 = sec−1 𝑥   𝑖𝑓𝑓   𝑥 = 𝑠𝑒𝑐𝑦 

Where 

𝑦 ∈ [0, 𝜋]  𝑏𝑢𝑡 𝑦 ≠  
𝜋

2
And 

𝑥 ∈ [−1,1]   𝑜𝑟  − 1 ≤ 𝑥 ≤ 1 

The inverse cotangent functions:
the inverse cotangent function is denoted by 

𝑐𝑜−1  𝑎𝑛𝑑 defined as 𝑦 = cot−1 𝑥   𝑖𝑓𝑓  𝑥 = 𝑐𝑜𝑡𝑦 

where   𝑦 ∈ [−
𝜋

2
,

𝜋

2
]   𝑏𝑢𝑡 𝑦 ≠ 𝑜 

and 

𝑥 ∈    (−∞ , ∞)  𝑜𝑟   𝑥 ∈ 𝑅 

Domains and Ranges of principal 

Trigonometric functions and inverse 

Trigonometric functions. 

𝒚 = 𝒔𝒊𝒏𝒙 

𝑑𝑜𝑚𝑎𝑖𝑛;  −
𝜋

2
≤ 𝑥 ≤

𝜋

2
𝑅𝑎𝑛𝑔𝑒 ; −1 ≤ 𝑥 < 1 

𝒚 = 𝐬𝐢𝐧−𝟏 𝒙 

Domain;    −1 ≤ 𝑥 ≤ 1 

Range –
𝜋

2
≤ 𝑥 ≤

𝜋

2

𝒚 = 𝒄𝒐𝒔𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛; 𝑜 ≤ 𝑥 ≤ 𝜋 

𝑅𝑎𝑛𝑔𝑒; −1 ≤ 𝑥 ≤ 1 

𝒚 = 𝐜𝐨𝐬−𝟏 𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛; −1 ≤ 𝑥 ≤ 1 

𝑅𝑎𝑛𝑔𝑒 ;   0 ≤ 𝑥 ≤ 𝜋 

𝒚 = 𝒕𝒂𝒏𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;  −
𝜋

2
< 𝑥 <

𝜋

2
𝑅𝑎𝑛𝑔𝑒 ;   (−∞, ∞) 𝑜𝑟 𝑅 

𝒚 = 𝐭𝐚𝐧−𝟏 𝒙 
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𝐷𝑜𝑚𝑎𝑖𝑛  (−∞, ∞) 𝑜𝑟 𝑅 

𝑅𝑎𝑛𝑔𝑒 −
𝜋

2
< 𝑥 <

𝜋

2
𝒚 = 𝐜𝐨𝐭−𝟏 𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;   (∞, ∞) 𝑜𝑟 𝑅 

𝑅𝑎𝑛𝑔𝑒  0 < 𝑥 < 𝜋 

𝒚 = 𝒄𝒐𝒕𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;    𝑜 < 𝑥 < 𝜋 

𝑅𝑛𝑎𝑔𝑒 ;   𝑜 < 𝑥 < 𝜋 

𝒚 = 𝒔𝒆𝒄𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;    [0, 𝜋], 𝑥 ≠
𝜋

2
𝑅𝑎𝑛𝑔𝑒;    𝑦 ≤ −1  𝑜𝑟   𝑦 ≥ 1 

𝒚 = 𝐬𝐞𝐜−𝟏 𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;     𝑥 ≥ −1  𝑜𝑟 𝑥 ≤ 1 

𝑅𝑎𝑛𝑔𝑒   𝑦 ≤ −1  𝑜𝑟 𝑦 ≥ 1 

𝒚 = 𝒄𝒔𝒄𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛  ;   [−
𝜋

2
,
𝜋

2
] , 𝑥 ≠ 𝑜 

𝑅𝑎𝑛𝑔𝑒; [0, 𝜋], 𝑦 ≠ 1 

𝒚 = 𝐜𝐬𝐜−𝟏 𝒙 

𝐷𝑜𝑚𝑎𝑖𝑛;    𝑥 ≤ −1  𝑜𝑟 𝑥 > −1 

𝑅𝑛𝑎𝑔𝑒;  [−
𝜋

2
,
𝜋

2
] , 𝑦 ≠ 0 

Exercise 13.1 

Question # 1. Evaluate without using calculator 

(i). 𝐬𝐢𝐧−𝟏(𝟏) 

Solution. 

Suppose  𝑦 = sin−1(1) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−
𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 = 1 

⟹ 𝑦 =
𝜋

2
 , 𝑆𝑖𝑛𝑐𝑒 sin (

𝜋

2
) = 1 

⟹ sin−1(1) = 1 
Which is required. 

(ii). 𝐬𝐢𝐧−𝟏(−𝟏) 

Solution.  

Suppose  𝑦 = sin−1(−1) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−
𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 = −1 

⟹ 𝑦 = −
𝜋

2
 , 𝑆𝑖𝑛𝑐𝑒 sin (−

𝜋

2
) = −1 

⟹ sin−1(−1) = −
𝜋

2
Which is required. 

(iii). 𝐂𝐨𝐬−𝟏(
√𝟑

𝟐
)

Solution. 

Suppose  𝑦 = Cos−1(
√3

2
)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [0 , 𝜋] 

⟹ 𝐶𝑜𝑠𝑦 =
√3

2

⟹ 𝑦 =
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 Cos (

𝜋

6
) =

√3

2

⟹ Cos−1 (
√3

2
) =

𝜋

6

Which is required. 

(iii). 𝐓𝐚𝐧−𝟏(−
𝟏

√𝟑
)

Solution 

Suppose  𝑦 = Tan−1(−
1

√3
) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ tan 𝑦 = −
1

√3

⟹ 𝑦 = −
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 tan (−

𝜋

6
) = −

1

√3

⟹ tan−1 (−
1

√3
) = −

𝜋

6

Which is required. 

(v). 𝐂𝐨𝐬−𝟏(
𝟏

𝟐
)

Solution. 

Suppose  𝑦 = Cos−1(
1

2
)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [0 , 𝜋] 

⟹ 𝐶𝑜𝑠𝑦 =
1

2

⟹ 𝑦 =
𝜋

3
 , 𝑆𝑖𝑛𝑐𝑒 Cos (

𝜋

3
) =

1

2

⟹ Cos−1 (
1

2
) =

𝜋

3
Which is required. 
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(vi). 𝐓𝐚𝐧−𝟏(
𝟏

√𝟑
)

Solution.

Suppose  𝑦 = Tan−1(
1

√3
) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ tan 𝑦 =
1

√3

⟹ 𝑦 =
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 tan (

𝜋

6
) =

1

√3

⟹ tan−1 (
1

√3
) =

𝜋

6

Which is required. 

(vii). 𝐂𝐨𝐭−𝟏(−𝟏) 

Solution.  

Suppose  𝑦 = Cot−1(−1)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [0 , 𝜋] 

⟹ 𝐶𝑜𝑠𝑦 = −1 

⟹ 𝑦 =
3𝜋

4
 , 𝑆𝑖𝑛𝑐𝑒 Cot (

3𝜋

4
) = −1 

⟹ Cot−1(−1) =
3𝜋

4
Which is required. 

(viii). 𝐜𝐨𝐬𝐞𝐜−𝟏(−
𝟐

√𝟑
) 

Solution. 

Suppose  𝑦 = cosec−1(−
2

√3
)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈

[−
𝜋

2
,

𝜋

2
]   , 𝑦 ≠ 0 

⟹ cosec 𝑦 = −
2

√3

⟹ 𝑆𝑖𝑛 𝑦 = −
√3

2

⟹ 𝑦 = −
𝜋

3
  , 𝑆𝑖𝑛𝑐𝑒 Sin (−

𝜋

3
) = −

√3

2

⟹ Cosec−1 (−
2

√3
) = −

𝜋

3

Which is required. 

(ii). 𝐬𝐢𝐧−𝟏(−
𝟏

√𝟐
)

Solution 

Suppose  𝑦 = sin−1(−
1

√2
)     , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 = −
1

√2

⟹ 𝑦 = −
𝜋

4
 , 𝑆𝑖𝑛𝑐𝑒 sin (−

𝜋

4
) = −

1

√2

⟹ sin−1 (−
1

√2
) = −

𝜋

4

Which is required. 

Question # 2 . Without using calculator Show that 

(i). 𝐭𝐚𝐧−𝟏 𝟓

𝟏𝟐
= 𝐬𝐢𝐧−𝟏 𝟓

𝟏𝟑

Solution. 

Suppose   𝛼 = sin−1 5

13
− −(1) 𝑤ℎ𝑒𝑟𝑒 𝛼 ∈ [−

𝜋

2
,

𝜋

2
] 

𝑆𝑖𝑛𝛼 =
5

13
Now cos 𝛼 = ±√1 − 𝑆𝑖𝑛2𝛼 

Since 𝛼 ∈ [−
𝜋

2
,

𝜋

2
] there cos is positive 

cos 𝛼 = +√1 − 𝑆𝑖𝑛2𝛼 

cos 𝛼 = +√1 − (
5

13
)

2

cos 𝛼 = +√1 −
25

169

cos 𝛼 = +√
144

169

cos 𝛼 =
12

13

Now tan 𝛼 =
𝑆𝑖𝑛𝛼

𝑐𝑜𝑠𝛼

tan 𝛼 =

5
13
12
13

 

tan 𝛼 =
5

12

𝛼 = tan−1
5

12

sin−1 5

13
= tan−1 5

12
   ,using (1). 

Hence Proved. 

(ii). 𝟐 𝐜𝐨𝐬−𝟏 𝟒

𝟓
= 𝐬𝐢𝐧−𝟏 𝟐𝟒

𝟐𝟓

Solution. 

Suppose 𝛼 = 2 cos−1 4

5
− − − (1) 𝑊ℎ𝑒𝑟𝑒

𝛼

2
∈ [0 , 𝜋] 

𝛼

2
= cos−1

4

5

𝐶𝑜𝑠 
𝛼

2
=

4

5

Now  𝑆𝑖𝑛
𝛼

2
= ±√1 − 𝐶𝑜𝑠2 𝛼

2

Since 
𝛼

2
∈ [0 , 𝜋] therefore sin is positive. 

𝑆𝑖𝑛
𝛼

2
= √1 − 𝐶𝑜𝑠2

𝛼

2

𝑆𝑖𝑛
𝛼

2
= √1 − (

4

5
)

2

𝑆𝑖𝑛
𝛼

2
= √1 −

16

25

𝑆𝑖𝑛
𝛼

2
= √

9

25

𝑆𝑖𝑛
𝛼

2
=

3

5
Now 𝑆𝑖𝑛𝛼 = 2𝑆𝑖𝑛

𝛼

2
𝐶𝑜𝑠 

𝛼

2

𝑆𝑖𝑛𝛼 = 2 (
3

5
) (

4

5
) 

𝑆𝑖𝑛𝛼 =
24

25

𝛼 = sin−1
24

25
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2 cos−1 4

5
= sin−1 24

25
   , using (1) 

Hence Proved. 

(iii). 𝐜𝐨𝐬−𝟏 𝟒

𝟓
= 𝐜𝐨𝐭−𝟏 𝟒

𝟑

Solution. 

Suppose 𝛼 = cos−1 4

5
− − − (1) 𝑊ℎ𝑒𝑟𝑒 𝛼 ∈ [0 , 𝜋]

cos 𝛼 =
4

5
 

  Now  𝑆𝑖𝑛𝛼 = ±√1 − 𝐶𝑜𝑠2𝛼  

Since 𝛼 ∈ [0 , 𝜋] therefore sin is positive. 

𝑆𝑖𝑛𝛼 = √1 − 𝐶𝑜𝑠2𝛼 

𝑆𝑖𝑛𝛼 = √1 − (
4

5
)

2

𝑆𝑖𝑛𝛼 = √1 −
16

25

𝑆𝑖𝑛𝛼 = √
9

25

𝑆𝑖𝑛𝛼 =
3

5

Now cot 𝛼 =
cos 𝛼

sin 𝛼
=

4

5
3

4

=
4

3

⟹ 𝛼 = cot−1
4

3
− − − −(2)

From (1) and (2) , we have 

cos−1
4

5
= cot−1

4

3
Hence Proved. 

Question # 3 . Find the value of each expression. 

(i). 𝑪𝒐𝒔(𝐬𝐢𝐧−𝟏 𝟏

√𝟐
)

Solution.

Suppose  𝑦 = sin−1(
1

√2
)     , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 =
1

√2

⟹ 𝑦 =
𝜋

4
 , 𝑆𝑖𝑛𝑐𝑒 sin (

𝜋

4
) =

1

√2

⟹ sin−1 (
1

√2
) =

𝜋

4
 

Now  𝐶𝑜𝑠 (sin−1 1

√2
) = 𝐶𝑜𝑠(

𝜋

4
) =

1

√2
. 

Which is required. 

(ii). 𝑺𝒆𝒄 (𝐜𝐨𝐬−𝟏 𝟏

𝟐
)

Solution.  

Suppose  𝑦 = Cos−1(
1

2
)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [0 , 𝜋] 

⟹ 𝐶𝑜𝑠𝑦 =
1

2

⟹ 𝑦 =
𝜋

3
 , 𝑆𝑖𝑛𝑐𝑒 Cos (

𝜋

3
) =

1

2

⟹ Cos−1 (
1

2
) =

𝜋

3

Now 𝑆𝑒𝑐 (cos−1 1

2
) = 𝑆𝑒𝑐 (

𝜋

3
) =

1

cos
𝜋

3

=
1
1

2

= 2. 

Which is required. 

(iii). 𝐭𝐚𝐧 (𝐜𝐨𝐬−𝟏 √𝟑

𝟐
) 

Solution. 

Suppose  𝑦 = Cos−1(
√3

2
)  , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [0 , 𝜋] 

⟹ 𝐶𝑜𝑠𝑦 =
√3

2

⟹ 𝑦 =
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 Cos (

𝜋

6
) =

√3

2

⟹ Cos−1 (
√3

2
) =

𝜋

6

Now tan (cos−1 √3

2
) = tan (

𝜋

6
) =

1

√3

Which is required. 

(iv). 𝑪𝒔𝒄(𝐭𝐚𝐧−𝟏(−𝟏)) 

Solution. 

 Suppose  𝑦 = Tan−1(−1) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−
𝜋

2
,

𝜋

2
] 

⟹ tan 𝑦 = −1 

⟹ 𝑦 = −
𝜋

4
         , 𝑆𝑖𝑛𝑐𝑒 tan (−

𝜋

4
 ) = −1 

⟹ tan−1(−1) = −
𝜋

4

Now 𝐶𝑠𝑐(tan−1(−1)) = 𝐶𝑠𝑐 (−
𝜋

4
) =

1

𝑆𝑖𝑛(−
𝜋

4
)

= −√2 

Which is required. 

(v). 𝑺𝒆𝒄(𝐬𝐢𝐧−𝟏 (−
𝟏

𝟐
) 

Solution. 

Suppose  𝑦 = sin−1(−
1

2
) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 = −
1

2

⟹ 𝑦 = −
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 sin (−

𝜋

6
) = −

1

2

⟹ sin−1 (−
1

2
) = −

𝜋

6

Now  𝑆𝑒𝑐(sin−1 (−
1

2
) = 𝑆𝑒𝑐 (−

𝜋

6
) =

2

√3

Which is required. 

(vi). 𝐭𝐚𝐧 (𝐭𝐚𝐧−𝟏(−𝟏)) 

Solution. 

 Suppose  𝑦 = Tan−1(−1) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−
𝜋

2
,

𝜋

2
] 

⟹ tan 𝑦 = −1 

⟹ 𝑦 = −
𝜋

4
         , 𝑆𝑖𝑛𝑐𝑒 tan (−

𝜋

4
 ) = −1 

⟹ tan−1(−1) = −
𝜋

4

tan (tan−1(−1)) = tan (−
𝜋

4
) = −1. 

Which is required. 

(vii). 𝑺𝒊𝒏(𝐬𝐢𝐧−𝟏(
𝟏

𝟐
)) 

Solution. 

Suppose  𝑦 = sin−1(
1

2
)     , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 =
1

2
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⟹ 𝑦 =
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 sin (

𝜋

6
) =

1

2

⟹ sin−1 (
1

2
) =

𝜋

6

Now  𝑆𝑖𝑛(sin−1(
1

2
)) = 𝑆𝑖𝑛 (

𝜋

6
) =

1

2
. 

Which is required. 

(viii).𝐭𝐚𝐧 (𝐬𝐢𝐧−𝟏(−
𝟏

𝟐
)) 

Solution. 

Suppose  𝑦 = sin−1(−
1

2
) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−

𝜋

2
,

𝜋

2
] 

⟹ 𝑆𝑖𝑛𝑦 = −
1

2

⟹ 𝑦 = −
𝜋

6
 , 𝑆𝑖𝑛𝑐𝑒 sin (−

𝜋

6
) = −

1

2

⟹ sin−1 (−
1

2
) = −

𝜋

6

Now tan (sin−1(−
1

2
)) = tan (−

𝜋

6
) = −

1

√3
. 

Which is required. 

(ix).𝑺𝒊𝒏(𝐭𝐚𝐧−𝟏(−𝟏)) 

Solution.  

 Suppose  𝑦 = Tan−1(−1) , 𝑤ℎ𝑒𝑟𝑒 𝑦 ∈ [−
𝜋

2
,

𝜋

2
] 

⟹ tan 𝑦 = −1 

⟹ 𝑦 = −
𝜋

4
         , 𝑆𝑖𝑛𝑐𝑒 tan (−

𝜋

4
 ) = −1 

⟹ tan−1(−1) = −
𝜋

4

Now Sin (tan−1(−1)) = Sin (−
𝜋

4
) = −

1

√2
. 

Which is required. 

Addition and subtraction formulas 

(1) prove that

sin1 𝐴 + sin−1 𝐵 = sin−1 (𝐴√1 − 𝐵2 + 𝐵√1 − 𝐴2)

Proof: 
Let 𝑥 = sin−1 𝐴 ,      𝑦 = sin−1 𝐵 

⇒ 𝑠𝑖𝑛𝑥 =
𝐴

1
= 𝐴,    𝑠𝑖𝑛𝑦 =

𝐵

1
= 𝐵 

𝒂𝟐 + 𝑨𝟐 = 𝟏 ⇒ 𝒂𝟐 = 𝟏 − 𝑨𝟐 

⇒ 𝒂 = √𝟏 − 𝑨𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔

𝒃𝟐 + 𝑩𝟐 = 𝟏 ⇒ 𝒃𝟐 = 𝟏 − 𝑩𝟐 

⇒ 𝒃 = √𝟏 − 𝑩𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔
So 

𝒄𝒐𝒔𝒙 =
√𝟏 − 𝑨𝟐

𝟏
= √𝟏 − 𝑨𝟐 

𝒄𝒐𝒔𝒚 =
√𝟏 − 𝑩𝟐

𝟏
= √𝟏 − 𝑩𝟐 

Now 

sin(𝑥 + 𝑦) = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑦 

𝑥 + 𝑦 = sin−1 (𝐴√1 − 𝐵2 + 𝐵√1 − 𝐴2) 

2) 

Prove that 

𝐬𝐢𝐧𝟏 𝑨 − 𝐬𝐢𝐧−𝟏 𝑩 = 𝐬𝐢𝐧−𝟏 (𝑨√𝟏 − 𝑩𝟐 − 𝑩√𝟏 − 𝑨𝟐) 

Proof: 
Let 𝑥 = sin−1 𝐴 ,      𝑦 = sin−1 𝐵 

⇒ 𝑠𝑖𝑛𝑥 =
𝐴

1
= 𝐴,    𝑠𝑖𝑛𝑦 =

𝐵

1
= 𝐵 

𝒂𝟐 + 𝑨𝟐 = 𝟏 ⇒ 𝒂𝟐 = 𝟏 − 𝑨𝟐 

⇒ 𝒂 = √𝟏 − 𝑨𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔

𝒃𝟐 + 𝑩𝟐 = 𝟏 ⇒ 𝒃𝟐 = 𝟏 − 𝑩𝟐 

⇒ 𝒃 = √𝟏 − 𝑩𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔
So 

𝒄𝒐𝒔𝒙 =
√𝟏 − 𝑨𝟐

𝟏
= √𝟏 − 𝑨𝟐 

𝒄𝒐𝒔𝒚 =
√𝟏 − 𝑩𝟐

𝟏
= √𝟏 − 𝑩𝟐 

Now 

sin(𝑥 − 𝑦) = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑦 − 𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑦 

𝑥 − 𝑦 = sin−1 (𝐴√1 − 𝐵2 − 𝐵√1 − 𝐴2) 

(3) prove that

cos1 𝐴 + cos−1 𝐵 = cos−1 (𝐴𝐵 − √(1 − 𝐴2)(1 − 𝐵2))

Proof: 
Let 𝑥 = cos−1 𝐴 ,      𝑦 = cos−1 𝐵 

⇒ 𝑐𝑜𝑠𝑥 =
𝐴

1
= 𝐴,    𝑐𝑜𝑠𝑦 =

𝐵

1
= 𝐵 

𝒂𝟐 + 𝑨𝟐 = 𝟏 ⇒ 𝒂𝟐 = 𝟏 − 𝑨𝟐 

⇒ 𝒂 = √𝟏 − 𝑨𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔

𝒃𝟐 + 𝑩𝟐 = 𝟏 ⇒ 𝒃𝟐 = 𝟏 − 𝑩𝟐 

⇒ 𝒃 = √𝟏 − 𝑩𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔
So 

𝒔𝒊𝒏𝒙 =
√𝟏 − 𝑨𝟐

𝟏
= √𝟏 − 𝑨𝟐 

𝒔𝒊𝒏𝒚 =
√𝟏 − 𝑩𝟐

𝟏
= √𝟏 − 𝑩𝟐 

Now 

cos(𝑥 + 𝑦) = 𝑐𝑜𝑠𝑥𝑐𝑜𝑠𝑦 − 𝑠𝑖𝑛𝑥𝑠𝑖𝑛𝑦 

𝑥 + 𝑦 = cos−1 (𝐴𝐵 − √(1 − 𝐴2)(1 − 𝐵2)) 

cos1 𝐴 + cos−1 𝐵 = cos−1 (𝐴𝐵 − √(1 − 𝐴2)(1 − 𝐵2)) 

(4) prove that

cos1 𝐴 − cos−1 𝐵 = cos−1 (𝐴𝐵 + √(1 − 𝐴2)(1 − 𝐵2))

Proof: 
Let 𝑥 = cos−1 𝐴 ,      𝑦 = cos−1 𝐵 
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⇒ 𝑐𝑜𝑠𝑥 =
𝐴

1
= 𝐴,    𝑐𝑜𝑠𝑦 =

𝐵

1
= 𝐵 

𝒂𝟐 + 𝑨𝟐 = 𝟏 ⇒ 𝒂𝟐 = 𝟏 − 𝑨𝟐 

⇒ 𝒂 = √𝟏 − 𝑨𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔

𝒃𝟐 + 𝑩𝟐 = 𝟏 ⇒ 𝒃𝟐 = 𝟏 − 𝑩𝟐 

⇒ 𝒃 = √𝟏 − 𝑩𝟐  𝒃𝒚 𝒑𝒂𝒕𝒉𝒂𝒈𝒐𝒓𝒂𝒔
So 

𝒔𝒊𝒏𝒙 =
√𝟏 − 𝑨𝟐

𝟏
= √𝟏 − 𝑨𝟐 

𝒔𝒊𝒏𝒚 =
√𝟏 − 𝑩𝟐

𝟏
= √𝟏 − 𝑩𝟐 

Now 

∵ cos(𝑥 − 𝑦) = 𝑐𝑜𝑠𝑥𝑐𝑜𝑠𝑦 + 𝑠𝑖𝑛𝑥𝑠𝑖𝑛𝑦 

𝑥 + 𝑦 = cos−1 (𝐴𝐵 + √(1 − 𝐴2)(1 − 𝐵2)) 

cos1 𝐴 + cos−1 𝐵 = cos−1 (𝐴𝐵 + √(1 − 𝐴2)(1 − 𝐵2)) 

(5) prove that

𝑻𝒂𝒏−𝟏𝑨 + 𝑻𝒂𝒏−𝟏𝑩 = 𝑻𝒂𝒏−𝟏
𝑨 + 𝑩

𝟏 − 𝑨𝑩
Proof: 
Let 𝑥 = 𝑇𝑎𝑛−1𝐴,   𝑦 = 𝑇𝑎𝑛−1𝐵 

⇒ 𝑇𝑎𝑛𝑥 = 𝐴,   𝑇𝑎𝑛𝑦 = 𝐵

∵     𝑇𝑎𝑛(𝑥 + 𝑦) =
𝑇𝑎𝑛𝑥 + 𝑇𝑎𝑛𝑦

1 − 𝑇𝑎𝑛𝑥𝑇𝑎𝑛𝑦

⇒ 𝑥 + 𝑦 = 𝑇𝑎𝑛−1
𝐴 + 𝐵

1 − 𝐴𝐵
 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 

(6) prove that

𝑻𝒂𝒏−𝟏𝑨 − 𝑻𝒂𝒏−𝟏𝑩 = 𝑻𝒂𝒏−𝟏
𝑨 − 𝑩

𝟏 + 𝑨𝑩
Proof: 
Let 𝑥 = 𝑇𝑎𝑛−1𝐴,   𝑦 = 𝑇𝑎𝑛−1𝐵 

⇒ 𝑇𝑎𝑛𝑥 = 𝐴,   𝑇𝑎𝑛𝑦 = 𝐵

∵     𝑇𝑎𝑛(𝑥 − 𝑦) =
𝑇𝑎𝑛𝑥 − 𝑇𝑎𝑛𝑦

1 + 𝑇𝑎𝑛𝑥𝑇𝑎𝑛𝑦

⇒ 𝑥 + 𝑦 = 𝑇𝑎𝑛−1
𝐴 − 𝐵

1 + 𝐴𝐵
 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 

Hence 

𝑻𝒂𝒏−𝟏𝑨 − 𝑻𝒂𝒏−𝟏𝑩 = 𝑻𝒂𝒏−𝟏
𝑨 − 𝑩

𝟏 + 𝑨𝑩
(7) prove that

𝟐𝑻𝒂𝒏−𝟏𝑨 = 𝑻𝒂𝒏−𝟏
𝟐𝑨

𝟏 − 𝑨𝟐

Proof: 
We know that 

𝑻𝒂𝒏−𝟏𝑨 + 𝑻𝒂𝒏−𝟏𝑩 = 𝑻𝒂𝒏−𝟏
𝑨 + 𝑩

𝟏 − 𝑨𝑩
Put B=A 

𝑻𝒂𝒏−𝟏𝑨 + 𝑻𝒂𝒏−𝟏𝑨 = 𝑻𝒂𝒏−𝟏
𝑨 + 𝑨

𝟏 − 𝑨𝑨

⇒ 𝟐𝑻𝒂𝒏−𝟏𝑨 = 𝑻𝒂𝒏−𝟏
𝟐𝑨

𝟏 − 𝑨𝟐

Exercise 13.2 

Question # 1 . 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 

𝐬𝐢𝐧−𝟏
𝟓

𝟏𝟑
+ 𝐬𝐢𝐧−𝟏

𝟕

𝟐𝟓
= 𝐜𝐨𝐬−𝟏

𝟐𝟓𝟑

𝟑𝟐𝟓
Solution. 

L𝐿. 𝐻. 𝑆 = sin−1 5

13
+ sin−1 7

25

∵  sin−1 𝐴 + sin−1 𝐵 = sin−1(𝐴√1 − 𝐵2 + 𝐵√1 − 𝐴2) 

𝐿. 𝐻. 𝑆 = sin−1(
5

13
√1 − (

7

25
)

2

+
7

25
√1 − (

5

13
)

2

) 

𝐿. 𝐻. 𝑆 = sin−1(
5

13
√1 −

49

625
+

7

25
√1 −

25

169
) 

𝐿. 𝐻. 𝑆 = sin−1( 
5

13
√

576

625
+

7

25
√

144

169
 ) 

𝐿. 𝐻. 𝑆 = sin−1 (
5

13
(

24

25
) +

7

25
(

12

13
)) 

𝐿. 𝐻. 𝑆 = sin−1 (
120

325
+

84

325
) 

𝐿. 𝐻. 𝑆 = sin−1 (
204

325
) 

𝐿. 𝐻. 𝑆 =
π

2
− cos−1 (

204

325
)  

∵ sin−1 𝐴 =
𝜋

2
− cos−1 𝐴

𝐿. 𝐻. 𝑆 = cos−1(0) −  cos−1 (
204

325
)   ∵

𝜋

2
= cos−1(0) 

∵ cos−1 𝐴 − cos−1 𝐵

= cos−1 (𝐴𝐵 + √(1 − 𝐴2)(1 − 𝐵2)) 

𝐿. 𝐻. 𝑆 = cos−1 ((0) (
204

325
) + √(1 − (0)2) (1 − (

204

325
)

2

)) 
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𝐿. 𝐻. 𝑆 = cos−1 (0 + √
64009

105625
) 

𝐿. 𝐻. 𝑆 = cos−1 (
253

325
) 

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 

𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 2. 

𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐭𝐚𝐧−𝟏 𝟏

𝟒
+𝐭𝐚𝐧−𝟏 𝟏

𝟓
= 𝐭𝐚𝐧−𝟏 (

𝟗

𝟏𝟗
) 

Solution. 

L. H. S = tan−1
1

4
+tan−1

1

5

∵ tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴 + 𝐵

1 − 𝐴𝐵
) 

L. H. S = tan−1 (

1
4 +

1
5

1 − (
1
4) (

1
5

)
) 

L. H. S = tan−1 (

9
20
19
20

) 

L. H. S = tan−1 (
9

19
) 

L. H. S = R. H. S

𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 3 .𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟐 𝐭𝐚𝐧−𝟏 𝟐

𝟑
= 𝐬𝐢𝐧−𝟏 𝟏𝟐

𝟏𝟑
. 

Solution. Suppose 

𝛼 = sin−1
12

13

sin 𝛼 =
12

13

Now cos 𝛼 = √1 − 𝑆𝑖𝑛2𝛼 

cos 𝛼 = √1 − (
12

13
)

2

cos 𝛼 = √1 −
144

169

cos 𝛼 = √
25

169

cos 𝛼 =
5

13

Now tan
𝛼

2
= √

1−cos 𝛼

1+cos 𝛼

tan
𝛼

2
= √

1 −
5

13

1 +
5

13

 

tan
𝛼

2
= √

8
13
18
13

 

tan
𝛼

2
= √

8

18

tan
𝛼

2
=

2

3
α

2
= tan−1

2

3

α = 2tan−1
2

3

sin−1
12

13
= 2tan−1

2

3
𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 4 . 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐭𝐚𝐧−𝟏 𝟏𝟐𝟎

𝟏𝟏𝟗
= 𝟐 𝐜𝐨𝐬−𝟏 𝟏𝟐

𝟏𝟑

Solution. Suppose 

𝛼 =  tan−1
120

119
− − − (1)

tan 𝛼 =
120

119
Now 𝑆𝑒𝑐 𝛼 = √1 + tan2 𝛼 

𝑆𝑒𝑐 𝛼 = √1 + (
120

119
)

2

𝑆𝑒𝑐 𝛼 = √1 +
14400

14161

𝑆𝑒𝑐 𝛼 = √
28561

14161

𝑆𝑒𝑐 𝛼 =
169

119

Now 𝐶𝑜𝑠𝛼 =
1

𝑆𝑒𝑐𝛼
=

119

169

Now cos
𝛼

2
= √

1+𝐶𝑜𝑠𝛼

2

cos
𝛼

2
=

√1 +
119
169

2
 

cos
𝛼

2
=

√
288
169

2
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cos
𝛼

2
= √

144

169

cos
𝛼

2
=

12

13
𝛼

2
= cos−1

12

13

𝛼 = 2cos−1
12

13
− − − (2)

From (1) and (2) , We have 

tan−1
120

119
= 2cos−1

12

13
𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 5.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧−𝟏 𝟏

√𝟓
+ 𝐜𝐨𝐭−𝟏 𝟑 =

𝝅

𝟒
. 

Solution. 

Suppose 𝜶 = 𝑺𝒊𝒏−𝟏 𝟏

√𝟓
− − − − − (𝒊𝒊)

𝑺𝒊𝒏𝜶 =
𝟏

√𝟓

Now 𝑪𝒐𝒔𝜶 = √𝟏 − 𝑺𝒊𝒏𝟐𝜶 = √𝟏 − (
𝟏

√𝟓
)

𝟐

𝑪𝒐𝒔𝜶 = √𝟏 −
𝟏

𝟓
= √

𝟓 − 𝟏

𝟓
= √

𝟒

𝟓
=

𝟐

√𝟓

So 𝒕𝒂𝒏𝜶 =
𝑺𝑰𝒏𝜶

𝑪𝒐𝒔𝜶
=

𝟏

√𝟓
𝟐

√𝟓 

=
𝟏

𝟐

𝜶 = 𝒕𝒂𝒏−𝟏
𝟏

𝟐
− − − − − (𝒊𝒊)

From (𝒊)𝒂𝒏𝒅 (𝒊𝒊), we have 

𝑺𝒊𝒏−𝟏
𝟏

√𝟓
= 𝒕𝒂𝒏−𝟏

𝟏

𝟐

Now 𝐶𝑜𝑡−13 = tan−1 1

3
(Using 𝐶𝑜𝑡−1𝑥 = 𝑇𝑎𝑛−1 1

𝑥
) 

𝐿. 𝐻. 𝑆 = 𝐬𝐢𝐧−𝟏
𝟏

√𝟓
+ 𝐜𝐨𝐭−𝟏 𝟑

𝐿. 𝐻. 𝑆 = 𝒕𝒂𝒏−𝟏
𝟏

𝟐
+ tan−1

1

3

Using  tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴+𝐵

1−𝐴𝐵
) 

𝐿. 𝐻. 𝑆 = tan−1 (

1
2 +

1
3

1 −
1
2 .

1
3

) 

𝐿. 𝐻. 𝑆 = tan−1 (

5
6
5
6

) 

𝐿. 𝐻. 𝑆 = tan−1(1) 

𝐿. 𝐻. 𝑆 =
𝜋

4
𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 

Hence Proved. 

Question # 6 . 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧−𝟏 𝟑

𝟓
+

𝐬𝐢𝐧−𝟏 𝟖

𝟏𝟕
= 𝐜𝐨𝐬−𝟏 𝟕𝟕

𝟖𝟓

Solution. 

𝐿. 𝐻. 𝑆 = sin−1
3

5
+ sin−1

8

17

∵  sin−1 𝐴 + sin−1 𝐵 = sin−1(𝐴√1 − 𝐵2 + 𝐵√1 − 𝐴2) 

𝐿. 𝐻. 𝑆 = sin−1(
3

5
√1 − (

8

17
)

2

+
8

17
√1 − (

3

5
)

2

) 

𝐿. 𝐻. 𝑆 = sin−1(
3

5
√1 −

64

289
+

8

17
√1 −

9

25
) 

𝐿. 𝐻. 𝑆 = sin−1(
3

5
√

225

289
+

8

17
√

16

25
 ) 

𝐿. 𝐻. 𝑆 = sin−1 (
3

5
(

15

17
) +

8

17
(

4

5
)) 

𝐿. 𝐻. 𝑆 = sin−1 (
45

85
+

32

85
) 

𝐿. 𝐻. 𝑆 = sin−1 (
77

85
) 

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 

𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 7 . 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 

𝐬𝐢𝐧−𝟏
𝟕𝟕

𝟖𝟓
+ 𝐬𝐢𝐧−𝟏

𝟑

𝟓
= 𝐜𝐨𝐬−𝟏

𝟏𝟓

𝟏𝟕
Solution. 

Take sin−1 77

85
= 𝑥,  sin−1 3

5
= 𝑦 

⇒ 𝑠𝑖𝑛𝑥 =
77

85
,   𝑠𝑖𝑛𝑦 =

3

5
𝑐𝑜𝑠2𝛼 = 1 − sin2 𝛼 

cos2 𝑥 = 1 − (
77

85
)

2

 ,   cos2 𝑦 = 1 − sin2 𝑦 

cos2 𝑥 = 1 −
5929

7225
 , cos2 𝑦 = 1 − (

3

5
)

2

cos2 𝑥 =
7225 − 5929

7225
, 

cos2 𝑥 =
1296

7225

⇒ 𝑐𝑜𝑠𝑥 =
36

85
(cos 𝑖𝑠 + +𝑣𝑒 𝑖𝑛 𝑑𝑜𝑚𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛𝑒) 



cos2 𝑦 = 1 − (
3

5
)

2

= 1 −
9

25

cos2 𝑦 =
25 − 9

25
=

16

25
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𝑐𝑜𝑠𝑦 =
4

5
(∵  cos 𝑖𝑠 + 𝑣𝑒 𝑖𝑛 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛𝑒) 

∵ cos(𝑥 − 𝑦) = 𝑐𝑜𝑠𝑥𝑐𝑜𝑠𝑦 + 𝑠𝑖𝑛𝑥𝑠𝑖𝑛𝑦 

⇒ 𝑥 − 𝑦 = cos−1 ((
36

85
) (

4

5
) + (

77

85
) (

3

5
)) 

= cos−1 (
44

425
+

231

425
) 

𝑥 − 𝑦 = cos−1
375

425
= cos−1

15

17

𝐬𝐢𝐧−𝟏
𝟕𝟕

𝟖𝟓
+ 𝐬𝐢𝐧−𝟏

𝟑

𝟓
= 𝐜𝐨𝐬−𝟏

𝟏𝟓

𝟏𝟕

𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑. 

Question # 8. Prove that 

𝑪𝒐𝒔−𝟏
𝟔𝟑

𝟔𝟓
+ 𝟐 𝐭𝐚𝐧−𝟏

𝟏

𝟓
= 𝑺𝒊𝒏−𝟏

𝟑

𝟓

Solution.  Suppose 𝛼 = 𝐶𝑜𝑠−1 63

65
− − − − − (𝑖)

⇒ 𝐶𝑜𝑠𝛼 =
63

65

Now   𝑆𝑖𝑛𝛼 = √1 − 𝐶𝑜𝑠2𝛼 = √1 − (
63

65
)

2
=

√1 −
3969

4225
= √

256

4225
=

16

65

⇒ 𝛼 = 𝑆𝑖𝑛−1
16

65
− − − −(𝑖𝑖)

So from equations (i) and (ii), we have 

𝐶𝑜𝑠−1
63

65
= 𝑆𝑖𝑛−1

16

65

Now Suppose 𝛽 = tan−1 1

5
− − − −(𝑖𝑖𝑖)

𝑡𝑎𝑛𝛽 =
1

5

So 𝑆𝑒𝑐𝛽 = √1 + tan2 𝛽 = √1 + (
1

5
)

2
= √1 +

1

25
=

√
26

25
=

√26

5

Since 𝐶𝑜𝑠𝛽 =
1

𝑆𝑒𝑐𝛽
=

1

√26

5

=
5

√26

As 𝑡𝑎𝑛𝛽 =
𝑆𝑖𝑛𝛽

𝐶𝑜𝑠𝛽
⇒ 𝑆𝑖𝑛𝛽 = 𝑡𝑎𝑛𝛽𝐶𝑜𝑠𝛽

⇒ 𝑆𝑖𝑛𝛽 = (
1

5
) (

5

√26
) =

1

√26

⇒ 𝛽 = 𝑆𝑖𝑛−1
1

√26
− − − −(𝑖𝑣)

From (iii) and (iv), we have 

tan−1
1

5
= 𝑆𝑖𝑛−1

1

√26

Now 𝐿. 𝐻. 𝑆 =  𝐶𝑜𝑠−1 63

65
+ 2 tan−1 1

5

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 2𝑆𝑖𝑛−1

1

√26

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ (𝑆𝑖𝑛−1

1

√26
+ 𝑆𝑖𝑛−1

1

√26
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 𝑆𝑖𝑛−1 (

1

√26
√1 − (

1

√26
)

2

+
1

√26
√1 − (

1

√26
)

2

) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 𝑆𝑖𝑛−1 (

2

√26
√1 −

1

26
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 𝑆𝑖𝑛−1 (

2

√26
√

25

26
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 𝑆𝑖𝑛−1 (

10

26
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
16

65
+ 𝑆𝑖𝑛−1

5

13

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
16

65
√1 − (

5

13
)

2

+
5

13
√1 − (

16

65
)

2

) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
16

65
√1 −

25

169
+

5

13
√1 −

256

5225
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
16

65
√

144

169
+

5

13
√

3969

4225
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
16

65
(

12

13
) +

5

13
(

63

65
)) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
192

845
+

315

845
) 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
3

5
) = 𝑅. 𝐻. 𝑆 

Hence Proved. 

Question # 9. Prove that 𝐭𝐚𝐧−𝟏 𝟑

𝟒
+ 𝐭𝐚𝐧−𝟏 𝟑

𝟓
−

𝐭𝐚𝐧−𝟏 𝟖

𝟏𝟗
=

𝝅

𝟒

Solution. 

𝐿. 𝐻. 𝑆 =    tan−1
3

4
+ tan−1

3

5
− tan−1

8

19

∵ tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴 + 𝐵

1 − 𝐴𝐵
) 

L. H. S = tan−1 (

3
4 +

3
5

1 − (
3
4) (

3
5

)
) − tan−1

8

19

L. H. S = tan−1 (

27
20

1 −
9

20

) − tan−1
8

19

L. H. S = tan−1 (

27
20
11
20

) − tan−1
8

19

L. H. S = tan−1 (
27

11
) − tan−1

8

19
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L. H. S = tan−1 (

27
11

−
8

19

1 + (
27
11

) (
8

19
)

) 

L. H. S = tan−1 (

425
209

1 +
216
209

) 

L. H. S = tan−1 (

425
209
425
209

) 

L. H. S = tan−1(1)

L. H. S =
π

4
= 𝑅. 𝐻. 𝑆 

Hence Proved. 

Question # 10. Prove that 

𝐬𝐢𝐧−𝟏
𝟒

𝟓
+ 𝐬𝐢𝐧−𝟏

𝟓

𝟏𝟑
+ 𝒔𝒊𝒏−𝟏

𝟏𝟔

𝟔𝟓
 =

𝝅

𝟐
Solution. 

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
𝟒

𝟓
+ 𝑆𝑖𝑛−1

𝟓

𝟏𝟑

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
𝟒

𝟓
√1 − (

𝟓

𝟏𝟑
)

2

+
𝟓

𝟏𝟑
√1 − (

𝟒

𝟓
)

2

) + sin−1
16

65

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
𝟒

𝟓
√1 −

25

169
+

𝟓

𝟏𝟑
√1 −

16

25
) + sin−1

16

65

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
𝟒

𝟓
√

144

169
+

𝟓

𝟏𝟑
√

9

25
) + sin−1

16

65

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
𝟒

𝟓
(

12

13
) +

𝟓

𝟏𝟑
(

3

5
)) + sin−1

16

65

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1 (
𝟒𝟖

𝟔𝟓
+

𝟏𝟓

𝟔𝟓
) sin−1

16

65

𝐿. 𝐻. 𝑆 = 𝑆𝑖𝑛−1
𝟔𝟑

𝟔𝟓
+ sin−1

16

65

= sin−1 (
63

65
√1 − (

16

25
)

2

+
16

25
√1 − (

63

65
)

2

) 

= sin−1 (
63

65
√1 −

256

4225
+

16

65
√1 −

3969

4225
 ) 

= sin−1 (
63

65
√

3969

4225
+

16

65
√

256

4225
) 

= sin−1 (
63

65
(

63

65
) +

16

65
(

16

65
)) 

sin−1 (
3969

4225
+

256

4225
) 

= sin−1 (
4225

4225
) = sin−1(1) =

𝜋

2
= 𝑅. 𝐻. 𝑆 𝑝𝑟𝑜𝑣𝑒𝑑 

Hence Proved. 

Question # 11.Prove that 𝐭𝐚𝐧−𝟏 𝟏

𝟏𝟏
+ 𝐭𝐚𝐧−𝟏 𝟓

𝟔
=

𝐭𝐚𝐧−𝟏 𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏 𝟏

𝟐

Solution. 𝐿. 𝐻. 𝑆 =    𝐭𝐚𝐧−𝟏 𝟏

𝟏𝟏
+ 𝐭𝐚𝐧−𝟏 𝟓

𝟔

 ∵ tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴 + 𝐵

1 − 𝐴𝐵
) 

L. H. S = tan−1 (

𝟏
𝟏𝟏

+
𝟓
𝟔

1 − (
𝟏

𝟏𝟏
) (

𝟓
𝟔

)
) 

L. H. S = tan−1 (

𝟔𝟏
𝟔𝟔

1 −
𝟓

𝟔𝟔

) 

L. H. S = tan−1 (

𝟔𝟏
𝟔𝟔
61
66

) 

L. H. S = tan−1(1)

L. H. S =
𝜋

4
− − − − − (𝑖)

𝑅. 𝐻. 𝑆 =    𝐭𝐚𝐧−𝟏
𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏

𝟏

𝟐

 ∵ tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴 + 𝐵

1 − 𝐴𝐵
) 

 R. H. S = tan−1 (

𝟏
𝟑 +

𝟏
𝟐

1 − (
𝟏
𝟑) (

𝟏
𝟐)

) 

R. H. S = tan−1 (

𝟓
𝟔

1 −
𝟏
𝟔

) 

R. H. S = tan−1 (

𝟓
𝟔
5
6

) 

R. H. S = tan−1(1) 

R. H. S =
𝜋

4
− − − −(𝑖𝑖)

From (i) and (ii), we have 

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 

Hence Proved. 

Question # 12.Prove that 2𝐭𝐚𝐧−𝟏 𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏 𝟏

𝟕
=

𝝅

𝟒

Solution. 

𝐿. 𝐻. 𝑆 =    2 𝐭𝐚𝐧−𝟏
𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏

𝟏

𝟕

𝐿. 𝐻. 𝑆 = 𝐭𝐚𝐧−𝟏
𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏

𝟏

𝟑
+ 𝐭𝐚𝐧−𝟏

𝟏

𝟕

 ∵ tan−1 𝐴 + tan−1 𝐵 = tan−1 (
𝐴 + 𝐵

1 − 𝐴𝐵
) 

L. H. S = tan−1 (

𝟏
𝟑 +

𝟏
𝟑

1 − (
𝟏
𝟑) (

𝟏
𝟑)

) + 𝐭𝐚𝐧−𝟏
𝟏

𝟕

L. H. S = tan−1 (

𝟐
𝟑
8
9

) + 𝐭𝐚𝐧−𝟏
𝟏

𝟕

L. H. S = tan−1 (
3

4
) + 𝐭𝐚𝐧−𝟏

𝟏

𝟕
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𝐿. 𝐻. 𝑆 = tan−1 (

𝟑
𝟒 +

𝟏
𝟕

1 − (
𝟑
𝟒

) (
𝟏
𝟕

)
) 

R. H. S = tan−1 (

𝟐𝟓
𝟐𝟖

1 −
3

28

) 

R. H. S = tan−1 (

𝟐𝟓
𝟐𝟖
25
28

)

L. H. S = tan−1(1)

L. H. S =
𝜋

4
= 𝑅. 𝐻. 𝑆 

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 

Hence Proved. 

Question # 13. Show that 𝑪𝒐𝒔(𝑺𝒊𝒏−𝟏𝒙) = √𝟏 − 𝒙𝟐 

Solution. Suppose that  𝑦 = 𝑆𝑖𝑛−1𝑥 

⇒ 𝑆𝑖𝑛𝑦 = 𝑥

Since 𝐶𝑜𝑠𝑦 = √1 − 𝑆𝑖𝑛2𝑦 = √1 − 𝑥2 

Using value of 𝑦 

𝐶𝑜𝑠(𝑆𝑖𝑛−1𝑥) = √1 − 𝑥2. 

Hence proved. 

Question # 14. Show that 𝑺𝒊𝒏(𝟐𝑪𝒐𝒔−𝟏𝒙) = 𝟐𝒙√𝟏 − 𝒙𝟐 

Solution. Suppose that  𝑦 = 𝐶𝑜𝑠−1𝑥 

⇒ 𝐶𝑜𝑠𝑦 = 𝑥

Since 𝑆𝑖𝑛𝑦 = √1 − 𝐶𝑜𝑠2𝑦 = √1 − 𝑥2 

Now  

𝑆𝑖𝑛(2𝐶𝑜𝑠−1𝑥) = 𝑆𝑖𝑛2𝑦 

𝑆𝑖𝑛(2𝐶𝑜𝑠−1𝑥) = 2𝑆𝑖𝑛𝑦𝐶𝑜𝑠𝑦 

𝑆𝑖𝑛(2𝐶𝑜𝑠−1𝑥) = 2𝑥√1 − 𝑥2. 
Hence proved. 

Question # 15. Show that 𝑪𝒐𝒔(𝟐𝑺𝒊𝒏−𝟏𝒙) = 𝟏 − 𝟐𝒙𝟐 

Solution. Suppose that  𝑦 = 𝑆𝑖𝑛−1𝑥 

⇒ 𝑆𝑖𝑛𝑦 = 𝑥

Since 𝐶𝑜𝑠𝑦 = √1 − 𝑆𝑖𝑛2𝑦 = √1 − 𝑥2 

Now 𝐶𝑜𝑠(2𝑆𝑖𝑛−1𝑥) = 𝐶𝑜𝑠2𝑦 = 𝐶𝑜𝑠2𝑦 − 𝑆𝑖𝑛2𝑦 

𝐶𝑜𝑠(2𝑆𝑖𝑛−1𝑥) = 𝐶𝑜𝑠2𝑦 − 𝑆𝑖𝑛2𝑦 

𝐶𝑜𝑠(2𝑆𝑖𝑛−1𝑥) = (√1 − 𝑥2)
2

− 𝑥2

𝐶𝑜𝑠(2𝑆𝑖𝑛−1𝑥) = 1 − 𝑥2 − 𝑥2 

𝐶𝑜𝑠(2𝑆𝑖𝑛−1𝑥) = 1 − 2𝑥2 
Hence proved. 

Question # 16. Show that 𝐭𝐚𝐧−𝟏(−𝒙) = − 𝐭𝐚𝐧−𝟏 𝒙 

Solution. Suppose that  𝑦 = tan−1(−𝑥)  

⇒ 𝑡𝑎𝑛𝑦 = −𝑥

⇒ −𝑡𝑎𝑛𝑦 = 𝑥

Since tan(−𝜃) = −𝑡𝑎𝑛𝜃 

⇒ tan (−𝑦) = 𝑥

⇒ −y = tan−1 𝑥

⇒ y = −tan−1 𝑥

Using Value of y then 

⇒ tan−1(−𝑥) = −tan−1 𝑥

Hence proved. 

Question # 17. 𝐒𝐡𝐨𝐰 that 𝐬𝐢𝐧−𝟏(−𝒙) = − 𝐬𝐢𝐧−𝟏(𝒙) 

Solution. Suppose that  𝑦 = 𝐬𝐢𝐧−𝟏(−𝒙) 

⇒ 𝑆𝑖𝑛𝑦 = −𝑥

⇒ −𝑆𝑖𝑛𝑦 = 𝑥

Since Sin(−𝜃) = −𝑆𝑖𝑛𝜃 

⇒ Sin (−𝑦) = 𝑥

⇒ −y = Sin−1 𝑥

⇒ y = −Sin−1 𝑥

Using Value of y then 

⇒ 𝐬𝐢𝐧−𝟏(−𝒙) = − 𝐬𝐢𝐧−𝟏(𝒙)

Hence proved. 

Question # 18. 𝐬𝐡𝐨𝐰 that 𝐜𝐨𝐬−𝟏(−𝒙) = 𝝅 − 𝐜𝐨𝐬−𝟏 𝒙

Solution.  

cos−1(−𝑥) = 𝜋 − cos−1 𝑥 

⇒ cos−1(−𝑥) + cos−1 𝑥 = 𝜋

𝐿. 𝐻. 𝑆 = cos−1(−𝑥) + cos−1 𝑥

= cos−1(−𝑥(𝑥) − √1 − (−𝑥2)(1 − 𝑥2) 

= cos−1(−𝑥2 − √(1 − 𝑥2)(1 − 𝑥2) 

= cos−1(−𝑥2 − √(1 − 𝑥2)2 

= cos−1(−𝑥2 − (1 − 𝑥2)) 

= cos−1(−1) = 𝜋 = 𝑅. 𝐻. 𝑆 

Hence L.H.S=R.H.S 

Question # 19. 𝐬𝐡𝐨𝐰 that 𝐭𝐚𝐧(𝐬𝐢𝐧−𝟏 𝒙) =
𝒙

√𝟏−𝒙𝟐

Solution. Suppose that  𝑦 = 𝑆𝑖𝑛−1𝑥 

⇒ 𝑆𝑖𝑛𝑦 = 𝑥

Since 𝐶𝑜𝑠𝑦 = √1 − 𝑆𝑖𝑛2𝑦 = √1 − 𝑥2 

Now 𝑡𝑎𝑛𝑦 =
𝑆𝑖𝑛𝑦

𝐶𝑜𝑠𝑦

tan(𝑆𝑖𝑛−1𝑥) =
𝑥

√1 − 𝑥2
. 

Hence proved. 

Question # 20. Given that  𝒙 = 𝑺𝒊𝒏−𝟏 𝟏

𝟐
 , find the 

value of remaining trigonometric functions 

𝒔𝒊𝒏𝒙, 𝒄𝒐𝒔𝒙, 𝒕𝒂𝒏𝒙, 𝒔𝒆𝒄𝒙, 𝒄𝒐𝒔𝒆𝒄𝒙, 𝒄𝒐𝒕𝒙. 

Solution. 

Given 𝑥 = 𝑆𝑖𝑛−1 1

2

⇒ 𝑆𝑖𝑛𝒙 =
𝟏

𝟐
⇒ 𝑪𝒐𝒔𝒆𝒄𝒙 =

𝟏

𝑺𝒊𝒏𝒙
= 𝟐 

Now 𝑪𝒐𝒔𝒙 = √𝟏 − 𝑺𝒊𝒏𝟐𝒙 = √𝟏 − (
𝟏

𝟐
)

𝟐
= √𝟏 −

𝟏

𝟒
=

√
𝟑

𝟒
=

√𝟑

𝟐

𝐶𝑜𝑠𝑥 =
√𝟑

𝟐
⇒ 𝑺𝒆𝒄𝒙 =

𝟐

√𝟑
. 

Since 

𝒕𝒂𝒏𝒙 =
𝑺𝒊𝒏𝒙

𝑪𝒐𝒔𝒙
=

𝟏
𝟐

√𝟑
𝟐

=
𝟏

√𝟑

⇒ 𝐶𝑜𝑡𝑥 = √3.

Hence required. 
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